EXCEPTIONAL GROUPS OF ORDER 243
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ABSTRACT. We describe all exceptional groups of order 243 = 3°, with explanations and proofs,
adjusting a table that appears in a 2017 paper by Britnell, Saunders and Skyner. There are ten ex-
ceptional groups of order 243, each of minimal degree 18, with four distinguished quotients, each of
order 81 and minimal degree 27. Using a sieve technique, we identify all preimages of each distin-
guished quotient. The minimal degrees of the preimages become either (a) 18, when the preimage
is exceptional, (b) 27, when the preimage is almost exceptional, (c) 36, or (d) 54. Cases (a), (c) and
(d) occur with an elementary abelian centre of order 9, but with contrasting intersection properties
using subgroups of order 27, leading to minimal representations afforded by two subgroups. Case (b)
occurs with a cyclic centre of order 3 and a transitive minimal representation. We prove that there
are exactly two nonisomorphic exceptional groups of order 243 having more than one (in fact two)
nonisomorphic distinguished quotients.

1. INTRODUCTION

Throughout this paper, all groups will be finite and the main focus will be on groups of order
243, their subgroups and quotients. The minimal (faithful) degree 11(G) of a group G is the least
nonnegative integer such that G embeds in the symmetric group Sym(n) of permutations on a set of
size n. If G is nontrivial then t(G) is the minimal sum of indexes for any non-empty collection of
subgroups 6 = {H,...,H;} with a trivial core intersection, in which case we say that 6 affords a
minimal (faithful) representation of G. In this case, the subgroups Hj, ..., H; become the stabilisers
of points in the respective orbits for the permutation action of G, and the orbits may be identified
with the sets of cosets of Hj,...,H; in G respectively. When k = 1, there is a single orbit and the
representation is transitive. The following result, due to Karpilovsky [7], calculates minimal degrees
of abelian groups, and will be used implicitly throughout:

Theorem 1.1. [7] If G = Cpil ...Cpin is an abelian group where n,iy,... i, are positive integers
1 n

and py,...,pn are primes, then L(G) = pi‘ + ... ph.
Johnson [6] proved a number of seminal results, including the following:

Theorem 1.2. [6, Theorem 3] If p is an odd prime and G is a nontrivial p-group whose centre is
minimally generated by d elements, then any minimal faithful representation of G is afforded by a
collection of d subgroups. In particular, if the centre is cyclic then a minimal representation of G
must be transitive.

AMS subject classification (2010): 20B35.
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Proposition 1.3. [6, Proposition 3] If p is an odd prime and G is a p-group whose centre is cyclic
or elementary abelian then

PR(Z(G)) < 1(G) < 1[G Z(OI(Z(G))

Wright [10] proved that taking minimal degrees is additive with respect to taking direct products of
nilpotent groups (for which Theorem 1.1 becomes a special case):

Theorem 1.4. [10, Corollary 2] If G and H are nilpotent, in particular if G and H are p-groups
for some prime p, then n(G x H) = u(G) + u(H).

Clearly if H is a subgroup of G then u(H) < u(G). However if N is a normal subgroup then
1(G/N) may be greater than u(G). Neumann [9] observed that if G = Dy is a direct product of
n copies of the dihedral group Dg then i (G) = 4n whilst y(G/N) = 2" where N is chosen so
that G/N becomes (isomorphic to) the n-fold central product of n copies of Dg. This shows that
the minimal degree of the direct product of n groups may grow as a linear function of n, whilst the
minimal degree of at least one of its quotients grows as an exponential function of n. Analogues
of this result for odd primes p are exhibited also in [5] and, with respect to constructions related to
wreath products, in [1].

Easdown and Praeger in [5] refer to a group G as exceptional if G has a normal subgroup N such
that u(G/N) > u(G), in which case N is called a distinguished subgroup and (any group isomor-
phic to) G/N is called a distinguished quotient. They prove that the smallest exceptional groups
have order 32 and exhibit several classes of exceptional groups. Other examples and classes of ex-
ceptional groups have been studied, for example, by Lemieux [8], Britnell, Saunders and Skyner [2]
and Chamberlain [4]. In [2], the authors study exceptional groups G of order p° where p is any
odd prime. In particular they claim to have found all exceptional groups of order 3> = 243, but do
not provide proofs. We give a complete account here, making some corrections to their list. Re-
call from [1] that a group G is almost exceptional if it has a proper normal subgroup N such that
u(G) = u(G/N), and we call G/N an almost distinguished quotient.

Section 2 provides preliminary results, used extensively in the sieve process of the later sections.
A summary of the main results appears in Section 3. There are ten exceptional groups of order
243, each of minimal degree 18, with four distinguished quotients, each of order 81 and minimal
degree 27. Theorem 3.1 is adapted from [2, Table 1], whilst Theorems 3.3 and 3.5 provide new
details or information, identifying, in a systematic way, all preimages of the possible distinguished
quotients. Possible minimal degrees of preimages are 18, when the preimage is exceptional, 27,
when the preimage is almost exceptional, 36, or 54. The cases when the degrees are 18, 36 or 54 oc-
cur with an elementary abelian centre of order 9, but with contrasting intersection properties using
subgroups of order 27, leading to minimal representations afforded by two subgroups. These in-
tersection properties rely on delicate interplay between general forms for cubes of typical elements
and commutators, influenced by subtle alterations in the group relations (see Lemmas 2.6 and 2.7
below). By contrast, the almost exceptional preimages (Lemmas 5.1 and 5.3 below) occur when the
centre is cyclic of order 3 and the minimal representation is transitive. We prove that there are ex-
actly two nonisomorphic exceptional groups of order 243 having two nonisomorphic distinguished
quotients, and in both cases these groups are almost exceptional (see Corollary 3.7 and Remark
7.2 below). These are the only groups of order 243 that are simultaneously exceptional and almost
exceptional.
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In Table 3, comprising the final section, we document all 67 groups of order 243, their minimal
degrees and relationships to the 15 quotients of order 81. Calculations were made with the assistance
of GAP and MAGMA computer algebra software, and the group identification numbers are common
to both systems. From Table 3, one can see at a glance the positioning of the ten exceptional
groups, highlighted in red, and ten almost exceptional groups, highlighted in blue, two of which
have both properties simultaneously. Wherever these groups appear in the exposition as preimages
of distinguised quotients, reference is made to this table, either directly or by means of remarks.

2. PRELIMINARIES
Throughout let p be an odd prime. The following observations are well-known:

Lemma 2.1. Let a,b be elements of a group K such that
[a,b] = ¢

is central in K. Then, for any positive integer A,

(ab)* = dbre() , (1)
where, as usual, (g) = w In particular, if ¢ has order p then
(ab)? = alb? . ()

Lemma 2.2. Let a,b,c be elements of a group K such that the commutators |a,b] and |[a,c] are
central in K. Then,

la,be] = [a.bllac]  and  [a%bP] = [a,b]F 3)
for all integers o and B.

Lemma 2.3. If G is a non-abelian p-group of order p* then u(G) = p.

The following result follows by double induction:

Lemma 2.4. Let a, b, ¢ be elements of a group K such that the commutators [a,b] and [b,c] are
central in K. Suppose further that
[a,c] = b®,
for some integer €. Then, for all positive integers o and 3,
[a%,c"] = b*d C))

for some central element d in K.

We apply this lemma to prove the following useful technical result for controlling cubes of certain
elements in a 3-group:

Lemma 2.5. Let a, b, ¢ be elements of a 3-group K such that the commutators [a,b] and [b,c| are
central in K. Suppose further that a® is central in K, b> = 1 and

[a,c] =b°
for some €. Then, for all positive integers o, B and 7,

(a®bPcr) = (a%c?)? = awcw[a,b]azy‘g[b,c]ayzg. (5)
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Proof. By (4), we have [a%*,c"] = b*"¢d, for some central element d. Using centrality of d and the
commutators [a,b] and [b, c], and their powers, making free use of (3), and also using the fact that
(a®bP)? = a®*, by (2) when p = 3, we have the following:

(a®bPcr)’ = a® (bﬁ c’) a®bP (c"a%) bPet = a® (c}'bﬁ [bP, CV}) a®bP (a“c”[cy, a‘x]> bPer
= a%c"bPa®bPa®c?[a®, TP P Y
= a%c"bPa®bPa®c? (bfay‘c'dfl) bR [bP 7]
= (a%c")bPa%bPa” (cybﬁ [P, cy]) bt
= (cyaa [a%, CYD bPa®bPa® (bl3 b~ *ecrd™!
— Ta® (b7 d ) P b abP (Mo~ ) T
= (a“b‘m) bPa®bPapP (b*‘mcy e, b*‘m]) tdd™!
= ¢ (baysa“ [a%, ba7£]> bP a®bP a*pP b1 2V [p, (|
= c"b*"*a%[a,b) azygbﬁaabﬁaabﬁb_aygczy[b, c] are
= c'p*7% (aabﬁ) 3b*°‘7’8027[a, b] are b, c] ay'e
= a*® (bayeb—aye) c*¥[a,b] oye b, c]ayzg = a**cY|a, b]azyg b, c}ayzs ,
verifying (5), noting that the outcome is independent of 3, completing the proof of the lemma. [J

This leads to the following lemma, which is used frequently below in deducing information about
minimal degrees of groups, exploring delicate interplay between cubes and commutators:

Lemma 2.6. Let a,b,c be elements of a 3-group K such that b®> = 1, a® and ¢ are central and
[a,c] = b®, [a,b] = a>%1 3% [b,c] = ah3n
for some €, 01, 03, T and Ty. Then
(@BBeT) = (a%T) = FSe(ireroarny) 3y(1+eanrioa) ©)

and
[aabﬁcy’ b] _ a3(a6177n)6,3(a627}/12) 7

for any integers o, B and .
Proof. By (5), we have
(aabﬁcy) -4 3y[a b]a ye[b C]ayze _ a3ac%ya3cla e 3,02 ye 31.'10!}’28 %gayze

C
a (1-1—87/ cr]oH-m/) 3y(1+sa(rzy+crza)) ’

which verifies (6), and, by (3), we have
[a“bﬁcy,b] = [a,b]%c,b]" = [a,b]%[b,c] " = &> 3*O2q 3V TR
3(ao1—y11) 3(0or—ym2)

=a c ,

which verifies (7), completing the proof of the lemma. U



EXCEPTIONAL GROUPS OF ORDER 243 5

The following lemma is used, in Section 5, to analyse preimages of distinguished quotients that
turn out to be neither exceptional nor almost exceptional. Cases (a) and (b) are related to mini-
mal degree 54 (Lemmas 5.10 and 5.12), whilst cases (c) and (d) are related to minimal degree 36
(Lemmas 5.6 and 5.8).

Lemma 2.7. Let G be the group given by the following presentation

3012362, [ 31,30

G = (x,y,z|x9:y3 =722 =1, 2 central, [x,y] =x v,2] =x"12"% [x,7] :y_1> )

for some ©1,0,,71, Ty € Z3. Then |G| = 243 and
2(G) = (¥.2%). ©)
Suppose further that, in Zs,

<Tl—|—61 75 1 or m+0oy ?é 1) and (T]-O'] 7é 1 or oo—1m 7& 1), (10)

and let L be the subset of G consisting of all elements of order 1 or 3. Then L is a subgroup of G
and

L= (x*y7) 2C3xCxC;. (11)
Let H be a subgroup of G of order 277. Then the following hold:
@) Ifor=—landory=11=17 =1 thenZ(G) CH.
®) Ifor=0,p=11=1land 1o =—1 thenZ(G) CH.
(¢) If61 =7 =T» =0and 6, = +1 then 2> € H.
(d) Ifo1=0,00=1=1and v, = —1 then x> € H.

Remark 2.8. The groups arising from cases (a), (b) and (d) are isomorphic to groups 243.9, 243.8
and 243.5 respectively in Table 3 below (in Section 8). The group arising from case (c) is isomorphic
to group 243.15, when o, = 1, and to group 243.14, when 6, = —1, in Table 3.

