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ABSTRACT. In this paper, we develop a functional analytical theory for estab-
lishing that mild solutions of first-order Cauchy problems involving homo-
geneous operators of order zero are strong solutions; in particular, the first-
order time derivative satisfies a global regularity estimate depending only on
the initial value and the positive time. We apply those results to the Cauchy
problem associated with the total variational flow operator and the nonlocal
fractional 1-Laplace operator.

1. INTRODUCTION

In the pioneering work [7], Bénilan and Crandall showed that for the class
of homogeneous operators A of order « > 0 with « # 1, defined on a normed space
(X, ||| x), every solution of the differential inclusion

d
(1.1) W Aw() 30
dt
satisfies the global regularity estimate
(1.2) lim sup e £ 1) = u®)]lx <2L luollx 1 for every t > 0.
=0+ h la—1] ¢
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Here, A C X x X might be multi-valued and is called homogeneous of order « if
(1.3) A(Au) = A*Au forallA > 0and u € D(A).

Moreover, to obtain (1.2), it is assumed that there is a family {T; } ;> associated
with A of Lipschitz continuous mappings T; on X of constant L such that

(1.4) u(t) = Tug for every t > 0,

is (in some given sense) a solution of (1.1) for some initial value uy € X. We
refer to Definition 3.2 and Definition 3.5 for the different notions of solutions.

Further, if X is equipped with a partial ordering “<” such that (X, <) defines
an ordered vector space, and if for this ordering, the family {T;};>¢ is order-
preserving (that is, (2.17) below holds), then every posz'tivel solution u of (1.1)
satisfies the point-wise estimate

(1.5) (a — 1)% (t) > % inD for every t > 0.
dt+ t
Estimates of the form (1.2) describe an instantaneous and global requlariz-
ing effect of solutions u of (1.1), since they imply that the solution u of (1.1) is
locally Lipschitz continuous in t € (0,+o0). Further (1.5) provides a rate of

dissipativity involved in the differential inclusion (1.1).

It is the aim of this paper to extend the theory developed in [7] to the impor-
tant case & = 0; in other words, for the class of homogeneous operators A of order
zero (see Definition 2.1 below). Important examples of this class of operators in-

clude the (negative) total variational flow operator Au = —Aju = —div (‘ga ),

also known as (negative) 1-Laplacian, or the 1-fractional Laplacian
— dy
Au = (=AyFu(x) = PV/ uly) = u(x) :
ATV =Y | Tty —u) Tyl

In our first main result (Theorem 2.3), we establish the global regularity esti-
mate (1.2) for order &« = 0 and for solutions u of differential inclusions with a
forcing term:

s € (0,1).

(1.6) % + A(u(t)) > f(t) on (0,T),

where f : [0, T| — X is an integrable function, and T > 0. In Corollary 2.4 and
Corollary 2.6, we provide the resulting inequality when f = 0 and the right
hand-side derivative 5% (t) of u exists at t > 0.

In many applications (cf Section 5), X is given by the classical Lebesgue space
(L7 I1l7), @ < r < oo). If {T:}+>0 is a semigroup satisfying an LI-L"-reqularity
estimate

Y
u
(1.7) | Teugl|, < Ce“’thO&'M forall t > 0,and up € L,

forw € R, v = v(q,1,d),5 = 6(q,r,d) > 0, and some (or forall) 1 < g < r,

then we show in Corollary 2.6 that combining (1.2) with (1.7) yields

[u(t+h) —u(t)
h

uollg

I 542wt
< CL2°™=ev pras

(1.8) lim sup
h—0+

Here, we call a measurable function u positive if u > 0 for the given partial ordering “<”’.
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Regularity estimates similar to (1.7) have been studied recently by many au-
thors (see, for example, [13, 19, 14] covering the linear theory, and [12] the non-
linear one and the references therein).

In Theorem 2.7, Corollary 2.9 and Corollary 2.10 we generalize the point-
wise estimate (1.5) to the homogenous order a = 0.

We emphasize that the regularizing effect of solutions u of (1.1) remains true
with a slightly different inequality (see Corollary 2.12) if the homogeneous op-
erator A is perturbed by a Lipschitz mapping F. This is quite surprising since
F might not be homogenous and hence, the operator A + F is also not homo-
geneous.

In Section 3, we consider the class of quasi accretive operators A (see Defini-
tion 3.1) and outline how the property that A is homogeneous of order zero is
passed on to the semigroup {T;};>o generated by —A (see the paragraph after
Definition 3.2). In particular, we discuss when solutions u of (1.1) are differen-
tiable a.e. in t > 0.

The fact that every Lipschitz continuous mappings u : [0,T] — X is differ-
entiable almost everywhere on (0, T) depends on the underlying geometry of
the given Banach space X; this property is well-known as the Radon-Nikodym
property of a Banach space. The Lebesgue space L! has not this property, but
alone from the physical point of view, L! is for many models not avoidable.
In [8], Bénilan and Crandall developed the celebrated theory of completely ac-
cretive operators A (in L'). For this class of operators, it is known that for each
solutions u of (1.1) in L!, the derivative < g exists in L'. These results have been
extended recently to the notion of quasi completely accretive operators in [12]. In
Section 4, we study regularity estimates of the form (1.2) for & = 0 satisfied
by solutions u of (1.1), where A is a quasi completely accretive operator of ho-
mogeneous order zero. In fact, the two operators —A; and (—A;)° mentioned
above, belong exactly to this class of operators. Thus, our two main examples
of differential inclusions discussed in Section 5 are

(1.9) j”t‘—d' <|g”|>+f( u) >

(1.10) V/ %) dy|d+s +f(u) 30,

x)| |x

which are equipped, respectlvely, with some boundary conditions on a domain
Y inRY d > 1. In (1.9) and (1.10), the function f is a Carathéodory function,
which is Lipschitz continuous in the second variable with constant w > 0 uni-
formly with respect to the first variable (see Section 5 for more details).

Note, if the right hand-side derivative C‘l% (t) of a solution u of (1.1) exists at
every t € (0,1], then (1.2) for « = 0 becomes

(1.11) | Au(t)]|x < ZLHuOHX for every t > 0.