Proof of Lemma 2.7. Let K be the group given by the following presentation:

9 3617’162, [ 31, T

V.2 =x"n", [x,2 =y"").
(12

K = (x,yzn|xX’=y>=22=n’ =1, ncentral, [x,y] =x

Then
K = (((x) X <n>) X (y>> X (z) = ((Cg x C3) >4C3) X Cy,

which has order 3%. It follows from the relations in (12) that x> and z> are also central in G and,
moreover,
Z(K) = (n,x°,2%) .
Put N = (n~'z3), which is a central subgroup of K of order 3, so that K/N = G, whence |G| = 243,
and (9) holds, noting also that the relations of (8) imply that x* is central.
Suppose further that (10) holds and let L be the subset of elements of G of order 1 or 3. Elements
of G have the form

w = x%Pz¥ (13)
for some o, 3,7 such that 0 < o,y < 8 and 0 < 8 <2. By Lemma 2.6 and (6), with x, y and z in

place of a, b and c respectively, and € = —1,

w3 = x3a(1—0'1ay—rlyz)z3y(l—rzay—cza2)’ (14)
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from which it is immediate that w has order 1, 3 or 9. Clearly, if & and 7y are multiples of 3 then
x3 = 1. Suppose conversely that w? = 1. If & is a multiple of 3 then 1 = w® =237, so that y also must
be a multiple of 3. Similarly, if ¥ is a multiple of 3 then o also must be a multiple of 3. Suppose
that o and 7y are both not multiples of 3, so that their squares evaluate to 1 in Z3. If @ = vy in Z3
then, by (14),

1 = W3 _ x3a(17617n)z3a(1712702)

so that T; + 61 = 7, + 0> = 1 in Z3, which contradicts the first part of (10). If o = —7 in Z3 then,
by (14),

1 = W3 — x30€(1+01—T1)Z3O((1+Tz—0'2)

so that 71 — 0; = 6, — T» = 1 in Z3, which contradicts the second part of (10). This shows that
both ¢ and y are multiples of 3. Thus we have proved that w has order 1 or 3 if and only if both ¢
and ¥ are multiples of 3. Since x* and z? are central, it follows that L is a subgroup of G, which is
generated by x°, y and 23, so that (11) holds.

Now let H be a subgroup of G of order 27. Note that each of the hypotheses of (a), (b), (c) and
(d) guarantee that (10) holds, so that (11) holds in each case. If the exponent of H is 3 then H C L,
so H = L, since both subgroups have the same size, and, in particular, Z(G) C H, and each of (a),
(b), (¢) and (d) holds automatically.

Suppose the exponent of H is not 3, so that H contains an element w of order 9, which we may
take to be of the form (13), where at least one of & or 7y is not a multiple of 3. If & is a multiple of
3 then 7 is not a multiple of 3, so that, by (14),

2 e =w)CH. (15)
If v is a multiple of 3 then « is not a multiple of 3, so that, by (14),
K e (% = W CH. (16)

It follows from general properties of groups of order 27 of exponent at most 9 that H N L has order
atleast 9. If HNL C Z(G) then HNL = Z(G), by comparing sizes, so that Z(G) C H and again
each of (a), (b), (c) and (d) holds automatically. Hence we may suppose that H N L has an element
v that is not central, so, without loss of generality (replacing v by v? if necessary), we have

V= x35yz3£
for some 0, €. But then
o] = P27 0] = [x*yPe7 y] = Plearrmipenrm) ¢ g (17)

by (7), using x, y, z in place of a, b, c respectively.
Suppose first that o is a multiple of 3, so that y is not a multiple of 3. Note that (c) holds
automatically by (15). By (17),

PUBn e (rmmy C g (18)

In case (a), (18) becomes x°z° € H, and in cases (b) and (d), (18) becomes x’z 3 € H, whence,
combining each case with (15), we get Z(G) C H. Thus each of (a), (b), (c) and (d) holds.
Suppose next that y is a multiple of 3, so that & is not a multiple of 3. By (17),

x3alz3o¢2 e <x3060'123060'2> C H. (19)
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In case (a), (19) becomes x 37> € H, and in cases (b) and (d), (19) becomes z°> € H, whence,
combined with (16), we get Z(G) C H. In case (c), (19) becomes 753 € H. Thus, again, each of (a),
(b), (c) and (d) holds.

Suppose now that neither & nor 7 is a multiple of 3, so that a?> = 7> = 1. Consider first the case
that o = 7. From (14), we have

x3(1*0‘]*1’])z3(177270'2) e <x3a(176|f‘L’|)Z3OC(1*1.'2*0'2)> CH, (20)

and, from (17), we have

plo-n)3e-n) o <x30‘(01*71)z3“(02*1'2)> C H. (21)

In case (a), (20) and (21) yield Pz 3% eH respectively, whence Z(G) C H. In case (b), (20) and
(21) yield 2x373eH respectively, whence Z(G) C H. In case (c), (21) yields 7z € H. In case
(d), (20) and (21) yield 23,x3 € H respectively, whence Z(G) C H, so, in particular, x3z> € H. Thus,
again, each of (a), (b), (c) and (d) holds. Consider, secondly, the case that & = —7. From (14), we
have

x3(1+617‘61)zf3(1+12762) e <x3a(1+6171’1)Z73OC(17‘L'27C72)> C H, (22)

and, from (17), we have

Blotn)Botn) ¢ dalotn) u@in)y C g (23)

In case (a), (22) and (23) yield x 373,773 € H respectively, whence Z(G) C H. In case (b), (22)

and (23) yield z*,x* € H respectively, whence Z(G) C H. In case (c), (23) yields z53 € H. In case

(d), (22) yields x 3773 € H. Thus, again, each of (a), (b), (c) and (d) holds, completing the proof of

the lemma. O
The following result is probably well-known, but we give a proof for completeness:

Lemma 2.9. The socle, and hence also the centre, of a finite p-group G is not contained in any
subgroup that appears in a subgroup collection that affords a minimal faithful representation of G.

Proof. Suppose that ‘6 = {H|,...,Hy} is a subgroup collection that affords a minimal representa-
tion. Suppose that socle(G), is contained in one of the subgroups, which, by reordering if necessary,
we may take to be H;. If k = 1 then H, is not core-free, since socle(G) is nontrivial, contradicting
that 6 is faithful. Hence k > 1. If {Ha, ..., H;} has a core-free intersection then € is not minimal,
as we may delete H;, which is a contradiction. Hence N = core(H; N...NH}) is a nontrivial normal
subgroup of G. But N intersects socle(G) nontrivially, so that

core(H NHyN...NHy) = core(H;)NN D socle(G)NN # {1},

contradicting that 6 affords a faithful representation. Hence socle(G) is not contained in any sub-
group in ‘6. Note that the centre of a p-group always contains the socle. This completes the proof
of the lemma. U

The following result follows from [2, Proposition 2.3] and also from results in [8]:

Lemma 2.10. If G is an exceptional group of order p> with distinguished quotient G/N for some
distinguished normal subgroup N, then N is a central subgroup of order p, G/N has order p* and
W(G/N) = p. In particular, if G is a group of order p°> and 11(G) > p> then G is not exceptional.
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3. DISTINGUISHED QUOTIENTS AND THEIR EXCEPTIONAL PREIMAGES

Throughout this article, we consider the following groups of order 81, which turn out to be the
distinguished quotients of exceptional groups of order 243:

01 = (a,b,c|a’ =b*=c* =1, acentral, [b,c] =a’) (24)
(which is group 81.14 in Table 3),
0, = (a,b,c|d®=b = =[a,b|=1, [a,c]=b, [b,c]=a) (25)
(which is group 81.9 in Table 3),
03 = (a,b,c|d®=b=[bc]=1,3=d, [a,b)|=d’, [a,c]=b"") (26)
(which is group 81.10 in Table 3),
Qs = (abc|d®=b=[bc]=1,3=a"3, [a,b]=d°, [a,c] =b") (27)

(which is group 81.8 in Table 3). The group Q; is the group Q(p) in [2] and the group labelled
III(vii) on page 100 of Burnsides’ list [3], when p = 3. The group Q5 is the the group Qg; in [2] and
the group labelled III(xv) on page 101 of [3], when p = 3. Both O and O, have semidirect product
decompositions corresponding to

((@) x (b)) x (c) = (CoxC3) xC5.

The groups Q3 and Q4 are the groups III(xii) and III(xiii) respectively on page 101 of [3], when
p = 3. In fact, the group Q3 is isomorphic to the group Q>(3) in [2]. Though this is not obvious,
one can verify the isomorphism using the transformation x = ¢,y = b~ 'a=3, z=a~'. Similarly, the
group Qy is isomorphic to the group Q;(3) in [2], which one can verify using the transformation
x=c,y=b"1c*, z=a"". We explain briefly why Q3 and Q4 have order 3* = 81. To see this, put

G = (a,byc|d®=b==b,c]=1, [a,b]=d, [a,c]=b"") (28)
(which is group 243.18 in Table 3). Then G has a semidirect product decomposition
G = ({a)x (b)) x(c) = (CoxC3) xCy,

so that |G| = 3°. Tt follows that Z(G) = (a*,c?), so that N| = (a*c™3) and N, = (a’c?) are central
subgroups of G of order 3. Clearly, Q3 = G/N; and Q4 = G/N,, so that |Q3| = |Q4| = 3*.
It follows from the relations in (24) that

Z(01) = G, (29)
generated by the element a, and from the relations in (25), (26) and (27), that
Z(02) = Z(03) = Z(04) = G, (30)

generated in each of these cases by the element corresponding to a>. By Theorem 1.3, a minimal
faithful representation of each of O, Q», QO3 and Q4 is transitive. For each of O and 5, a minimal
representation is afforded by the core-free subgroup corresponding to (c). For each of Q3 and Qu,
a minimal representation is afforded by the core-free subgroup corresponding to (b). It follows
quickly from Proposition 1.3, and as noted in [2], that

1(Q1) = p(Q2) = p(Q3) = u(Qs) = 3° =27. 31)
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The following result from [2] characterises exceptional preimages of Q; of order 243. These groups
appear in [2, Table 1] when p = 3, though listed in a different order. The presentations given here
differ slightly from [2], though easily checked to be equivalent. The form of presentations chosen
here is consistent with the shape and style of presentations given in Theorems 3.3 and 3.5, for which
we provide proofs in later sections.

Theorem 3.1. [2, Table 1] The following groups have order 243 and have Q1 defined by (24) as a
distinguished quotient:
(i) G1 = (x,y,z]x° =y? =73 =1, xcentral, [y,z] = x*y%),
(i) Gy = (x,y,z|X° =y =2 =[xy =1, [x,2] =y, [y,2] =x%),
(i) G = (,y,z| 2=y ==y =1, [x,2d =2, [y,2] =),
(iv) Gy = (x,y,zn|X¥=y’=2
V) Gs = (xy.zn|=y =2

=1, x central, n central, [y,z] = x’n),

=n’=[x,y] =1, ncentral, [x,z] =n, [y,z] = x’n).
Suppose that G is an exceptional group of order p> with distinguished quotient Q1. Then there is a
distinguished normal subgroup N, generated by a central element of G, such that G/N = Qy, and

G is isomorphic to Gi, G, G3, G4 or Gs. Moreover, t(G) = 18.

Remark 3.2. The groups G, Gz, G3, G4 and Gs are groups 243.36, 243.43, 243.41, 243.35 and
243.39 respectively in Table 3.

The following result is proved in Section 6 and classifies exceptional preimages of O of order
243, up to isomorphism. These are the same groups as those listed in [2, Tablel], but given without
proof. Again, the presentations are slightly different to those given in [2], but easily seen to be
equivalent.

Theorem 3.3. The following two groups have order 3° = 243 and have Q, defined by (25) as a
distinguished quotient:

i) Go = (xyz|X¥ =y =2 =[xy]=1,[xd=y, [ng=x7),

(i) G; = (x,y,z|xX =y =22 =1, P central, [x,y] =273, [x,2] =, [y,27] =x73).
Suppose that G is an exceptional group of order p> with distinguished quotient Q». Then there is a
distinguished normal subgroup N, generated by a central element of G, such that G/N = Q, and G
is isomorphic to Gg or G7. Moreover, W(G) = 18.