Here, it is worth mentioning that if the operator A in (1.1) is linear (that is,
« = 1), then inequality (1.11) means that —A generates an analytic semigroup
{Ti} >0 (cf[4, 17]). Thus, it is interesting to see that a similar regularity inequal-
ity such as (1.11), in particular, holds for certain classes of nonlinear operators.
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In addition, if ||| x is the induced norm by an inner product (-, -)x of a Hilbert
space X and A is a sub-differential operators d¢ on X, then inequality (1.11) is
also satisfied by solutions of (1.1) (cf [11]). In [2], inequality (1.11) was shown to
hold for solutions of (1.9) with f = 0 and equipped with Neumann boundary
conditions.

2. MAIN RESULTS

Suppose X is a linear vector space and ||-||x a semi-norm on X. Then, the
main object of this paper is the following class of operators.

Definition 2.1. An operator A on X is said to be homogeneous of order zero if for
every u € D(A) and A > 0, one has that Au € D(A), and A satisfies (1.3) for
x = 0.

Remark 2.2. It follows necessarily from (1.3) that for every homogeneous op-
erator A of order « > 0, one has that 0 € A0. But for homogeneous operators
A of order zero, the property 0 € A0 does not need to hold.

Now, assume that for the operator A on X and for given f : [0,T] — X and
ug € X, the function u € C'([0, T]; X) is a classical solution of the differential
inclusion (1.6) with forcing term f satisfying initial value u(0) = up. If A is
homogeneous of order zero, then for A > 0, the function

o(t) = A tu(At), (te[0,T]),
satisfies

dov du
) = g (M) € —Au(An) + f(A) = —A(o(t)) + f(AL)

for every t € (0, T) with initial value v(0) = A~'u(0) = A~ 'ug. Thus, if for
every t € [0, T|, we denote

(2.1) Ti(uo, f) := u(t) for every ugp and f,

where u is the unique classical solution u of (1.6) with initial value u(0) = uo,
then the above reasoning shows that the homogeneity of A is reflected in

(2.2) A T (ug, f) = Tr(A Y, f(A-)) for every A >0,

and all t € [0, T]. Identity (2.2) together with standard growth estimates of the
form

e | Tuluo, £) = Ti(io, ) x
< Le | T, £) = Tt Dllx +L [ e 1£r) = f(r)xdr

forevery 0 < s < t(< T), (for some w € R and L > 1) are the main ingredients
to obtain global regularity estimates of the form (1.2). This leads to our first
main result.

(2.3)

Theorem 2.3. For a subset C C X, let {T;}]_, be a family of mappings T; : C X
LY(0, T; X) — C satisfying (2.3), (2.2), and T;(0,0) = 0 for all t > 0. Then for every
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up € C, f € LY(0,T; X),and t € (0,T], h > 0, one has that

I Ten (o, f) — Te(uo, ) x
t s gy _ £(s
(2.4) < @ Le! leM(JHx-F <1+¥) /0 ews fs+ th) f(s)

t

ds
X

+ [l

In particular, if

t

V(f,t):=limsup | e ** f(s4Es) — f(s)

ds,
4

X

then the family {T; }+>¢ satisfies

lim sup Tin(uo, f) — Ti(uo, f)
(2 5) h—0+ h X
' Le¥! t
< E [lwlx v+ [ e ioleds).

foreveryt > 0,ug € C, f € LY(0, T; X), and if f is locally absolutely continuous and
differentiable a.e. on (0, T), then

lim sup Ty in (o, f) — Ti(uo, f)
h
(2.6) h—0+ X
Lewt
<

t t
[l e ssir©lds + [ el xas]
Moreover, if the right hand-side derivative %Tt(uo, f) exists (in X) at t > 0, then

th (M(), f)
dt

Lewt

X_ t

ern |

2ol + VN + [ 176 s

Proof. Letug € C, f € L}(0,T; X), and for t > 0, let h # 0 satisfying 1 + 2 > 0.
Then, choosing A =1 + % in (2.2) gives
Tiin(uo, f) — Ti(uo, f)

= Tat(uo, f) — Ti(uo, f)

2.8) g
= (1) (1) w4 5] = T )
and so,
Ty yn(uo, f) — Ti(uo, f)
= (1) || (1) o s+ 8| = i £+ )|
2.9)

+(1+4) |

+

uo, (- + )| = Te(uo, f)
(1+4) = 1] Tu(uo, ).
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Thus, by applying (2.3) and since T;(0,0) = 0, one sees that
I Ten(uo, f) = Te(uo, )l x

<(1+4) | [<1+’2)_1u0/f('+?')] — Tiluo £+
(14 1) || Toluo, £+ 1)) = Ta(uo, )|
+[(1+1) =1 1 Te(uo £)1x
<1+%>71uo—u0
FH8) L [ st ) - f(o)lxds
n Lewf\(1+%) _1‘ (||u0||x+/Ote“"5||f(s)l\xd5)-

From this is clear that (2.4)-(2.7) follows. 0

)

|

X

< (148) Lt

X

In the case f = 0, then the mapping T; given by (2.1) only depends on the
initial value uy, that is,

(2.10) Tiug = Ti(up,0) for every ug and t > 0.
In this case, the estimates in Theorem 2.3 reduce to the following one.

Corollary 2.4. Let {T;}+>0 be a family of mappings Ty : C — C defined on a subset
C C X satisfying

(2.11) | Truo — Tiddo||x < Le“! ||ug —dlo||x ~ forallt >0,u, it € C,
(2.12) A Ty = Ty (A tug] forall A > 0,t > 0and ug € C,
and T;0 = 0 for all t > 0. Then, for every ug € C and t, h > 0, one has that
(2.13) I T no — Tertol|x < 2% Le“*[fuo|x.

In particular, the family {T; }>¢ satisfies

T, — T
(2.14) limsup I Tinto ttollx < 2Le‘”tw foreveryt >0, uy € C.
h—0+ h t

Moreover, if the right hand-side derivative %Ttug exists (in X) at t > 0, then

H thM()

< 2L thuOHX.
at, |, =

(2.15) ) t

For our next corollary, we recall the following well-known definition.

Definition 2.5. Let C be a subset of X. Then, a family {T;};>¢ of mappings
T; : C — Cis called a semigroup if Ty, su = T} o Tsu for every t,s > 0, u € C.

Corollary 2.6. Let {T;}i>0 be a semigroup of mappings Ty : C — C defined on a
subset C C X and suppose, there is a second vector space Y with semi-norm ||-||y such
that {T} }¢> satisfies the following Y-X-reqularity estimate

u0]ly
10

(2.16) | Teuol|x < M e forevery t > 0and ug € C
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for some M, 7y, 8 > 0and & € R. If for ug € C, {T;}+>0 satisfies (2.14), then

HTt+huO - Tt”OHX < 2§+2LM6%(w+dz)t H”O”;

lim sup raa

h—0+ h
Moreover, if the right hand-side derivative %Ttuo exists (in X) at t > 0, then

thuo
dr.

.
542 Lwra) l4olly
< 2P MM,

X
Proof. Since {T;}>0 is a semigroup, one sees by (2.14) and (2.16) that
Tronto — T 1Ty 3, (Tyuo) = Ti(Teuo)l|x
lim sup [ Tesntto = Titollx _ lim sup 2t 22

h—0+ h h—0+ h

< 41 gt [Ti2ttollx
= t

U
5+2 Lw+ae lHolly
< 2PELM e @O

OJ

Next, suppose that there is a partial ordering “<” on X such that (X, <) is
an ordered vector space. Then, we can state the following theorem.

Theorem 2.7. Let (X, <) be an ordered vector space, C be a subset of X, and {T; }+>0
be a family of mappings T; : C — C defined on a subset C C X satisfying

(2.17)  for every uy, il € C satisfying ug < o, one has Tyug < Tiilg for all t > 0.
and

(2.18) A1 Tyug = TiA tug]  forall A > 0,t > 0and ug € C.

Then for every uy € C satisfying ug > 0, one has

T, - T 1
W < ;Ttuo forevery t, h > 0.

Before giving the proof of Theorem 2.7, we state the following definition.

(2.19)

Definition 2.8. If (X, <) is an ordered vector space then a family {T;};>o of
mappings T; : C — C defined on a subset C C X is called order preserving if
{T}}+>0 satisfies (2.17).

-1 -1
Proof of Theorem 2.7. Since (1 + %) < 1, one has that (1 + %) ug < ug.
Then, by (2.8) for f = 0 and (2.17), one finds

Ty ypuo — Trug = <1 + %) T; [(1 + %)71 uo] — Trug
—T [(1 + %)_1 uo] — Tyuo+ T, [(1 + %)_1 uo]

<hm [(1 + %)_1 Mo}

h
< ?Ti’uOI

from where one sees that (2.19) holds. O
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By Theorem 2.7, if the derivative %Ttuo exists (in X) at t > 0, then we can
state the following.

Corollary 2.9. Under the hypotheses of Theorem 2.7, suppose that for uy € C satisfy-
ing uy > 0, the right hand-side derivative ﬁTtuo exists (in X) at t > 0, then

Further, we can conclude from Theorem 2.7 the following result.

Corollary 2.10. In addition to the hypotheses of Theorem 2.7, suppose that there is a
linear functional A : X — R satisfying

(2.20) Ax >0 for every x € X satisfying x > 0
(2.21) ATiug = Aug for every t > 0 and uy € X satisfying ug > 0.

Then, the following estimate holds for each v € {+, —},
(222)  A[Tipuo — Teup)” < };Ax forallt,h >0, ug € C with ug > 0.

Example 2.11. If X = L9(%, ) for some E-measure space (X, ) and 1 < g < oo,
then an example for A satisfying (2.20) and (2.21) is given by

Ax = / xdu for every x € X.
=

Proof of Corollary 2.10. Let ugp € C with ug > 0, and ¢, h > 0. Then we note first
that by (2.21),
0 = ATy puo — ATiug = A(Tipnuo — Truo)
and since
A(Tyypuo — Tpug) = A [Tyypuo — Trug) ™ — A [Ty o — Tyug)
one has that
(2.23) A [Tinuo — Ttu0]+ = A [Ty puo — Tiug] .

Further, by Theorem 2.7 and since T;up > 0, it follows from the definition of
[x]T = max{x, 0}, (x € R), that

h
(2.24) [Tynuo — Trug] ™ < ;Ttuo-

By the linearity of A and by (2.20), one has that x < y yields Ax < Ay. Thus
applying A to (2.24) leads to (2.22) for v = “+". Moreover, by (2.23), inequal-
ity (2.22) also holds for v = “—"". This completes the proof of this corollary. [J

For the last result of this section, we consider the following differential in-
clusion
du

(2.25) T A(u(t))+F(u(t)) 20  on(0,+o0),

for some operator A C X x X and a Lipschitz-continuous mapping F : X — X
with Lipschitz constant w > 0 and satisfying F(0) = 0. As for the differential
inclusion (1.6) and the case f = 0, suppose, there is a subset C C X and a family
{T;}+>0 of mappings T; : C — C associated with A through the relation that



HOMOGENEOUS EVOLUTION EQUATIONS 9

for every given uy € C, the function u defined by (1.4) is the unique solution
of (2.25) with initial value #(0) = up. On the other hand, setting

(226) f(5) = —F(u(t),  (¢>0),
one has that

(2.27) Ti(uo, f) = u(t) = Tiup for every t > 0, up € C.
Thus, by Theorem 2.3 for T = +oo we have the following estimates.

Corollary 2.12. Let F : X — X be a Lipschitz continuous mapping with Lipschitz-
constant w > 0 and satisfying F(0) = 0. Suppose, there is a subset C C X, and a
family {T;}+>o of mappings T : C — C satisfying

(2.28) | Teuol|x < e“'|luollx  forallt >0,up € C,

and in relation with (2.27), suppose that {T; }>¢ satisfies (2.2) and (2.3) for f given
by (2.26). Then for every ug € C, and t, h > 0 such that |h|/t < 1, one has that

: t —wr wt
< |:26L2w for e “sds + w/ eLZ(d f;e w drdS:| e LHtuOHX.
X 0

Ty o — Truo

(2.29) ’ ;

Moreover, if the derivative %Ttuo exists (in X) for a.e. t > 0, then

thuo
(2.30) H N

. t _
< @t [Zewaote‘“sds +CU/ ewa;e wrydr ds] Hu(ZHX
X 0

fora.e. t > 0.

For the proof of this corollary, we will employ the following version of Gron-
wall’s lemma.

Lemma 2.13. Leta € L'(0,T), B : [0, T] — R be an absolutely continuous function,
and v € L*(0, T) satisfy

o(t) < /Ot a(s)o(s)ds + B(t)  forae. t € (0,T).
Then,
v(t) < B(0) ehoa(s)ds 4 /Otefst“(r) "B'(s)ds  forae t € (0,T).
We now give the proof of Corollary 2.12.