Remark 3.4. The groups G¢ and G are groups 243.17, 243.3 respectively in Table 3.

The following result is proved in Section 7 and classifies exceptional preimages of Q3 and Q4 of
order 243, up to isomorphism.

Theorem 3.5. The following groups have order 3° = 243:
(1) é16 = <x,y,z | x9 :y3 :Zg = [,Y72] = 17 [x,y] :X_3Z3, [X,Z] :y_1> )
(i) Gy = (xyz|xX =y =2=z=1, [y =2, [xz=y"),

(iii) Gy = (x,yz|X? =y =22=1,[xy] =2, [x,2 =y', [ng =x72),

(iv) G = <X7Y7Z | x :y3 =7 = L, [x>y] :X3, [x7z] :yil > [y,z] :x73zi3> .
The groups Gs and Gg are exceptional with distinguished quotient Q3, and the groups 66, Gg and
G are exceptional with distinguished quotient Q4. Let G be an exceptional group of order 243. If
G has distinguished quotient Q3 then G is isomorphic to Gg or Go. If G has distinguished quotient

Q4 then G is isomorphic to Gg, Gs or Gyo. In all cases, |L(G) = 18.
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Remark 3.6. The groups G, Gg, Go and G are groups 243.17, 243.18, 243.7 and 243.4 respec-
tively in Table 3. The group G is isomorphic to the group Gg described in Theorem 3.3, under
the isomorphism induced by the mapping x — z, y — y, z — x. The presentation chosen here for
G highlights similarities with the other presentations in the statement of Theorem 3.5, and also to
facilitate the flow of the proof in Section 7, which uses a sieve technique.

By inspection, from Theorems 3.1, 3.3 and 3.5, we deduce the following:

Corollary 3.7. There are exactly two nonisomorphic exceptional groups of order 243, namely Gg
and Gs, with the property that they have two nonisomorphic distinguished quotients, namely Q, and
Q4 for Gg, and Q3 and Q4 for Gs.

4. EXCEPTIONAL GROUPS

In this section, we document a sequence of propositions, providing proofs that Gg, G7, Gs, Go
and G are exceptional. These results are then applied in the proofs in Sections 6 and 7 below.

Proposition 4.1. Let Gg be the group defined by the following presentation:

QZ[X,y]:l,[X,Z]:y, [y,z]:x73z3>. (32)

Ge = (x,y,2 |x9 =y =z
Then |Gg| = 243, u(Ge) = 18,
Z(Gg) = (x*,2°) =2 C3x (3, (33)
and Gg is exceptional, with distinguished quotient Q;.

Proof. It follows from the relations of (32) that X% and Z° are central in Gg. By Lemma 2.7, inter-
changing the roles of x and z, with corresponding adjustments to the commutator relations, we have
that |G| = 243 and (33) holds. In particular, 1(Z(Ge)) = 6, so that, by Proposition 1.3,

1(Gs) > 3u(Z(Gs)) = 18.
Consider the following subgroups of order 27:
H=(xy) and K= (nzx°7).

Then

core(HNK) = core(H)Ncore(K) = (>N (x37) = {1},
so that { H, K} affords a faithful representation of G¢ of degree 9+9 = 18. Thus, also, t(Gg) < 18,
so that u(Gg) = 18. Let N = (Z%), so that |Gg/N| = 3* = 81. By adding the relation z* = 1, the
presentation (32) quickly reduces to the equivalent presentation (25) of Oy, so that Gg/N = Q,. By
(31), we have u(Gg) = 18 < 27 = u(Qz) = u(Gg/N), so that Gg is exceptional with distinguished
quotient O», completing the proof. 0

Proposition 4.2. Let Gy be the group defined by the following presentation:
Gy = (xyz|xX) =y =22=1, P central, [x,y] =272, [x.z] =y, [y, =x73). 34)
Then |G7| =243, u(Gy7) =18,
Z(Gr) = (x’,2) = C3x (3, (35)

and G is exceptional, with distinguished quotient Q.
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Proof. It follows from the relations of (34) that X% and Z° are central in G. By Lemma 2.7, inter-
changing the roles of x and z, with corresponding adjustments to the commutator relations, we have
that |G7| = 243 and (35) holds. As in the proof of the previous proposition, 1(G7) > 18. Put

H = (px'z % xz) = ((0) x (F27%)) @ (xz) = (C3xC3) %G
Clearly |H| =27 and core(H) = (x*z73). Now put
K = (yx*2,xz7 ).
Observe that, by Lemma 2.2 and the relations of (34),
()’ =1 and  [pazl] = [ = 20
so that
K = ({y)x <x3z3>) X (xz7 1) =2 (C3xC3) % Cs.
Clearly |[K| =27 and core(K) = (x3z%), so that
core(HNK) = (Fz)nE?) = {1} .

Hence {H,K} affords a faithful representation of G; of degree 9+9 = 18. Thus, also, u(G7) < 18,
so that u(G7) = 18. Let N = (z%), so that |G7/N| = 3* = 81. By adding the relation z* = 1, the
presentation (34) quickly reduces to the equivalent presentation (25) of Q,, so that G7/N = Q,. By
(31) we have u(G7) = 18 < 27 = u(Q2) = u(Gy7/N), so that G7 is exceptional with distinguished
quotient Q», completing the proof. O
Proposition 4.3. Let Gg be the group defined by the following presentation:

Gs = (xy,z| XX =y == =1, [xy] =2, x=y"). (36)

Then |Gs| =243, u(Gg) =18,
Z(Gg) = (x*,2°) = C3x (3, (37)
and Gg is exceptional, with distinguished quotients Q3 and Qj.

Proof. Observe that Gg is isomorphic to the group G given by presentation (28), discussed earlier,
identifying x,y,z with a, b, ¢ respectively. From that discussion, |Gg| = 243, (37) holds and

Gg/Ni = Q3 and  Gg/N» = Oy, (38)

where Ny = (x*z73) and N, = (x’z®) are central subgroups of Gg. As before, 1(Gg) > 18. Consider
the following subgroups of Gg of order 27:

H = (x,y) and K=(yz2).

Then core(H NK) = (x*) N (z}) = {1}, so that {H,K} affords a faithful representation of Gg of
degree |Gs : H|+|Gs : K| = 18. Hence u(Gg) < 18 so that u(Gg) = 18. But u(Q3) = u(Q4) =27,
by (31), so that, by (38), Gg is exceptional with respective distinguished quotients Q3 and Qu,
completing the proof. U
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Proposition 4.4. Let Gg be the group defined by the following presentation:
Gy = (eyz| =y =2 =1, )] =2, g =y, g =x72). (39)
Then |Go| =243, u(Go) =18,
Z(Gy) = (x*,2°) =2 CG3x (3, (40)
and Gy is exceptional, with distinguished quotient Q3.

Proof. It follows from the relations of (39) that x3 and Z are central in Gy. By Lemma 2.7, we have
that |Go| = 243 and (40) holds. As before, t1(Gg) > 18. Consider the following subgroups of Go:

H=(xy) and K= (pxz).

Clearly,
H = (x) x(y) & CyxCs
is a subgroup of Gy of order 27, and core(H) = (x3). Observe that, in Go,

1 3

x? = zxyflz = X7y ¥z 3 = zzxyx3z73,

and

Px = X7y = Xyzy = xz2y’1x’3z3 ,

so that, by (6) and (7) of Lemma 2.6, with x, y, z in place of a, b and c respectively,

x?)? =22 and [Py =2 = (x2P)?,

from which it follows that
K = (x2)x(y) & CoxCs
is also a subgroup of Gy of order 27, and core(K) = <z3). Hence
core(HNK) = (*)N{*) = {1},

so that {H,K} affords a faithful representation of Gg of degree |Gy : H| + |Go : K| = 18. Hence
U(Go) < 18, so that u(Gg) = 18. Put C = (x3z%), which is a central subgroup of Gg of order 3.
Using the mapping x — a, y — b, z > ¢, and comparing relations, it follows quickly that

Gy/C = 0.

But u(Q3) =27, by (31), so that Gy is exceptional with distinguished subgroup C and distinguished
quotient O3, completing the proof. g

Remark 4.5. We may examine algebraic properties to demonstrate that the group Gy in Lemma 4.4
is a new group that does not appear in the classification of exceptional groups of order 243 in [2],
or may have been inadvertently excluded. A straightforward analysis shows that G9 of Lemma
4.4 has 13 subgroups of order 3 and commutator subgroup isomorphic to Cz3 x C3 x C3. However,
in [2, Table 1], the groups named G3 and G4 have 67 and 40 subgroups of order 3, respectively, the
groups named Gs, Gg, G7, E3, E4 and E5 have commutator subgroup isomorphic to C3 x Cz, and
the groups named E; and E; have commutator subgroup isomorphic to Cz. This shows that Gg of
Lemma 4.4 cannot be isomorphic to any of the groups listed in that table.
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Proposition 4.6. Let Gy be the group defined by the following presentation:
Gio = (xyz|X =y =2 =1, xy]=x", [z =y, nd =x727) . (41)
Then |Go| = 243, u(Gio) = 18,
Z(Gyo) = (,2) = C3x (3, (42)
and Gy is exceptional, with distinguished quotient Q.

Proof. 1t follows from the relations of (41) that X% and 22 are central in Gyo. By Lemma 2.7, we
have that |G| = 243 and (42) holds. As before, (t(Gjp) > 18. Consider the following subgroups
of G]():

H=(xy) and K=(yxz).

As before, H is a subgroup of order 27, and core(H) = (x*). Observe that, in G1o, by (6) and (7) of
Lemma 2.6, with x, y, z in place of a, b and c respectively,

(xz)3 = 373 and [xz,y] = X737 = (xz)73,

from which it follows that
K = (x2) x(y) = CyxCs

is also a subgroup of Gy of order 27, and core(K) = (x*z3). Hence

core(HNK) = ()N (273 = {1},

so that {H,K} affords a faithful representation of Gy of degree |Gio : H| + |G : K| = 18. Hence
w(Gro) < 18 so that i(Gyg) = 18. Put C = (x*z%), which is a central subgroup of Gy of order 3.
Using the mapping x — a, y — b, 7 — ¢, and comparing relations, it follows quickly that

G1o/C = Q4.
But u(Q4) =27, by (31), so that Gy is exceptional with distinguished subgroup C and distinguished

quotient Qq4, completing the proof. d

5. NONEXCEPTIONAL PREIMAGES

In this section, we document a sequence of lemmas, providing proofs that certain groups of order
243 are not exceptional. These results are then applied in the proofs in Sections 6 and 7 below.

Lemma 5.1. Let G be the group defined by the following presentation:

G=(xyz|X=y=2=1, [y =y" 2=y, b =x7y") (43)
where 0 < k,m < 2. Then |G| =243, u(G) =27,
Z(G)= () = C3, (44)

and G is not exceptional.
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Remark 5.2. The following table documents the correspondence of groups arising in Lemma 5.1 to
groups in Table 3 (in Section 8):

TABLE 1. Correspondence of groups from Lemma 5.1 with groups in Table 3.

‘ Cases (k,m) ‘ Group ID in Table 3
(0,0), (O,1) 243.25
0,2) 243.26
(1,0), (1,1), (2,0), (2,1) 243.28
(1,2), (2,2) 243.30

Proof of Lemma 5.1. It follows quickly from (43) that G has the semidirect product decomposition
G = ((y)x(x)) x(z) = (CoxCo)xCs,

so that, in particular, |G| = 3° = 243. It follows from the relations, manipulations of commutators
and Lemma 2.2 that y? generates the centre of G, so that (44) holds. In particular, the centre of G
is cyclic, so, by Theorem 1.2, any minimal faithful representation of G is transitive, so u(G) is a
power of 3. But G contains the subgroup

(1) = () x () = CyxC3,

so that u(G) > u(Co x C3) = 12. Hence u(G) > 27. Put H = (x). Then |H| =9 and H has trivial
core, so H affords a faithful representation of G of degree 27. Hence also u(G) < 27, so that
1(G)=27. By Lemma 2.10, G is not exceptional, completing the proof of the lemma. g

Lemma 5.3. Let G be the group defined by the following presentation:

G=(xyz|X=y=1,2=y% [x)] =" [xgd =y, [ =x") (45)
where 0 <k,m <2and € € {1,—1}. Then |G| =243, u(G) =27,
Z(G)= () = G5, (46)

and G is not exceptional.