Proof. Let ug € C, and t, h > 0 such that ||/t < 1. Then, by the hypotheses
of this corollary, we are in the position to apply Theorem 2.3 to T;(uo, f) for f
given by (2.26). Then by (2.4), one finds
ds] .
b'¢

Ty puto — Tiug

t
T < n e ol [ e (T s +
t

X
+ (1—1—%) /Ote”s

F(T n Up

S+?S F(Tsuo)

)_
%
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Since F is globally Lipschitz continuous with constant w > 0, F(0) = 0 and
by (2.28), it follows that

T ynuo — Trug
I

t

<L et |2+ wh)uollx +
X

h ! —ws TSJF%SMO B TSuO
Pt o [ee | g
0 ¥

X
Since |h|/t <1,

“wt || Tentto — Trug

¢ I
t

<L [(2+wt)luollx +
X

(231) T +h Uug — TSM()

t S S
+2w/ e ws t : ds
0

t X

Due to (2.31), we can apply Gronwall’s lemma to
B(t) = L2+ wt) ||luollx and a(t) = L2we “".

Then, one sees that (2.29) holds. Now, suppose that the derivative %Ttuo exists
(in X) for a.e. t > 0, then by (2.7), the Lipschitz continuity of F and by (2.28),
one one has that

‘ thuo

e Wty
dt

t
g@mmu+w/e“%
0

de Mo
ds

ds + wt H”OHX
X X

for a.e. t > 0. Now, applying Gronwall’s lemma to
B(t) = L2+ wt) Juolx and a(t) = Lwe ',

leads to (2.30). This completes the proof of this corollary. O

3. ACCRETIVE OPERATORS OF HOMOGENEOUS ORDER ZERO

Suppose X is Banach space with norm ||-||x. Then, we begin this section with
the following definition.

Definition 3.1. For w € R, an operator A on X is called w-quasi m-accretive
operator on X if A + wl is accretive, that is, for every (u,v), (i1,9) € A and every
A >0,

|lu—1d|x < [ju—-d+AMw(u—1i)+v—79)|x.
and if for A the range condition

(3.1) Rg(I+AA)=X for some (or equivalently, forall) A > 0, Aw < 1,
holds.

If A is w-quasi m-accretive operator, then the classical existence theorem [9,

Theorem 6.5] (cf [6, Corollary 4.2]), for every uy € (A)X and f € LY(0,T; X),
there is a unique mild solution u € C([0, T]; X) of (1.6).
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Definition 3.2. For given uy € D(A)" and f € L'(0,T;X), a function u €
C([0,T]; X) is called a mild solution of the inhomogeneous differential inclu-
sion (1.6) with initial value u if u(0) = uo and for every ¢ > 0, there is a
partition T, : 0 = tg < t; < --- < ty = T and a step function

ue N () = o Lyy_gy (£) + Zul bt (t for every t € [0, T]

satisfying
ti—ti1<e foralli=1,...,N,

N ti o _ 1 t;
g:/iwﬂﬂ—fﬂdt<s where f, := (Alfaym

ti—tiq

BTNl Awi5F, foralli=1,...,N,
ti—tiq

and

sup [|u(t) — ugn (1) x < &,
te[0,T]

In particular, if A is w-quasi m-accretive, and if for given uy € D(A)", f €
L(0, T; X), the function u : [0, T] — X is the unique mild solution of (1.6) with
initial value u(0) = ug, then by (2.1) the family {T;}_, defines a semigroup of
w-quasi contractions Ty : D(A)" x L}(0,T; X) — D(A)" for C = D(A)"; that is,
{T:}L, satisfies

o (semigroup property) Tys = T; o Ts for everyt s €10, T];

e (strong continuity) for every (uo, f) € D(A)* x L'(0, T; X), t — T;(uo, f)
belongs to C([0, T]; X);

o (w-quasi contractivity) T; satisfies (2.3)

Furthermore, keeping f = 0 and only varying 1y € D(A)", shows that by
(2.10) Tiuo = T¢(u0,0) for every t > 0.

defines a strongly continuous semigroup {T;}>0 of w-quasi contractions T; :
D(A)* — D(A)". For the family {T;};>0 on D(A)", the operator

lim M —vin X}
110 h

Ap = {(uo,v) e XxX

is an w-quasi accretive well-defined mapping Ap : D(Ap) — X and called the
infinitessimal generator of {T; };>0. Under additional conditions on the geometry
of the Banach space X (see Definition 3.7), one has that Ay C A. Thus, we say
(ignoring the abuse of details) that both families {T;}7_, on D(A)" x L'(0, T; X)
and {T;}>0 on D(A)" are generated by — A.

In application, usually X is given by the Lebesgue space L* (X, u) (or L'(%, i)
for 1 < r < c0) and Y is given by L}(Z, u) (or L' (%, ) for some 1 < g < r) for
some o-finite measure space (X, ). Then, L!-L*-decay estimates are intimately
connected with abstract Sobolev inequalities satisfied by the infinitesimal gen-
erator —A of the semigroup {T}}>0. For more details to the linear semigroup
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theory we refer to the monograph [19] and to [12] for the nonlinear semigroup
theory.

Moreover (cf [9, Chapter 4.3]), for given uy € D(A)" and any step function
f=YN.fi L, 4 € LYO,T; X), letu : [0, T] — X given by

N
(3.2) u(t) = uo Ly—oy (£) + Y ()L, (1)
i=1

is the unique mild solution of (1.6), where u; is the unique mild solution of
dui
dt

Then for every i = 1,..., N, the semigroup {T;}]_, is obtained by the exponen-
tial formula

(3.3) + A(Mi(t)) = fz on (tifl, i’i), and Lli(tifl) = ui,l(ti,l).

n
(3.4) Tt(u(ti,l),fi) = Mi(t) = }E}I;lo |:];41t11:| M(ti,l) in C([ti,l, ti],'X)
for every i = 1,...,N, where for y > 0, ];,4” = (I 4+ uA;)~! is the resolvent
operator of the operator A; and A; := {(x,y — fi) : (x,y) € A}.

As for classical solutions, the fact that A is homogeneous of order zero, is
also reflected in the notion of mild solution and so in {T;}>¢. This is shown in
our next lemma.

Lemma 3.3. Let A be a w-quasi m-accretive and { Ty } > be the semigroup on D(A)" x
Ll ([0, +0); X) generated by — A. If A is homogeneous of order zero, then {T;}+>o

loc

satisfies (2.2) for every (uo, f) € D(A)" x L1(0, T; X).