Remark 5.4. The following table documents the correspondence of groups arising in Lemma 5.3 to
groups in Table 3 (in Section 8):

TABLE 2. Correspondence of groups from Lemma 5.3 with groups in Table 3.

Group ID in Table 3 | Group ID in Table 3
Cases (k,m) 3 3 3
whenz’ =y whenz’ =y
(0,0), (0,1) 243.25 243.25
(0,2) 243.27 243.27
(1,0),(1,1) 243.30 243.29
(1,2) 243.29 243.28
(2,0),(2,1) 243.29 243.30
(2,2) 243.28 243.29
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Proof of Lemma 5.3. To see that G has order 243, first consider the group

3k -3 3m>.

H = <x7y,z]x9:y9:z9: I, [xay] =Yy, [x,z] =Y [y,z] =Xy
Clearly,
H = ((x) x(y)) »(z) = (CgxCy) xCoy,

which has order 3°. Further, it follows from the relations that
Z(H) = (y°,2").

Then K = (y*z73) is a central subgroup of H of order 3. By comparing relations, we see that
H/K = G. 1t follows that |G| = 3° = 243 and Z(G) = (y*), so that (46) holds. In particular, the
centre is cyclic, so, by Theorem 1.2, any minimal faithful representation of G is transitive, so 1 (G)
is a power of 3. But G contains the subgroup

(1) = () x () = CyxC3,

so that 4 (G) > u(Co x C3) = 12. Hence u(G) > 27. Put L = (x). Then |L| =9 and L has trivial core,
so L affords a faithful representation of G of degree 27. Hence also u(G) < 27, so that u(G) = 27.
By Lemma 2.10, G is not exceptional, completing the proof of the lemma. 0

Remark 5.5. Let G be any group of order 243 defined by (43) or (45) of the previous two lemmas,
so that 11(G) = 27. Let N = Z(G), so that N = (y*), by (44) and (46) respectively, and |G/N| = 81.
By adding the relation y3 = 1, the presentations (43) and (45) quickly reduce to the equivalent
presentation (25) of Q», so that G/N = Q5. By (31), we have

n(G) = 27 = u(Q2) = u(G/N),
so that G is an almost exceptional group with almost distinguished quotient Q.
Lemma 5.6. Let G be the group defined by either of the following presentations:
G=(yz|¥=y==d=1,[=2, [xd=y") (47)
or
G=(xyzlX=y="=hd=1,k)=2", [xd=y"). (48)
Then |G| =243, u(G) = 36,
Z(G) = (¥*,7’) = C3x G, (49)
and G is not exceptional.

Proof. We will handle both groups simultaneously, using the relation [x, y] = 73

, interpreted as (47)
G| = 243 and (49) holds. Further, by part (c) of Lemma 2.7,
any subgroup of G of order 27 contains z>. By Theorem 1.2, a minimal faithful representation of

G is afforded by two subgroups H and K, say. If both H and K have orders at least 27 then their
3

or (48) alternatively. By Lemma 2.7,

core intersection contains z°, contradicting faithfulness. Hence, without loss of generality |H| < 9.
If |K| > 27 then K is a subgroup of G of index at most 3, so that K contains both x* and 2, so that
K contains Z(G), contradicting Lemma 2.9. Hence |K| < 27, and so u(G) = |G: H|+ |G : K| >

9427 = 36. Put
S = (z,y) = CyxCs and T = (x) = C.
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Then |S| =27,

T|=9and
core(SNT) = core(S)Ncore(T) = ()N {x®) = {1},

so that {S, T} affords a faithful permutation representation of G of degree |G : S|+ |G : T| = 36.
Thus u(G) < 36. Hence, u(G) = 36, so that G is not exceptional by Lemma 2.10. O

Remark 5.77. The groups defined by (47) and (48) of Lemma 5.6 are groups 243.15, 243.14 respec-
tively in Table 3. Consider the following group:

9

H=(xyz|¥=y==xy=1,x7=y, [ng=x7). (50)

The group G defined by (47) is isomorphic to H, which can be verified quickly by applying the
transformation x' = x, y =y, 7 = x to (47), followed by dropping dashes. Thus H also is not
exceptional, by Lemma 5.6. However, H appears as the second group labelled as Gg in [2, Table 1],
which is claimed in that paper to be exceptional. It should be noted, however, that the first group
labelled as Gg in [2, Table 1] is indeed exceptional (and of course is not isomorphic to the second
group in that table with the same label).

Lemma 5.8. Let G be the group defined by the following presentation:
G = (xyz|X®=y=2=1,Fcentral, [x,y] =2, [x,z] =y 7!, [y, =x3) . (51)
Then |G| =243, u(G) = 36,
Z(G) = (¥’,2) = C3xC3, (52)
and G is not exceptional.

Proof. By Lemma 2.7, |G| = 243 and (52) holds. Further, by part (d) of Lemma 2.7, any subgroup
of G of order 27 contains x’z>. By Theorem 1.2, a minimal faithful representation of G is afforded
by two subgroups H and K, say. If both H and K have orders at least 27 then their core intersection

3

contains x°z3, contradicting faithfulness. Hence, without loss of generality |[H| < 9. If |[K| > 27 then

K is a subgroup of G of index at most 3, so that K contains both x* and 2, so that K contains Z(G),
contradicting Lemma 2.9. Hence |K| <27, and so u(G) =|G: H|+|G : K| > 9+27 = 36. Observe
that, by (6) and (7) of Lemma 2.6, putting &« = 1 and 7 = 2, we have

() = 27 = [yl
Now put
S = (x,y) = (x2?) % (y) = CoxC; and T = (x) = GC.

Then |S| =27,

T|=9and
core(SNT) = core(S)Ncore(T) = (*Z2)n&’) = {1},

so that {S, T} affords a faithful permutation representation of G of degree |G : S|+ |G : T| = 36.
Thus u(G) < 36. Hence, u(G) = 36, so that G is not exceptional by Lemma 2.10. O

Remark 5.9. The group defined by (51) of Lemma 5.8 is group 243.5 in Table 3.
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Lemma 5.10. Let G be the group defined by the following presentation:

G = (xyz|®=y=2=1,Fcentral, [x,y] =2, [x,z] =y 7!, [y,g =x’z) . (53)

Then |G| = 243, u(G) = 54,
Z(G) = (x’,2) = C3x (3, (54)

and G is not exceptional.

Proof. By Lemma 2.7, |G| = 243 and (54) holds. Further, by part (b) of Lemma 2.7, any subgroup
of G of order 27 contains Z(G). By Theorem 1.2, a minimal faithful representation of G is afforded
by two subgroups H and K, say. If |H| > 27 then Z(G) C H, contradicting Lemma 2.9. Hence
|H| <9. Similarly |K| <9, and so u(G) = |G : H|+ |G : K| > 27+ 27 = 54. Now put

S=(x) =G and T = (z) = (Cy.
Then |S| = |T| =9 and
core(SNT) = core(S)Ncore(T) = (¥*)N () = {1},

so that {S, T} affords a faithful permutation representation of G of degree |G : S|+ |G : T| = 54.
Thus u(G) < 54. Hence, u(G) = 54, so that G is not exceptional by Lemma 2.10. O

Remark 5.11. The group defined by (53) of Lemma 5.10 is group 243.8 in Table 3. Consider the
following group:

H=(xyz|X=y"=2=1,Fcentral, [x,y] =2, [x,z] =y, [z =x). (55)

The group G defined by (53) is isomorphic to H. To see this, one may apply the following transfor-
mation to (53):
X = x, y = yx 33, 7 =xz71.
Using the relations of (53), we have (x')° = (y/)? = 1. By (6) of Lemma 2.6 when ¢ = 1 and y = —1,
we have
(@) = @) =2,
so that also (z/)? = 1. Further, we have
1

1 3

Kyl =y =2 =), W] =kx!l=x'oz! =gz =72 =y,

b)lazl] — [)/X73Z3,X271] — [X,y}71 b’,Z]il — Z73x73z3 — xf’j — (x/)3 )
Dropping the dashes, we obtain the presentation (55), so that G and H are isomorphic. Thus H
also is not exceptional, by Lemma 5.6. Though the presentation of G is more complicated than the
presentation of H, it is worth comparing (53) with the presentation (51) appearing in Lemma 5.8:

the only difference is that the commutator [y,z] has been inverted, with the consequence that the
minimal degree jumps from 54 (in Lemma 5.10) to 36 (in Lemma 5.8).

Lemma 5.12. Let G be the group defined by the following presentation:

G = <x,y,z | X :y3 :Zg =1, Z3 central, [xvy] :x_3Z3, [X,Z} :y_l ) [yvz] :X3Z3> : (56)

Then |G| = 243, u(G) =54,
Z(G) = (*,7%) 2 C3x G, (57)

and G is not exceptional.
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Proof. By Lemma 2.7, |G| = 243 and (57) holds. Further, by part (a) of Lemma 2.7, any subgroup
of G of order 27 contains Z(G). By Theorem 1.2, a minimal faithful representation of G is afforded
by two subgroups H and K, say. If |H| > 27 then Z(G) C H, contradicting Lemma 2.9. Hence
|H| <9. Similarly |K| <9, and so u(G) = |G : H|+ |G : K| > 27+ 27 = 54. Now put
S:<x>%C9 and T:<Z>§C9.

Then |S| = |T| =9 and

core(SNT) = core(S)Ncore(T) = ()N () = {1},
so that {S,T} affords a faithful permutation representation of G of degree |G : S|+ |G : T| = 54.
Thus u(G) < 54. Hence, u(G) = 54, so that G is not exceptional by Lemma 2.10. O
Remark 5.13. The group defined by (56) of Lemma 5.12 is group 243.9 in Table 3.

Lemma 5.14. Let G be the group defined by the following presentation:

9 3.3

G=(xyz|¥=y == =1,y =2, =y, [nd=x72). (58)
Then |G| =243, u(G) = 36,

2(G)=(¥,7) = C3x Gy, (59)
and G is not exceptional.
Proof. It follows from the relations of (58) that X% and Z° are central in G. By Lemma 2.7, inter-
changing the roles of x and z, with corresponding adjustments to the commutator relations, we have
that |G| = 243 and (59) holds. Elements w of G have the form

w = x%Pz¥ (60)
for some «, 3, ysuch that 0 < o,y < 8, and 0 < B < 2. By (6) of Lemma 2.6, with x, y, z in place
of a, b and c respectively, and taking € = 1, we have

W — x3(x(17y2)z3y(l+ocy+a2) . ©61)
It follows from (61), by inspection, that w® = 1 if and only if & and 7y are multiples of 3 or & and

Y are not multiples of 3 and ot = 7. Let L be the set consisting of elements of G of order 1 or 3. It
follows that L is a subgroup of G and

L = <xz,x3,z3> X <y> = (C3 X C3 ><C3) xXCs.