Proof. For every u > 0,v € X, and A > 0, one has that
]Ifi {/\’10} =1u if and only if u+pAu s A,
which if A is homogeneous of order zero, is equivalent to
Au+ ApAj(Au) v or ]f;’lv = Au.
Therefore,

(3.5) Ao = [)Flv} forall A, 4 > 0,0 € X.

Now, for uy € D(A)”" and a partition
m:0=ty<thy<---<ty=T Of[O,T]

let f = YN, fil(s, 141 € LY0, T; X) be a step function and u be the unique
mild solution of (1.6) for f. Then u is given by (3.2), were on each subinterval
(ti—1,ti], u;j is the unique mild solution of (3.3). Fort > 0,n € N,and A € (0,1],
apply (3.5) to

and 0= ]fg A ug).

_t
=4

Then,

T = ] =2 e
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Iterating this equation n-times, one finds that

o0 ] 0= 1] o]

n

and so, by (3.4) sending n — +oc0 in the latter equation, yields on the one site

lim A~ []Al]" o = ANy (Af) = A u(Ap)

n——+4o00 )\%

forevery t € [0, %], and on the other side

n

. AT, 21 o

s 2] ] =t

for every t € [0, %], where v is the unique mild solution of (3.3) for i = 1 on
(0, %) with initial value v(0) = A~luy. By uniqueness of the two limits, we
have thereby shown that

t
A—lTM(uo,fl) = Tt()\—luolflllwl%]) for every t € [O, )ﬂ

Similarly, for every i = 2,3,...,N, replacing in (3.6) ug by u(t;_1) (where

i1

u(ti_g) = u(AM5t) = v(%51)), Ay by A;, and L by FTA gives
n n t
AT []A; til] u(tifl) = []?itill |:/\10( ZAl):|
A ——

and by sending n — 400, limit (3.4) leads one one side to

n
: -1 | 7Ai ) _ 31
nlﬁuroo)\ []Aft’)l ] u(ti—q) = A u(At)

n

and on the other side,

lim [}A] [Alv(ti/\l)} — o(t)

n——+o00 i
n

for every t € [t’xl, tﬂ, where v is the unique mild solution of (3.3) for i on

(“}f,%) with initial value v(t’%) = Aflv(t’%) = A7 'u(t;_1). Therefore, and

since u is given by (3.2), we have shown that

A Ty (u(tia), fi) = Tt()\_lu(fifl)/ﬁ]l(fifl f

A

) fort € [ti)_\l,ii].

]

>

Since for every step function f on a partition 7r of [0, T}, u is given by (3.2), we
have thereby shown that (2.2) holds if f is a step function. Now, by (2.3), an
approximation argument shows that if A is homogeneous of order zero, then
the semigroup {T;};>0 on D(A)" x L'(0, T; X) generated by — A satisfies (2.2).

O

By the above Lemma and Theorem 2.3, we can now state the following.



14 DANIEL HAUER AND JOSE M. MAZON

Corollary 3.4. For w € R, suppose A is an w-quasi m-accretive operator on a Banach
space X, and A is homogeneous of order zero satisfying 0 € AOQ. Then, for every

(uo, f) € D(A)* x LY(0, T; X), the semigroup {T;}s>o of mapping Ty : D(A)" x
LY(0,T; X) — D(A)" generated by — A satisfies (2.4)-(2.7).

For having that regularity estimate (2.7) (respectively, (2.15)) is satisfied by
the semigroup {T;}>0, one requires that each mild solution u of (1.6) (respec-
tively, of (1.1)) is differentiable and a stronger notion of solutions of (1.6). The
next definition is taken from [9, Definition 1.2] (cf [6, Chapter 4]).

Definition 3.5. A locally absolutely continuous function [0, T] :— X is called
a strong solution of differential inclusion (1.1) if u is differentiable a.e. on (0, T),
and forae. t € (0,T), u(t) € D(A) and f(t) — S (t) € A(u(t)).

The next characterization of strong solutions of (1.1) highlights the important
point of a.e. differentiability.

Proposition 3.6 ([9, Theorem 7.1]). Let X be a Banach space, f € Ll(O, T; X) and
for w € R, A be w-quasi m-accretive in X. Then u is a strong solution of the dif-
ferential inclusion (1.6) on [0, T if and only if u is a mild solution on [0, T| and u is
“absolutely continuous” on [0, T| and differentiable a.e. on (0, T).

Of course, every strong solution u of (1.6) is a mild solution of (1.6), abso-
lutely continuous and differentiable a.e. on [0, T]. Moreover, the differential
inclusion (1.6) admits mild and Lipschitz continuous solutions if A is w-quasi
m-accretive in X (cf [9, Lemma 7.8]). But absolutely continuous vector-valued
functions u : [0, T| — X are not, in general, differentiable a.e. on (0, T). How-
ever, if one assumes additional geometric properties on X, then the latter im-
plication holds true. Our next definition is taken from [9, Definition 7.6] (cf [5,
Chapter 1]).

Definition 3.7. A Banach space X is said to have the Radon-Nikodijm property
if every absolutely continuous function F : [a,b] — X, (a, b € R, a < b), is
differentiable almost everywhere on (a, b).

Known examples of Banach spaces X admitting the Radon-Nikodym prop-
erty are:

o (Dunford-Pettis) if X = Y* is separable, where Y* is the dual space of a
Banach space Y;
o if X is reflexive.

We emphasize that X; = LY(Z, ), X, = L®(Z, u), or X3 = C(M) for a o-
finite measure space (X, i), or respectively, for a compact metric space (M, d)
don’t have, in general, the Radon-Nikodym property (cf [5]). Thus, it is quite
surprising that there is a class of operators A (namely, the class of completely
accretive operators, see Section 4 below), for which the differential inclusion (1.6)
nevertheless admits strong solutions (with values in L!(Z, 1) or L*(Z, u)).

Now, by Corollary 3.4 and Proposition 3.6, we can conclude the following
results. We emphasize that one crucial point in the statement of Corollary 3.8
below is that due to the uniform estimate (2.7), one has that for all initial values
up € D(A)", the unique mild solution u of (1.6) satisfying u(0) = 1 is a strong
solution, and not only for 1y € D(A).
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Corollary 3.8. For w € R, suppose A is an w-quasi m-accretive operator on a Banach
space X admitting the Radon-Nikodym property, and {T;}i>o is the semigroup on
D(A)* x LY(0, T; X) generated by —A. If A is homogeneous of order zero satisfying
0 € AQ, then for every ug € D(A)" and f € BV(0,T; X), the unique mild solution
u of (1.6) satisfying u(0) = ug is a strong solution and satisfies (2.7) for every t > 0.