Suppose that H is a subgroup of G of order at least 27. We will show that

x3 € H. (62)
If H C L then, by comparing orders, either H = L or H is a maximal subgroup of L so contains the
commutator
[z, y] = [x,2][y, Z]_l =237 =4,

and (62) holds. Hence we may suppose that there exists w € H of order 9, given by (60) where o
and 7y are not both multiples of 3, and if @ and 7y are both not multiples of 3 then & = —7¥. Note, in
particular, this guarantees that

o—y#0 mod3. (63)
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Observe that

(V%] =z " 2y =y?  and %7 = x % x% = y*,

so that
P = 0T = %) = 5%,
for some ¢ € Z(G). Observe also that
B xez(G) and  [P2?.7 €Z(G).
Hence
] = 4P = [P A o] = ey,
for some element ¢; € Z(G), and

wz] = 4P 2 = (77 DPY 2 = y¥elyPel g = e®,

for some ¢; € Z(G). Hence

3

¢ = oy (ery " = ey ()T = cen®(x2) 77,

w,xz] = [w,z][w,x]

from which it follows that

[wyxz] = e3y*7, (64)
for some ¢3 € Z(G). Note also that

Y1 = RGP YT = )] %2y = ca, (65)

for some ¢4 € Z(G). Observe, by properties of groups of order 27, that H N L must have order at least
9. If HNL C Z(G) then, comparing sizes, we have H N L = Z(G), so that, in particular, x> € H, and
(62) holds. Hence we may suppose that H N L has an element v that is not central, which therefore
has the form

v = x07%)% (xz)® (66)
for some 8, €, 0, 7, such that 0 < §,€,0,7 < 2 and o and 7 are not both zero. We will show that
we can guarantee the existence of v € H ML described by (66) but such that ¢ = 1 and 7 = 0, so that

v = x97¢y (67)

Suppose that T # 0, By replacing v by v? in (66), if necessary, we may suppose that

y = XSSZSE))GXZ.

But then, by (64) and (65), we have

36 3¢, 0

[w,v] = [w,x°77¢y%xz] = [w,y%xz] = [w,xz|[w,y°]*

= c3ey* 7.

Thus [w,v] is an element of H N L, which can be written in the form of the right-hand side of (66)
where T = 0 and 0 = « — 7, noting that ¢ — 7 is nonzero by (63). Taking this element or its square
as v, there is no loss in generality in assuming that ¢ = 1 and (67) holds. But now, using (67) for v,
we have

] = BP0 = [y e T = X7 (68)
If o is a multiple of 3 then 7y is not a multiple of 3 and, by (61) and (68), we have

<W37[W’V]> = <Z37’x37Z—3Y> = <x3,z3> = Z(G)v
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whence x* € H, and (62) holds. Hence we may suppose that ¢ is not a multiple of 3. If yis a
multiple of 3 then « is not a multiple of 3 and, by (61) and (68), we have

<W37[W7V]> = <x3a’z3a> = Z(G)v

whence x* € H, and (62) holds. Hence we may suppose also that ¥ is not a multiple of 3 so that
a = —7. But then, by (61) and(68),

<W37[W7V]> = <Z3Y7X3YZ3Y> = <x3,z3) = Z(G)a

whence x> € H, and (62) holds. This completes the proof that (62) always holds. By Theorem 1.2,
a minimal faithful representation of G is afforded by two subgroups H and K, say. If both H and K
have orders at least 27 then their core intersection contains x>, by (62), contradicting faithfulness.
Hence, without loss of generality |H| < 9. If |K| > 27 then K is a subgroup of G of index at most
3, so that K contains both x* and 73, so that K contains Z(G), contradicting Lemma 2.9. Hence
|K| <27, and so u(G) = |G : H|+ |G : K| > 9+ 27 = 36. Observe that (xz)’ = xzx> , so we may
consider

S = (xzy) = ((F)x(xz)) % () 2 (C3xC3)xC; and T = (z) = Cy.

Then |S| =27, |T| =9 and core(SNT) = (x*) N (z*) = {1}, so that {S, T} affords a faithful permu-
tation representation of G of degree |G : S|+ |G : T| = 36. Thus u(G) < 36. Hence, (G) = 36, so
that G is not exceptional by Lemma 2.10. O

Remark 5.15. The group defined by (58) of Lemma 5.14 is group 243.6 in Table 3.

6. EXCEPTIONAL PREIMAGES OF SECOND DISTINGUISHED QUOTIENT

We now prove the following theorem, stated above as Theorem 3.3, classifying exceptional
preimages of O, of order 243, up to isomorphism.

Theorem 6.1. The following two groups have order 3° = 243 and have Q, defined by (25) as a
distinguished quotient:

i) Go = (xyz|¥ =y =2 =[] =1,[xg=y, [ng=x72),

(i) G = (xyz|xX’ =y =2 =1,2 central, [x,y] =27, [x,7] =y, [ng] =27).
Suppose that G is an exceptional group of order p> with distinguished quotient Qy. Then there is a
distinguished normal subgroup N, generated by a central element of G, such that G/N = Q, and G
is isomorphic to Gg or G7. Moreover, u(G) = 18.

Proof. The first claim follows by Propositions 4.1 and 4.2. Let G be a group of order 243, which
is exceptional with distinguished normal subgroup N and distinguished quotient G/N = Q,. Hence
1(G) < u(Q2) =27, by (31). Since |G| =243 and |Q| = 81, we have |N| = 3, so that N = (n) must
be generated by a central element n, say, of order 3, since the centre of a 3-group intersects each
nontrivial normal subgroup nontrivially. Let x,y,z be preimages of a, b, c respectively, with respect
to an epimorphism from G onto Q3, which must exist, with kernel N. Certainly |x| > |a| = 9.
If |x| > 27, then u(G) > pu({x)) > 27, which is a contradiction. Hence |x| = 9. Because of the
respective relations that hold in the presentation (25) of Q,, we have, in G,

¥, 2 ], eyt el € N
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Thus there exist i, j, k,£,m such that 0 < i, j, k,¢,m < 2 and the following equations hold in G:

Yo=nt 2 =nl, [y = n, o =, e = x
We then get the following presentation, which we may identify with G:
G= <xay,2,” |x9 = I’l3 = 17 n Central) y3 = niv Z3 = nja [xvy] = nkv [xvz] :ynzv [y,Z} :x73nM>.
(69)

By considering the transformation x’ = x, y = yn', z = z, n’ = n, and then dropping the dashes, we
simplify one of the relations, so that ¢ = 0, giving the following presentation of G:

G = (x,yzn|x’=n’=1,ncentral,y’ =n', 2 =n/, [x,y] =n*, [x,z] =y, [,z =x"n"). (70)
Suppose first that i # 0. We will aim for a contradiction by showing that G is not exceptional.

Consider the case that j = 0, and then (70) becomes

G={xyzn|X’=2=n"=1,ncentral, y> =n', [x,y] =rF, [x,z] =y, [zl =xn™) . (71)

Since i is nonzero, we may delete n, add the relation y? = 1, and express each power of 7 as a power
of y3, renaming the exponents, to transform (71) into the following:

G = <x,y,z | x9 :y9 :Z3 =1, [xvy] :ySkv [X7Z] =Y, LY,Z] :x73y3m> (72)

for some k,m such that 0 < k,m < 2. Note that (72) and (71) are equivalent, because it follows from
the relations in (72) that y> commutes with both x and z, so that y* is central. By Lemma 5.1, the
group defined by (72) is not exceptional. Consider now the case that j is nonzero, so that z° = y3¢
where € = £1. Again, we may delete 7, add the relation y? = 1, and express each power of # as a
power of y®, renaming the exponents, to transform (71) into the following:

G=(oyz| ¥ =y =1,2=y" )=y =y, i =" (73)

for some k,m such that 0 < k,m < 2. Again the presentations are equivalent, because it follows from
the relations in (73) that y? is central. By Lemma 5.3, the group defined by (73) is not exceptional.
Both cases contradict that G is exceptional.

Hence i = 0 and (70) simplifies to the following:
G= <xay,Z»” |)C9 :y3 :l’l3 = 15 n Centralv ZS = nj’ [xvy] = nka [X,Z] =Y, [yvz] :x_3nm>' (74)

Suppose now that j is nonzero. We may delete n, add the relation z° = 1, express each nonzero
power of n as a power of z>, and rename the exponents, to transform (74) into the following:

G=(xyz|X’=y"=2=1, 7 central, [x,y] =2, [x,2] =y, [yz] =x3") (75)
for some k,m such that 0 < k,m < 2. Suppose first that k = 0, yielding the following:
G=(xyz|X¥ =y =2 =ky]=1,[xd =y, [nd=x72"), (76)
noting that centrality of z3 follows easily from these relations. If m = 0 then this becomes
G=(xyzlX=y=2=ky=1,Ixnd=y, nd=x7),

and then G is not exceptional by Remark 5.7, which is a contradiction. Hence m #£ 0, so m = 1 or
m = 2. Suppose first that m = 2, so that (76) is equivalent to

G=(xyz|X=y==Kxyl=1,xd =y, g =x273). (77)
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Putx' =x,y =y 'x3z73 and 7 = z~!. After removing dashes, (77) becomes equivalent to

G=(xyz|X’=y==xy =1, xz =y, g =x2). (78)

But (78) becomes the case m = 1, and also the presentation of G¢ in Lemma 4.1, which is excep-
tional. Hence, for both alternatives, m = 1 or m = 2, we have G = Gg.

Suppose, secondly, with respect to (75), that k is nonzero, so k = 1 or k = 2. First consider the
case that k = 1. If m = 0 then (75) becomes the following

G=(xyz|x=y="=1,2 central, [x,y] =2°, [x,2] =y, [n.d] =x7),

which coincides with (55), so that G is not exceptional, by Remark 5.11, which is a contradiction.
Hence m is nonzero, so m = 1 or m = 2. Suppose first that m = 2, so that (75) is equivalent to

G=(xyz|xX’=y=2=1,F central, [x,y] =2°, [x,2] =y, [zl =x 2. (79)

Put X' = x,y =y 'x73 and 7 = z~!. After removing dashes, (79) becomes equivalent to

G=yz|=y=2=1,Fcentral, [x,y] =2, [x,2] =y, 1,27 =x ). (80)

But (80) becomes the case m = 1, and G is not exceptional, by Lemma 5.14. Hence, both alterna-
tives, m = 1 and m = 2, lead to a contradiction.
Thus k£ = 2 and (75) becomes equivalent to the following:

73’ [)C,Z} =Y, [ 4 ]_x 3Z3m> (81)

where 0 < m < 2. Suppose first that m = 2, so (81) becomes equivalent to

G= <x,y,z\x9 =y =722=1, 2 central, [x,y] =z

G=yz|X’=y=2"=1,Fcentral, [x,y| =22, [x,z] =y, [nz] =x3z3). (82)
By (6) of Lemma 2.6, with x, y, z in place of a, b and c respectively, and @ =y = € = 1, we have
(x2)® = 273,
Put X' =x,y =y and 7’ = xz. After removing dashes, (82) becomes equivalent to
G=(xyz|X’=y=2=1,Fcentral, [x,y] =2°, [x,2] =y, [z =x )

which is not exceptional, again by Remark 5.11, which is a contradiction. Suppose, secondly, that
m =1, so that so that (81) becomes equivalent to

G = <x,y,z|x9 :y3 =7=1, 2 central, [x,y] :[3, [x,z] =y, 7] :x73z3> . (83)

Again, by (6) of Lemma 2.6, with ¢« =y =€ = 1, we have

(x2)® = 2.

Now putting x' = x, y = y and 7/ = xz, and dropping dashes, transforms (83) back into (82), which
we saw leads to a contradiction. Hence, in fact, m = 0, so that (81) becomes equivalent to

-3

G=(ryz|xX=y =2 =1,2 central, [x,y] =27, [x,Z] =y, [n.2] =x7°),

which is the presentation (34) of G7 in Lemma 4.2, which is exceptional. Hence G = G7.
It remains to consider the case that j = 0 in (74), which then becomes the following:
G=(xyzn|X’=y=2=n=1,ncentral, [x,y] =n*, [x,z] =y, [y,2 =xn"). (84)

It follows from these relations that

(XZ)3 _ X(Z}C)Z(XZ) _ x(xzyZ)Z(ny) — x2y2z3xyx6n—2m _ x2y3xx6n—2mnk _ nk—2m .
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If k —2m # 0, then the transformation X' = x,y = y,z’ = xz,n’ = n, followed by dropping dashes,
converts (84) back into (74) with j # 0, in which case we proved that G = Gg or G = G7.