Now by Corollary 2.12 and Proposition 3.6, we obtain the following result
when A is perturbed by a Lipschitz mapping.

Corollary 3.9. Suppose X is a Banach space with the Radon-Nikodym property, F :
X — X be a Lipschitz continuous mapping with Lipschitz-constant w > 0 satis-
fying F(0) = 0, A an m-accretive operator on X, and {T;}>¢ is the semigroup on
D(A)" generated by —(A + F). If A is homogeneous of order zero satisfying 0 € A0,
then (2.30) holds for every ug € D(A)" and a.e. t > 0.

If the Banach space X and its dual space X* are uniformly convex, then (cf [6,
Theorem 4.6]) for every ug € D(A), f € W¥(0, T; X), the mild solution u(t) =
Ti(uo, f), (t > 0), of (1.6) is a strong solution of (1.6), u is everywhere differen-

tiable from the right, (fT” is right continuous, and
+
du o
F(t)%—(A—f(t)) u(t) =0  foreveryt >0,
+

where for every t € [0, T], (A — f(t))° denotes the minimal selection of A — f(t)
defined by

(A=fO) = {we) € A= f0) |lelx = _int lolx}.

Thus, under those assumptions on X and by Proposition 3.6, we can state the
following three corollaries. We begin by stating the inhomogeneous case.

Corollary 3.10. Suppose X and its dual space X* are uniformly convex, for w € R,
A is an w-quasi m-accretive operator on X, and { Ty } >0 is the semigroup on D(A)" x
LY(0, T; X) generated by —A. If A is homogeneous of order zero satisfying 0 € AO,
then for every ug € D(A)" and f € WY1(0, T; X),

(A = £(8)Ti(uo, f)lIx
t

<< [l el @leds + [ e laols]

for every t > 0.
The following corollary states the homogeneous case.

Corollary 3.11. Suppose X and its dual space X* are uniformly convex, for w € R,

A is an w-quasi m-accretive operator on X, and {T;} 1> is the semigroup on D(A)”
generated by —A. If A is homogeneous of order zero satisfying 0 € A0, then

| A’ Trug || < Ze“’tHu(ZHX for every t > 0and ug € D(A)".

The last corollary states the case when A is perturbed by a Lipschitz map-
ping. This follows from [6, Theorem 4.6] and Corollary 2.12.



16 DANIEL HAUER AND JOSE M. MAZON

Corollary 3.12. Suppose X and its dual space X* are uniformly convex, F : X — X be
a Lipschitz continuous mapping with Lipschitz-constant w > 0 satisfying F(0) = 0,

A an m-accretive operator on X, and {T;},s¢ is the semigroup on D(A)" generated
by —(A + F). If A is homogeneous of order zero satisfying 0 € AQ, then for every

up € D(A),
H thuo

dt + t

for every t > 0.

t
< ot |:2ewa0te‘wssds_’_w/ ewa:e‘“”rdr ds] ||u0||X
X 0

4. COMPLETELY ACCRETIVE OPERATORS OF HOMOGENEOUS ORDER ZERO

In [8], Bénilan and Crandall introduced the celebrated class of completely ac-
cretive operators A and showed: even though the underlying Banach spaces
does not admit the Radon-Nikodym property, but if A is completely accretive
and homogeneous of order « > 0 with & # 1, then the mild solutions of differ-
ential inclusion (1.1) involving A are strong. In this section we will see that this
also happen for completely accretive operators of homogeneous order zero.

4.1. General framework. We begin by outlining our framework and then pro-
vide a brief introduction to the class of completely accretive operators.

For the rest of this paper, suppose (X, B, jt) is a o-finite measure space, and
M(Z, i) the space of p-a.e. equivalent classes of measurable functions u :
Y. — R. For u € M(X,u), we write [u]" to denote max{u,0} and [u]~ =
—min{u,0}. We denote by L1(%, ), 1 < g < oo, the corresponding standard
Lebesgue space with norm

1/q
I, = (/Z|u|‘7d;4> if1 <g<oo,
g =

inf {k € [0, 400 ‘ |u| <k p-a.e. on Z} if g = oo.
For 1 < g < o0, we identify the dual space (L7(%, 1))’ with L7 (%, i), where g’
is the conjugate exponent of q given by 1 = % + %

Next, we first briefly recall the notion of Orlicz spaces (cf [18, Chapter 3]).
A continuous function ¢ : [0, +c0) — [0, +00) is an N-function if it is convex,
P(s) = 0if and only if s = 0, lims_,0+ ¢(s)/s = 0, and lims_,e §(5)/s = oo.
Given an N-function 1, the Orlicz space is defined as follows

]
./z¢<tx du < oo for some « > 0

and equipped with the Orlicz-Minkowski norm

/;p(i“) dygl}.

With these preliminaries in mind, we are now in the position to recall the no-
tation of completely accretive operators introduced in [8] and further developed
to the w-quasi case in [12].

LY(Z,u) = {u € M(Z, n)

ully := inf{uc >0



HOMOGENEOUS EVOLUTION EQUATIONS 17
Let ]y be the set given by
Jo = { j:R — [0, +o0] ’ j is convex, lower semicontinuous, j(0) = 0}.
Then, for every u, v € M(X, u), we write
u < v ifand only if /Zj(u)dy < /Z](v) dp forallj e Jo.

Remark 4.1. Due to the interpolation result [8, Proposition 1.2], for given u,
v € M(X, u), the relation u < v is equivalent to the two conditions

/[u—kﬁdy < [lo—K*dx forallk > 0and
z
/Z[u+k]_dy < f,lo+K-dp  forallk >0,

Thus, the relation < is closely related to the theory of rearrangement-invariant
function spaces (cf [10]). Another, useful characterization of relation “ <" is
the following (cf [8, Remark 1.5]): for u, v € M(X, ), u < v if and only if
ut <vtandu™ < ov.

Further, the relation < on M(X, i) has the following properties. We omit
the easy proof of this proposition.

Proposition 4.2. For every u, v, w € M(X, it), one has that

1) u" <u,u” < —u;

(2) u < vifandonlyifu™ < vt andu~ K v~;

(3) (positive homogeneity) if u < v then au < av for all x > 0;

(4) (transitivity) if u < vand v < w then u < w;

(5) ifu < vthen |u| < |v|;

(6) (convexity) for every u € M(X, u), the set {w |w < u} is convex.

With these preliminaries in mind, we can now state the following definitions.
Definition 4.3. A mapping S : D(S) — M(X, u) with domain D(S) C M(%, 1)
is called a complete contraction if

Su—-St<u—1 for every u, i1 € D(S).
More generally, for L > 0, we call S to be an L-complete contraction if
L 'Su—L'St<u—1 for every u, 1 € D(S),

or for L = e withw € Rand t > 0, S is then also called an w-quasi complete
contraction.

Remark 4.4. Note, for every 1 < g < o0, jo(-) = [[]T|7 € Jo, joo(:) = [[]T —
k|t € Jy for every k > 0 (and for large enough k > 0 if g = o0), and for every
N-function i and & > 0, jyu(-) = gb(%) € Jo. This shows that for every
L-complete contraction S : D(S) — M(Z, u) with domain D(S) C M(Z, u),
the mapping L~!S is order-preserving and contractive respectively for every
Li-norm (1 < q < 00), and every L¥-norm with N-function P.

Now, we can state the definition of completely accretive operators.
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Definition 4.5. An operator A on M(X, u) is called completely accretive if for
every A > 0, the resolvent operator ], of A is a complete contraction, or equiv-
alently, if for every (u1,v1), (up,v2) € Aand A > 0, one has that

Uy — uy K Uy — up + A(vg — 7).

If X is a linear subspace of M(X, u) and A an operator on X, then A is m-
completely accretive on X if A is completely accretive and satisfies the range con-
dition (3.1). Further, for w € R, an operator A on a linear subspace X C M(X, )
is called w-quasi (m)-completely accretive in X if A + w]I is (m)-completely accre-
tive in X.

Before stating a useful characterization of completely accretive operators, we
first need to introduce the following function spaces. Let

LY, u) = LY, u) + L®°(Z, ) and LY7°(Z, u) := LY(Z, u) NL®(Z, u)

be the sum and the intersection space of L' (X, ) and L* (X, 1), which are equipped,
respectively, with the norms

il oo 1= inf { a1 + 2o = 101 + 12, w1 € LY(Z, ), 2 € L¥(Z, 1) },

el 100 2= max {fJul|1, [[ut]]eo }

are Banach spaces. In fact, L! ™ (X, 1) and and L' (%, u) are respectively the
largest and the smallest of the rearrangement-invariant Banach function spaces
(cf [10, Chapter 3.1]). If u(X) is finite, then L1t (2, u) = L1(L, ) with equiva-
lent norms, but if (X)) = co then L' (%, ) contains Uy << L7(Z, ). Further,
we will employ the space

Lo(Z, p) = {uEM(Z,y))/Z[\u|—k}+dy<ooforallk>0},

which equipped with the L!**-norm is a closed subspace of L!** (X, u). In fact,
one has (cf [8]) that Lo(Z, ) = LI(Z, ) NL*(Z, 1) . Since for every k > 0,
Ti(s) := [|s| — k]* is a Lipschitz mapping Ty : R — R and by Chebyshev’s
inequality, one sees that L9(X, u) < Lo(X, ) forevery 1 < g < oo (and g = o0
if u(X) < +00), and LY(Z, ) < Lo(%, ) for every N-function ¢.

Proposition 4.6 ([12]). Let Py denote the set of all functions T € C®(R) satisfying
0 < T' < 1 such that T' is compactly supported, and x = 0 is not contained in the
support supp(T) of T. Then for w € R, an operator A C Lo(X, u) x Lo(X, p) is
w-quasi completely accretive if and only if

/ZT(u—ﬁ)(v—z?)dy—i—w/ZT(u—ﬁ)(u—ﬁ)dy20

for every T € Py and every (u,v), (4,0) € A.

Remark 4.7. For convenience, we denote the unique extension of {T;};>0 on
LY(Z, u) or LY(Z, u) again by {T;}>o.

Definition 4.8. A Banach space X C M(X, u) with norm ||-||x is called normal
if the norm ||-||x has the following property:

forevery u € X, v € M(Z, u) satisfying v < u,
onehasthat ve€ X and |v|x < |Julx.
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Typical examples of normal Banach spaces X C M(X, ) are Orlicz-spaces
L¥(%, ) for every N-function ¢, L1(Z, ), (1 < g < o0), LI(Z, 1), Lo(Z, ),
and L'**(%, u).

Remark 4.9. It is important to point out that if X is a normal Banach space,
then for every u € X, one always has that u™, u~ and |u| € X. To see this,
recall that by (1) Proposition 4.2, if u € X, then ut™ < uand u- < —u. Thus,
ut and u~ € X and since |u| = u™ + u~, one also has that |u| € X.

The dual space (Lo(Z, 1))’ of Lo(Z, pt) is isometrically isomorphic to the space
L17*(%, u). Thus, a sequence (u,),>1 in Lo(Z, ) is said to be weakly convergent
to uin Lo(X, p) if

(v, uy) := /Zvun dp — /Zvudy for every v € LI"™(X, n).

For the rest of this paper, we write (Lo, L!*) to denote the weak topology on
Lo(%, u). For this weak topology, we have the following compactness result.

Proposition 4.10 ([8, Proposition 2.11]). Let u € Lo(X, ). Then, the following
statements hold.

(1) The set {v e M(%, ) ‘ v <L u} is o(Lo, L'"®)-sequentially compact in Lo(Z, u);
(2) Let X C M(X, u) be a normal Banach space satisfying X C Lo(%, p) and

foreveryu € X, (up)p>1 € M(X, u) with u, < u foralln > 1
(4.1) ' . . .
and ngrfw Uy (x) = u(x) p-a.e. on X, yields ngl};loo u, = uin X.

Then for every u € X and sequence (uy),>1 € M(X, u) satisfying

up L uforalln >1 and grf Uy = U U(Lo,Lm“’)—weakly inX,
n [ee]

one has that
Iim u,=u in X.
n—+00
Note, examples of normal Banach spaces X C Lo(%, u) satisfying (4.1) are
X=LF(E,u)forl <p<ooand Ly(%, u).

To complete this section we state the following Proposition summarizing
statements from [12, Proposition 2.9 & Proposition 2.10], which we will need in
the sequel (cf [8] for the case w = 0).

Proposition 4.11. For w € R, let A be w-quasi completely accretive in Lo(X, i).