Hence we may suppose that k = 2m. If k =0 then m = 0 and G = Q, x C3, so that u(G) > u(Q»),
so that G is not exceptional, which is a contradiction. Hence k = 1 or kK = 2. In the latter case, we
may replace n by n~! to transform (84), so there is no loss of generality in assuming k = 1, and then
(84) becomes

9 3

G = (x,y,z,n|x =y} =2=n’=1, ncentral, [x,y] =n, [x,z =y, [»,7] :x73n71> . (85

It follows from these relations that zx*> = x’zyn~2 and x’z = zx>y’n~!. Hence

2 2.2 2

(¥%2)* = P (FPon Dz n ) = xFyedn)aty? = APy )y e = n!

Put X' =x,y =y, 7 = x%z, n’ = n. After dropping dashes, (85) becomes

1

G = <x,y,z7n\x9:y3:n3: 1, ncentral, 2 =n""', [,y =n, [xz =y, [ =x3).

Deleting n, this simplifies to

3

G = (xyz|X’=y =2"=1,2 central, [x,y]=2", [x,d =y, [pg =x"),

which is again the presentation (34) of G7 in Lemma 4.2, which is exceptional. Hence G = G7.
This shows that in all cases G = Gg or G = G7. By Lemmas 4.1 and 4.2, u(G) = 18, and the
proof of Theorem 3.3 is complete. U

7. EXCEPTIONAL PREIMAGES OF THIRD AND FOURTH DISTINGUISHED QUOTIENTS

Theorem 7.1 below (stated above as Theorem 3.5) classifies exceptional preimages of Q3 and Q4
of order 243, up to isomorphism.

Theorem 7.1. The following groups have order 3° = 243:
@) Go = (ry 2z =y =2 =[nd =1, )] =272, [r,g =y7"),

(i) Gy = (vyz|d =y ==[d=1,[x) =2, [xgd=y"),
(i) Gy = (xy,z[X =y =2=1,[x)] =2, [xg=y", g=x"

(iv) Gio = (xyz| X =y = =1,[xy =2, [x,g=y", g =x327).

33>
)

The groups Gs and Gg are exceptional with distinguished quotient Q3, and the groups 66, Gg and
G are exceptional with distinguished quotient Q4. Let G be an exceptional group of order 243. If
G has distinguished quotient Q3 then G is isomorphic to Gg or Go. If G has distinguished quotient
Qy then G is isomorphic to Ge, Gs or Gyo. In all cases, u(G)=18.

Proof. By Lemmas 4.3, 4.4 and 4.6, each of the groups Gg, Gy and G¢ has order 243 and minimal
degree 18. That the groups Gg and Gg are exceptional with distinguished quotient Q3 follows from
Lemmas 4.3 and 4.4. That the groups Gg and Gjg are exceptional with distinguished quotient Q4
follows from Lemmas 4.3 and 4.6. By Remark 3.6, the groups Ge and Gg are isomorphic, and
therefore, by Lemma 4.1, we have |G| = 243 and 11(Gg) = 18. It follows from (33) that x3z% is a
central element of Gg. Put N = (x*z%). Then

Ge/N = (x,y,z| =y =g =1, =x7, xy] =2, [r,z] =y 1),

which is isomorphic to Q4, under the isomorphism induced by the map x +— a, y — b, 7+ c. But
w(Q4) =27 > 18 = u(Gs), so that Gg is exceptional with distinguished quotient Q4.
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Suppose now that G is an exceptional group of order 243 with distinguished quotient Q3. Hence
there is a central subgroup N = (n) of G of order 3 such that G/N = Q3 and u(G) < u(Q3) = 27.
Let x,y, z be preimages of a, b, ¢ respectively, with respect to an epimorphism from G onto Q3, which
must exist, with kernel N. As before, |x| = 9. Because of the respective relations that hold in the
presentation (26) of Oz, we have, in G,

¥, 2x 3 el oyl [xzly € N

Thus there exist i, j, k,¢,m € Z3 such that the following equations hold in G:

3 i 3 3 3.0

y =n, 2 :xnja [y,Z]:”ka [xvy]:xnlv [x’z]:yil

n" .
We then get the following presentation, which we may identify with G:

k 3.0

G= <x7y,Za”l ‘x9 =n = 1, n central, )’3 :nia Z3 :x3nj7 [y,z] =n, [xay] =Xxn, [X,Z] :y—lnm>'

m

Using the transformation X’ = x, y = yn™™, 7/ = z, ' = n, and then removing the dashes, we may

rewrite the presentation so that it becomes the following, where m = 0:

9 3.0

=n® =1, ncentral, y’ =n', 22 =x°n/, [y,7] =n* x,y] = x°n, [x,z] =y~ 1).
(86)

G=(xyzn|x

It follows from the relations that z> and x> are central in G. In particular,

3

¥ = x° = (xyfl)zz _ (xyfl)z(yflnfk)z _ xz(y72)zn7k — oy y 2k = g3
so that y*> = 1. Hence i = 0, so that (86) simplifies to become

C =20 g =y 87)

G = (xyzn|xX’=y =n’=1,ncentral, 2 =x’n’, [y,z] =n
Note that at least one of j, k, ¢ is nonzero, for otherwise G =2 Q3 x C3 would not be exceptional.

Case (i): Suppose that k = 0. Then y and z commute, and (87) simplifies further to become

G=(xyzn|X=y =n=[pz=1,ncentral, 2 =X/, [x,y] =x’n’, [x,z =y™"). (88)

Our aim is to show that G = Gg. Suppose first that j is nonzero. Without loss of generality (replacing
n by n® if necessary), we may assume that j = 1 and (88) becomes

G=(x,yzn|xX’ =y’ =n*=[y,z7] =1, ncentral, 2 =x’n, [x,y] =x°n, k2l =y 1. (89)

We may introduce the relation 722 =1, which is a consequence of the other relations, and use the

3 = x3n to delete the generator n, and rewrite (89) to become

relation z
G = (yz|@=y===1 )=, =y, (90)
noting that these relations imply that z3 and x> are both central. If ¢ = 1, then (90) becomes
G=(yzlX=y==hd=1, k=2, x=y"),
which is not exceptional, by Lemma 5.6 and (47). Hence ¢ # 1. If £ = 0 then (90) becomes
G=(xyz|¥=y==d=1[y=x, [d=y"),

which is (36), so that G =2 Gg, and we are done. Suppose then that / =2. Then (90) may be rewritten
to become

G=(xyz|X=y==Mhad=1,xy=x727, [xz=y"). 1)
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Observe that, by (6) of Lemma 2.6, with @ = Yy =1 and € = —1, we have

(x2)? = x 3273,

Using the transformation X' = xz, Y =y, 7/ = z, and then removing the dashes, we have that (91)
becomes (36), so that again G = Gg, and again we are done.

Suppose now that j = 0, so that £ # 0. Without loss of generality (replacing n by n? if necessary),
we may assume that £ = 1 and (88) simplifies to become

3 3

G = (xyzn|=y=nd=[y7=1,ncentral, 2 = x>, [x,y] =°n, x,7l =y~ ). (92)

3

Since x° is central we have

6 6 6 3

(X22)3 — X(x22y2>22(22)€y_2> — nyZXy—ZZ — x3y2x— n—2y—2Z = n.
We may then apply the transformation

/ 2 / / / —1
X=X, Yy =Yy, =22, n=n,

and then remove the dashes, to get the following presentation:

3 3

G = (x,yzn|xX’=y=n*=[y,z7l=1, ncentral, 2 =x’n, [x,y] =x°, [x,7 =y~ 1).
But this becomes the case j = 1 and £ = 0 of (89) considered earlier, so that G = Gg, and we are

done, completing the analysis of Case (i).

Case (ii): Suppose that k # 0. Without loss of generality (replacing n with n? if necessary), we may
assume k = 1, and then (87) becomes

G = (xyzn|xX’=y =n’=1,ncentral, 2 =x’n/, [y,2] =n, [x,)] =x’n’, [x,2] =y~") . (93)
Our aim is to show that G =2 Gg. Suppose first that j = 1, so that (93) becomes
G = (x,y,z,n|x’ =y =n’ =1, ncentral, 22 =x’n, [y,z] = n, [x,)] =xn’, v,z =y 1) . (94)

We may introduce the relation z” = 1, a consequence of the other relations, and use the relation
22 = x*n to delete the generator n, and rewrite (94) to become

G = (xyz|xX’ =y ==1,2 central, [x,y] =x’(x2)", [r,z] =y~ ", [ng] =x2), (95)

noting that these relations imply also that x° is central. If £ = 1, then (95) becomes

G = (x,yz|X=y'=7"=1,7 central, [x,y] =2°, [x,z] =y ', g =x2),

which is (51), so that G is not exceptional, by Lemma 5.8. Hence ¢ # 1. If £ = 0 then (95) becomes

G=(xvyz|¥=y=2=1,[x)=2, [k =y", h=x77),

noting that these relations imply that z* is central, which is (39), so that G = Go, and we are done.
Suppose then that £ = 2. Then (95) may be rewritten to become

G = (xyz|x’=y' = =12 central, [x,)] =x727, [vg =y, [nzl =x772) . (96)

Observe that, by (6) of Lemma 2.6, with @ =y =1 and € = —1, we have

(XZ)3 _ Z3 )

3 7 =x71, and then removing the dashes, noting that

Using the transformation X’ = xz, y = yx 3z~
the centrality relations become superfluous, we have that (96) becomes (39), so that again G = Gy,

and we are done.
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Suppose now that j = 2, so that (93) can be rewritten as

3

G=(x,yzn|xX’=y=n*=1,ncentral, 22 =x’n"", [y,z] =n, [x,)] =xn’, v,z =y ). (97)

We may introduce the relation z” = 1, a consequence of the other relations, and use the relation

22 = x3n~! to delete the generator n, and rewrite (97) to become

G = (xyz|X’=y'=2=1, P central, [x,y] = x>z, [x,7 =y, [nz] =x°273) . (98)
Consider the case that £ = 0. Then (98) becomes
G = (xyz|X’=y=2=1,Fcentral, [x,y] =2, [x,7 =y, [nz] =x°z3). (99)
Observe that, by (6) of Lemma 2.6, with & =y =€ = —1, we have
(1 = 88

1 3

7,y =y 3773, Z =77, and then removing dashes, (99) be-
comes (51), so that G is not exceptional, by Lemma 5.8. Hence ¢ # 0. Consider the case that £ = 1.

Then (98) becomes

Using the transformation x’ = x~

G = <x,y,z | X :y3 :Zg =1, Z3 central, [x,y] :x_3z_3, [X,Z] :y_l ) [y>Z] :x3z_3> . (100)

Observe that, by (6) of Lemma 2.6, with @ = € = —1 and Yy = 1, we have
(x—lz)3 — x3Z3 )

Using the transformation ' = x 'z, y/ = yx 3773

comes (51), so that G is not exceptional, by Lemma 5.8. Hence £ # 1, and so £ = 2. We may now

rewrite (98) to become

, 7 =z7!, and then removing dashes, (100) be-

G = (x,yz|X=y'="=1,7central, [x,y] =2°, [x,z] =y ', g =x27),

which is (53), so that G is not exceptional, by Lemma 5.10. This shows that j # 2.
Suppose finally that j = 0, so that (93) becomes
G=(xyzn|x’=y=n’=1,ncentral, 2 =, [y,z] =n, [x,)] =x°n, [x,z] =y~ 1. (101)
Suppose first that £ = 0, so that (101) becomes

G = (x,yzn|X’=y=n’=1,ncentral, 2 =%, [y,z] =n, [x,y] =2, [x,z =y~ 1) . (102)

Since x* = 7 and n are central we have
(x2)® = x(xzy)z(zy™!) = Py Ny = Py 12 = Ped)nd = Pat
We may then apply the following transformation to (102):
X =xz, Y=y, =2z, =n, (103)

and then remove the dashes, so that (101) becomes

G = (x,y,z,n |x9 :y3 =n’=1, n central 2=xn, v,z =n, [x,y] =X, [x, 2] :y_1> .

But this is the case ¢ = 0 of (94) considered earlier (when j = 1), so that G =2 Gy is exceptional.
Suppose next that £ = 1, so that (101) becomes

G=(xyzn|xX’=y=n*=1,ncentral, 2> =x°, [y,2) =n, [x,y] =x’n, [x,7] =y~ ). (104)
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Now we have

()CZ)3 — xz(yxyfl)nflf _ x2(xx6n2)nflz3 — f’lZ3 _ x3n7

and again apply the transformation (103), and then remove the dashes, so that (104) becomes

G = (x,y,z,n |x9 :y3 —n’ =1, ncentral, z° :x3n_1, v,z =n, [x,] :x3n_1, [x, 2] :y_1>.

But this becomes the case ¢ =2 of (97) considered earlier (when j = 2), where G is not exceptional,
which is impossible. Finally, suppose that £ = 2, so that (101) may be rewritten as

9

G={xyzn|x’=y=n’=1,ncentral, 2> =x, [y,z] =n, [x,y] =x’n"!, [x,z] =y~ ). (105)

Now we have

(XZ)3 — xz(yxyfl)nflz‘% — x2(xx6n72)nflz3 _ Z3 _ x3,

and again apply the transformation (103), and then remove the dashes, so that (105) becomes (104),

which was seen earlier not be exceptional. Thus £ = 2 also does not arise, completing the analysis
of Case (ii).

Suppose now that G is an exceptional group of order 243 with distinguished quotient Q4. As
before, but making an adjustment to the one relation that differs between Q3 and Q4, we may
assume that there exist j, k,£ € Z3 such that

G = (x,y,z,n| ¥’ :y3 =n’=1, ncentral, 2 =x n/, v,z] = nk,[x,y] :x3n€, [x,2] :yfl).

(106)
Again, at least one of j, k, ¢ is nonzero, for otherwise G = Q4 x C3 would not be exceptional.

Case (iii): Suppose that k = 0. Then (106) simplifies to become

3

G = <xay727n ’x9 :)73 =n = [y,Z] =1, ncentral, Z3 :x_3nja [x,y] :x3né7 [X,Z] :y_1>' (107)

We show that G is isomorphic to 56 or Gg. Suppose first that j is nonzero. Without loss of generality

(replacing n by n? if necessary), we may assume that j = 1 and (107) becomes
3

3 3 ¢

G=yzn|x’=y=nd=[y7=1,ncentral, 22 =xn, [x,y] =x°n", [x,7 =y~ ). (108)

3

We may introduce the relation Z2 = 1 and use the relation z> = x3n to delete n, and rewrite (108)

to become
G=(xyz|X=y="=d=1,[xy =), 2 =y"), (109)

noting that these relations imply z* and x* are central. Suppose first that £ = 2. Then (109) may be
rewritten to become

G=(yz|X=y==had=1,x) =27, [x7=y"),

which is (48), so that G is not exceptional by Lemma 5.6, which is impossible. Hence ¢ # 2. If
f =1, then (109) becomes

G=(yz|¥=y="=yd=1,xy=x72, x,gd =y,

which is the presentation for G, which proves that G = Ge. If £ = 0 then (109) becomes

G=(xyz|X=y==hd=1,[xy=x, x7=y"),

which is (36), so that G = Gg.
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Suppose now that j = 0, so that £ # 0. Without loss of generality (replacing n by n? if necessary),
we may assume that £ =1 and (107) simplifies to become

G=yzn|’=y=nd=[yz=1,ncentral, 2 =x72, [x,y] =xn, [x,z] =y~ ). (110)

We have
(x2)* = x(xzyp)a(eny™) = Pywy~'d = P = 270

1 1 ! 1

and may apply the transformation x' =xz, y =y ', 7 =z ', ” =n~' , and then remove the

dashes, to get the following presentation:
_ 9_3_ 3_ _ 3_ -3 _ .3 _ 1
G = <x,y,z,n|x =y =n —[y,z]—l,ncentral,z =X n, [xvy]_x ’ [X,z]—y >

But this becomes the case j = 1 and £ = 0 of (108) considered earlier, so that G = Gg, and we are
done, completing the analysis of Case (iii).

Case (iv): Suppose that k # 0.
Without loss of generality (replacing n with n? if necessary), we may assume k = 1, and then (106)
becomes

G = <xay’zvn|x9:y3:n3:1, ncentral, Z3:x_3njv [y,Z] =n, [xay] :x3n€7 [xaz]:y_l>' (111)

We show that G = Gyg. Suppose first that j = 1, so that (111) becomes
G=(x,yzn|x’=y=n=1,ncentral, 2 =x">n, [y,7l =n, [x,y] =xn", x,7 =y~ ). (112)

We may introduce the relation z” = 1 and use the relation z* = x~3n to delete the generator n, and
rewrite (112) to become

G = (x,yz| X =y =2"=1, Z central, [x,y] = (F'2)", v,z =y~ ", [ng =x°2) . (113)

If ¢ = 1 then (113) becomes
G = (x,yz|X =y =2"=1, central, [x,y] =x72, [x,Z] =y~ !, 2] =x'2), (119

which is not exceptional, by Lemma 5.12. If £ = 0 then (113) becomes

G = <x,y,z ‘ X9 :y3 :Z9 =1, [x,y] :X3, [X,Z] :y_17 [y,z] :x313> ) (115)

noting that these relations imply the centrality of z3. By (6) of Lemma 2.6, with & = € = —1 and
y =1, we have (x'z)*> = x~3z73 . We may now apply the transformation x’ =z, y/ = yx 373, 7/ =
x~1z to (115), drop the dashes, noting that the centrality relations are all equivalent, in the presence
of the other relations, and obtain the following presentation

3

G = (xyz|X=y==1,7 central, [x,y] =2, [x,2] =y7", 17 =x2).

But this is (51), so that G is not exceptional, by Lemma 5.8. If / = 2 then (113) becomes

G = (xyz|X¥=y="=1,7central, [x,y| =z, x,z] =y ', g =x'2).  (116)

3 7 =z7' to (116), and removing dashes, yields

Applying the tranformation x' =x, y = yx 3z~
(58), so that G is not exceptional, by Lemma 5.14. This shows that the case j = 1 does not occur.

Suppose now that j = 2, so that (111) can be rewritten as

G = (x,y,z,n| X :y3 —n®=1,ncentral, 22 =xn"!, v,z =n, [x,y] :x3n({, [x,7] :yfl).

(117)
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3 3

We may introduce the relation 22 =1, use the relation 22 = x 3n! to delete the generator n, and

rewrite (117) to become
G = (xyz|xX’=y ="=1,2 central, [x,y] =¥ (x 2", [r,d =y, hal =x277) . (118)
If ¢ = 0 then (118) becomes
G=(xyz|X=y=2=1,[)=x, [x=y", [nd=x727),

noting that these relations imply the centrality of z3, which is (41), so that G = G . Consider the
case that / = 1. Then (118) becomes

o nd=yT b =x727) 0 (119

, 7 =xz7! to (119), and removing dashes,

G = <x7yaz’x9 :y3 :z9 =1, z3 central , [x,y] =z

Applying the transformation x' =z, y =y 'x3z73

yields (51), so that G is not exceptional, by Lemma 5.8. Hence ¢ = 1 does not occur. Now consider
the case ¢ = 2. We may now rewrite (118) to become

G = (x,yz|x =y =7"=1, 7 central, [x,y| =x72, [x,Z =y ', [nzl=x727). (120

Applying the transformation X’ =x~'z, y =y~!, Z/ = x to (120), and removing dashes, yields (51),
so that again G is not exceptional, by Lemma 5.8. Hence ¢ = 2 also does not occur.
Suppose finally then that j = 0, so that (111) can be rewritten as

G=(xyzn|xX’=y=n =1, ncentral, 2 =x73, [y,z] =n, [x,y] =x’n", [x,z] =y~ 1). (121)
Suppose first that £ = 0, so that (121) becomes

G=(x,yzn|xX’=y =n*=1,ncentral, 2 =x7, [y,2 =n, [x,y] =2, [x,z] =y~ ). (122)

Since x* = z73 and n are central we have
(x2)® = x(xzy)z(zxy ') = Py N2yt = oy D12 = PP = x et
Applying the transformation
X =xz, ¥y=y', Z=z"' n=n, (123)

to (122), and removing dashes, yields

9 3

G=(x,yzn|xX’=y =n*=1,ncentral, 2 =x>n"", [y,z] =n,[x,y] =xn"", [x,z] =y ).

But this is the case £ = 2 of (117) considered earlier (when j = 2), so that G is not exceptional,
which is impossible. Suppose next that £ = 1, so that (121) becomes

9

G=(xyzn|xX’=y=n*=1,ncentral, 22 =x7>, [y,z] =n, [x,y]| =x°n, [x,z] =y~ ). (124)

Now we have

(XZ)3 — x2(yxy—1)n—lz3 — x2(xx6n2)n—lz3 — nZS — )C_3I’L,

and again apply the transformation (123), and then remove the dashes, so that (124) becomes

3 3. -1

G = (x,y,z,n |)c9 :y3 =n = 1, n central, 2 =xn, vzl =n, [xy|=xn"", [x,7] :y71>.

But this becomes the case £ =2 of (112) considered earlier (when j = 1), where G is not exceptional,
which is impossible. Finally, suppose that £ = 2, so that (121) may be rewritten as

G=(x,yzn|xX’=y=n*=1,ncentral, 2> =x72, [y,z] =n, [x,y| =x°n"", [x,z] =y~ 1). (125)
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Observe that, using the relations of (125) other that 22 =x73, we have
(x7 12 = x N Dz(x'2) = x ' Ty I Dzl = x 2oy I T2 x !
= x2z(ry 2w = a0 ) = a2 oy DA
— 2 )P = 2P 0 = e

Thus, in the presence of these relations, it follows that the following two relations are equivalent:

2 =x3 and (x12)} =nt.

Hence, we may rewrite the presentation (125) for G as follows:

G = (x,y,2nx° =y* =nd = 1, ncentral, (x 2 =n", [y,2] =, [x,y] ="

’ [X,Z] :y_1>'
(126)
We may now delete 7 and the relation (x~'z)*> = n~!, add the relation z° = 1 and rewrite the other

relations to get the following presentation:

3’ [xay] :x3(x_lz)3’ [X,Z] :y_1>'

(127
We may now apply the transformation ¥’ =x, y =y, 7 = x 'z to (127), drop the dashes, and

G=(xyz|X=y = =1, (x"'2)’ central, [y, = (x '2)~

obtain the following presentation:

G = (x,yz|X’=y=2"=1, 7 central, [y,z] =x°, [x,y] =x°2, [x,g =y~ 1). (128)
By (6) of Lemma 2.6, with &« =y =1 and € = —1, we have (xz)® = x> . We may now apply
the transformation x' =z, y/ = yx*, 7 = xz to (128), drop the dashes, noting that centrality of
(z)? = x73 is equivalent to centrality of z*, in the presence of the other relations, and obtain the
following presentation

3

G = (xyz|?=y=22=1,Fcentral, [x,y] =2, [x,2] =V, 7] =x73) .

But this is presentation (55), so that G is not exceptional, again by Remark 5.11, which is impossible.
Hence, in fact, j = 0 does not arise, completing the analysis of Case (iv). This completes the proof
of the theorem. O

Remark 7.2. We have observed (Corollary 3.7) that Gg = Ge and Gg are the only exceptional groups
of order 243, up to isomorphism, each with two nonisomorphic distinguished quotients. Each of
these has a further unique property of being the only groups of order 243 that are simultaneously
exceptional and almost exceptional. To see the latter claim, it follows from the presentations (32)
and (36) for Gg and Gy respectively that they both have the following group of order 81 as a homo-
morphic image:

H = (a,b,c|d® =b>=c> =1, beentral, [a,c] =b) = (CoxC3)xC3.
The centre of H is elementary abelian of order 9, and it follows (using, say, Proposition 1.3) that
u(H) = u(Ge) = u(Gs) = 18,

whence G¢ and Gg are almost exceptional with almost distinguished quotient H. The group H arises
in Table 3 below as group 81.3, which is an image of groups 243.13, 243.17 and 243.18.
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Remark 7.3. Hitherto, the almost exceptional groups mentioned in Remarks 5.5 and 7.2 above have

all had minimal degree 18. There is one more almost exceptional group of order 243, namely the

group

W = Gy x(C31C3) ,
which is group 243.51 in Table 3, with minimal degree 12. That Wis almost exceptional follows

because W is the direct product of Cs, of degree 3, with a wreath product, of degree 9, which is well-

known to be almost exceptional, and a special case of a large class of examples of almost exceptional

groups, studied in [1], arising as sections of wreath products. The almost distinguished quotient of
W is isomorphic to C3 X ((C3 x C3) X C3), which arises as group 81.12 in Table 3, highlighted in
blue, where it occurs as an image of group 243.51.

8. TABLE 3: GROUPS OF ORDER 243 AND QUOTIENTS OF ORDER 81

</ G is abelian
&: G is exceptional, i.e. 3 N <G such that u(G) < u(G/N)

o/ &: G is almost exceptional, i.e. 3 nontrivial N <G such that u(G) = u(G/N)

C3).4(C3 X C3)

Structural Description ID 1(G)| Quotients of Order 81 u(0) AdE
Co3 243.1 243 | o 81 X
(Co x C3) 1 Cy 243.2 | 27 81.2=Cy x Gy 18 X
81.3 2 (C3 X C3) X Co 18
81.4=Cy xCy 18
(C3x ((C3xC3) X C3)) X1 C3 243.3 | 18 81.72 (C3 xC3 X C3) X1 C3 9 X
81.9§(C9XC3) >43C3 27
<C3><(C9 >4C3))><11C3 243.4 18 81.72(C3><C3XC3)>41C3 9 X
81.82(C9><C3) ><]2C3 27
(C3 X C3).((C3 X C3) A1 C3) = |243.5 36 81.7= (C3 ><C3 X Cg) >41C3 9 X
(C3XC3><C3).3(C3 XC3) 81.8§(C9 ><C3) ><IzC3 27
81.10§C3.5((C3><C3)>4C3):(C3>< 27
C3).4(C3 X C3)
((C3XC3)>4C9) ><13C3 243.6 36 81.72(C3><C3XC3)>41C3 9 X
81.8g(C9><C3) >42C3 27
81.92(C9><C3) X3 C3 27
(C3 X C3).23((C3 X C3) X Cg) = | 243.7 18 81.7= (C3 X C3 X Cg) >41C3 9 X
(C3><C3><C3).5(C3 XC3) 81.10%C3.5((C3><C3) NC}) = (C3>< 27
C3).4(C3 X C3)
(C3 X C3).29((C3 X C3) X C3) =|243.8 54 81.8 (Cg X C3) >42C3 27 X
(C3><C3XC3).6(C3 ><C3) 81.92(C9><C3) X3 C3 27
81.10gC3.5((C3XC3)>4C3):(C3X 27

Continued on next page
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Table 3 — continued from previous page

Structural Description ID 1 (G)| Quotients of Order 81 uQ)| & | dE

(C3 X C3).30((C3 X C3) b C3) = |243.9 54 81.8 = (Cg X C3) >42C3 27 X X

(C3 X C3 X C3).7(C3 X C3)

Cr71 xCy 243.10 | 36 4 30 X | X

18

Cr7 X2 Co 24311 | 36 81.2=Cy xCy 18 X | X
81.6§C27 >4C3 27

(C27 X C3) >41C3 24312 | 36 81.3 (C3 X C3) X C9 18 X X
81.5§C27><C3 30
81.62C27 ><]C3 27

(C3 X C3 X C3) >41C9 24313 | 18 81.3= (C3 X C3) X C9 18 X v
81.72(C3 ><C3><C3)>41C3 9

(Co x C3) 2 Cy 243.14 | 36 81.3 % (C3 x C3) X Cy 18 X | X
81.8 2 (Cy x C3) X C3 27

(Co x C3) 3 Co 24315 |36 | 81.322(C3 xC3) X Co 18 | x| x
81.9§(C9><C3) >43C3 27

81.10 = C3.5((C3 X C3) X C3) = (C3 x | 27
C3).4(C3 ><C3)

(C27 X C3) >41C3 24316 | 27 81.3 = (C3 X C3) A Cg 18 X X

((C3 X C3) X C3) X Co 24317 |18 | 8132 (C3 x C3) X Co 18 |v | v
81.7g(C3><C3XC3)>41C3 9
81.82(C9><C3) ><]2C3 27
81.9§(C9><C3) >Q3C3 27

(Cg A C3) X Cg 24318 | 18 81.3= (Cg X C3) X Cy 18 v v
81.7§(C3 XC3><C3)>41C3 9
81.8§(C9XC3) ><IzC3 27

81.10 = C3.5((C3 X C3> A C3) = (C3 x | 27
C3).4(C3 X C3)

<C27>4C3) >42C3 243.19 | 81 81.32(C3><C3)>4C9 18 X X
(C27 >4C3) >43C3 243.20 | 81 81.3= (C3 ><C3) >4C9 18 X X
Co x Cy7 24321 | 36 81.4=Cy xCy 18 X | X
81.5=Cryy xC; 30
81.6 = Cr7 xC3 27
Cry1 xCy 243.22 | 27 81.4=Cyo xCy 18 X | X
Cg1 X C3 24323 | 84 o 30 X | X
81

Continued on next page
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Structural Description ID 1 (G)| Quotients of Order 81 uQ)| & | dE
Cg1 xC3 24324 | 81 81.5=Cy xCs 30 X | X
<C9 X Cg) X1 C3 243.25 | 27 81.9= (C9 X C3) X3 C3 27 X v
(Cg X C9) X2 C3 243.26 | 27 81.9= (Cg X C3) X3 C3 27 X v
(Cy x Co).2C3 24327 |27 | 81.92 (Cy x C3) x3C3 27 | x| v
<C9 X Cg) X1 C3 24328 | 27 81.9= (C9 X C3) X3 C3 27 X v
(Cg X C3).3(C3 X C3) 243.29 | 27 81.9= (Cg X C3) X3 C3 27 X v
(Cg %1 Cg) X2 C3 243.30 | 27 81.9 2 (Cy x C3) X3C3 27 X v
Co x Cy X C3 24331 | 21 o 15 X X
18
Cs3 % ((C3 x C3) % Co) 24332 (21 | 8132 (C3x C3) % Co 18 | x| x
81.11 =2 Cy x C3 X C3 15
81.12§C3X((C3XC3)><IC3) 12
81.13 22 C3 x (Cy % C3) 12
C3 % (Co % Cy) 24333 |21 | 81.42CoxCo 18 | x| x
81.11gC9><C3XC3 15
81.13%'C3><(C9 >4C3) 12
(Cg x Cg) x3C3 243.34 | 36 81.11 =2 Cy x C3 x C3 15 X | X
81.14§(C9XC3) ><15C3 27
Co x ((C3 x C3) 1 C3) 24335 | 18 81.11 = CyxC3xC3 15 v X
81.12%JC3><((C3><C3)>4C3) 12
81.142(C9XC3) >45C3 27
Cy x (Co x C3) 24336 | 18 81.11 = Co x (3 X C3 15 V| X
81.1322C3 x (Cy % C3) 12
81.14§(C9><C3) >45C3 27
(C3x ((C3x C3) X C3)) x2Cs | 24337 |18 | 81.122C3 x ((C3 x C3) % C3) 12 | x| x
(Co x C3) x1 (C3 x C3) 24338 | 18 | 81.122C3 x ((C3 x C3) % C3) 12 | x| x
81.13 = C3 X (Co x C3) 12
Co x ((C3 X C3) %1 C3) 24339 [ 18 | 81.1222C3 x ((C3 x C3) % C3) 12 |v| x
81.13 22 C3 x (Cy % C3) 12
81.14§(C9><C3) >45C3 27
(C3 X (Cg X C3)) >44C3 24340 | 36 81.12 = C3 X ((C3 X C3) X C3) 12 X X
81.14g(C9XC3) ><I5C3 27
(Co x1 Co) 313 C3 24341 |18 | 81.132C3 x (Co x C3) 12 |v| x
81.14§(C9><C3) >45C3 27

Continued on next page
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Structural Description ID 1 (G)| Quotients of Order 81 uQ)| & | dE
(Co % Co) x4 C3 24342 |36 | 81.14 2 (Co x C3) x5C3 27 | x| x
(Co % Co) x15C3 24343 | 18 | 81.13 2 C3 x (Co X C3) 12 | v | x
81.142(C9><C3)><]5C3 27
(Cg A Cg) X6 C3 24344 | 54 81.14 = (Cg X C3) A5 C3 27 X X
(Co % Co) x17C3 24345 | 54 | 81.14 2 (Co x C3) x5 C3 27 | x| x
<C9><C9) >48C3 243.46 | 36 81.13%'C3><(C9 >4C3) 12 X X
81.14§(C9XC3) ><]5C3 27
(Cy x Co) X9 C3 24347 | 18 | 81.132C3 x (Co X C3) 12 | x| x
Cy1 X C3 X Cy 243.48 | 33 o 15 X X
30
C3 X (C27 X C3) 24349 | 30 81.6 = C27 X C3 27 X X
81.11 = Co x (3 X C3 15
(Cy7 X C3) x5 C3 243.50 | 81 81.11 =2 Cy x C3 x C3 15 X | %
C3><((C3 ><C3><C3)>4C3) 243.51 | 12 81.72(6‘3 ><C3><C3)>41C3 9 X v
81.12gC3><((C3XC3)>4C3> 12
C3 X ((Cg X C3) >42C3) 243.52 | 30 81.8= (Cg X C3) >42C3 27 X X
81.12%’C3><((C3><C3)>4C3) 12
C3 X ((Co x C3) x3C3) 243.53 | 30 81.9 2 (Cy x C3) x3C3 27 X X
81.122C3><((C3><C3)>4C3) 12
C3 X (C3.5(C3 X C3) X C3)) 243.54 | 30 81.10= C3.5((C3 X C3) X C3) 27 X X
81.12§C3><((C3><C3)>4C3) 12
((Cg X C3) >42C3) A3 C3 243.55 | 27 81.12 = C3 X ((C3 X C3) b C3) 12 X X
((C3 X C3 X C3) X1 C3)) X1 C3 243.56 | 27 81.12= C3 % ((C3 X C3) X C3) 12 X X
((C9><C3) >42C3)>41C3 243.57 | 27 81.12§C3 X((C3 ><C3) >4C3) 12 X X
(C3 X ((C3 X C3) X C3)) >46C3 243.58 | 27 81.12 = C3 X ((C3 X C3) b C3) 12 X X
(C3.((C3 X C3) X C3))) X4 Cs 243.59 | 27 81.12= C3 x ((C3 X C3) X C3) 12 X X
((Cg X C3) >42C3) >42C3 243.60 | 27 81.12= C3 X ((C3 X C3) X C3) 12 X X
Cg X C3 X C3 X C3 243.61 | 18 o 12 X X
15
C3 x C3 % ((C3 x C3) X C3) 24362 | 15 | 81.122C3 x ((C3 x C3) x C3) 12 | x| x
81.15%JC3><C3XC3 XC3 12

Continued on next page
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Structural Description ID 1 (G)| Quotients of Order 81 u(Q) A E

C3 x C3 % (Co x C3) 24363 | 15 | 81.132C; x (Cy x C3) 12 x
81.15=2(C3 xC3xC3 xC3 12

C3 % ((Co % C3) x5 C3) 24364 | 30 | 81.1422 (Cy x C3) x5 C3 27 x
81.15= (3 x (3 x (3 X C3 12

(C3 % ((C3x C3) % C3)) %7 Cs | 24365 [ 27 | 81152 C3 x C3 x C3 x Cs 12 x

(C3 x (Cog x C3)) X171 C3 243.66 | 27 81.152C3 x C3 x C3 x Cs 12 X

C3 x C3xC3 x C3 X C5 243.67 | 15 o 12 X
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