(1.) If there is a Ay > 0O such that Rg(I + AA) is dense in Lo(X, ), then for the
closure A of A in Lo(%, i) and every normal Banach space with X C Lo(Z, 1),
the restriction Ax := AN (X x X) of A on X is the unique w-quasi m-completely
accretive extension of the part Ax = AN (X x X) of A in X.

(2.) For a given normal Banach space X C Lo(X, u), and w € R, suppose A is w-
quasi m-completely accretive in X, and {T;}>o be the semigroup generated by
—Aon D(A)". Further, let {S;}s>o be the semigroup generated by — A, where A
denotes the closure of A in X"'*™. Then, the following statements hold.
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(a) The semigroup {S;}i>0 is w- quasz completely contractive on D(A)""™, Ty is
the restriction of Sy on D(A)", Sy is the closure of Ty in L'+(Z, u), and

n—r+00

-n
(4.2) Siug = L1T(Z, @) — lim <I + ;A) ug forall ug € D(A)L1+°o NX;

(b) If there exists u € L1"°(X, u) such that the orbit {Tyu |t > 0} is locally
bounded on R with values in L'"*®(X, u), then, for every N-function i,
the semigroup {T;}s>0 can be extrapolated to a strongly continuous, order-

preserving semigroup of w-quasi contractions on D(A)" N L1N*(Z, y)Lw (re-

spectively,on D(A)" N LIN*(Z, y)Ll ), and to an order-preserving semigroup

ofw quasi contractions on D(A)"* N LIN*(Z, y)L . We denote each exten-
sion of Ty on on those spaces again by Ty.

(c) The restriction Ax := AN (X x X) of A on X is the unique w-quasi m-
complete extension of A in X; thatis, A = Ax.

(d) The operator A is sequentially closed in X x X equipped with the relative
(Lo(Z, 1) x (X, 0 (Lo, L1"*)))-topology.

(e) The domain of A is characterized by

- © S _
D(A) = {u eDA)"™NX|3veXsit e‘“’ty < v for small t > 0};
(f) For every u € D(A), one has that

(4.3) lim 214U
t—0+ t

= — A% strongly in Lo(X, ).

4.2. The subclass of homogeneous operators of order zero. As mentioned in
Section 3, the Banach spaces X; = L'(Z, 1) and X, = L*(Z, 1) don’t have the
Radon-Nikodym property. But for the class of quasi m-completely accretive
operators A defined on a normal Banach space X C M(Z, i), for semigroup

{T¢}+>0 generated by —A, the time-derivative de”O exists in X at every t > 0

for every ug € D(A)". This fact follows from the following compactness result.
Here, the partial ordering “<" is the standard one defined by u < v for u,
v e M(XZ,u)if u(x) < v(x) for py-a.e. x € X, and we use the symbol — for
indicating continuous embeddings.

Lemma 4.12. Let X C Lo(X, ) be a normal Banach space satisfying (4.1). For
w € R, let {T;}i>0 be a family of mappings T; : C — C defined on a subset C C X
of w-quasi complete contractions satisfying (2.18) and Ty0 = 0 for all t > 0. Then, for
every up € Cand t > 0, the set

{ Ty puo — Trug

(4.4) 2

h;éo,t+h>0}

is (Lo, L'"*)-weakly sequentially compact in Lo(Z, t).

Proof. Let ug € C,t > 0, and h # 0 such that t +/ > 0. Then by taking
A=1+ % in (2.18), one sees that

|Tt+hLl0 — Ttu0| = |)\ Tt [)\_11/[0] — Ttu0|
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<A ]Tt [)rluo} - Ttu()’ 11— A| Tl

Since T; is an w-quasi complete contraction, by (3) of Proposition 4.2, and since
T:0 = 0, (t > 0), one has that

Aewt )Tt [A‘luo] _ Ttug’ < 1= A |ugl

and
11— Ale ! Teuo| < |1 — A |ug).
Since the set {w | w < |1 — A |up|} is convex (see (6) of Proposition 4.2), we can
conclude that
|

1 h‘|u|
Ly

ie_wt|Tt+hM0 — Ttu()| < |1 — )\| |u0| =

and hence, by (3) of Proposition 4.2,

| Tintto — Truo| < 2wt M
I t

Since for every u € M(X, i), one always has that u™ < |u], the transitivity of
“ < (see (4) of Proposition 4.2) implies for

(4.5)

Tyinuo — Tru u
fn= %, one hasthat  f,” < 2¢“ |tO’

Therefore, by (1) of Proposition 4.10, the two sets {f,"|h # 0,t+h > 0}
and {|fu||h # 0,t +h > 0} are o(Lo, L'™*™)- weakly sequentially compact in
Lo(%, p), and since f,” = |fy| — f;" and f; = f;7 — f,7, we have thereby shown
that the claim of this lemma holds. [

With these preliminaries in mind, we can now state the regularization ef-
fect of the semigroup {T;};>0 generated by a w-quasi m-completely accretive
operator of homogeneous order zero.

Theorem 4.13. Let X C Lo(X, #) be a normal Banach space satisfying (4.1). For
w € R, let A be w-quasi m-completely accretive in X, and {T; }+>o be the semigroup

generated by —A on D(A)™. If (0,0) € A and A is homogeneous of order zero, then
for every ug € D(A)" and t > 0, 1% exists in X and

(4.6) | A°Tyug| < 2 ‘ut()’ p-a.e. on X.
In particular,

T
(4.7) H dTis < 2¢¥t lsoll for every t > 0,

dt t
and

dT, T

(4.8) tho  “tho p-a.e. on X for every t > 0 if ug > 0,

dt — ¢t
for every ug € D(A)” (then ||-|| denotes the norm on X), respectively, for every ug €
D(A)" N LIN=(g, y)Llp (then ||-|| is the L¥-norm) for every N-function ¥ or for every

1< ¢ =p < oo, and for every ug € D(A) N L(Z, u) (where then |-|| is the
L*-norm).
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Proof. Let ug € D(A)", t > 0, and (,),>1 C R be a zero sequence such that
t+h, > 0foralln > 1. Due to Lemma 3.3, we can apply Lemma 4.12. Thus,
thereis az € Lo(X, #) and a subsequence (hy, )y>1 of (1,),>1 such that

Ty tpy, uo — Truo

(4.9) nngrrloo e =z  weaklyin Lo(%, u).

Moreover, by (2e) of Proposition 4.11, one has that (T;ug, —z) € A. Thus (2f) of
the same proposition 4.11 yields that z = — A°T;up and

(4.10) Jim L+ t0 ~ Tetto

lim i —Aug strongly in Lo(X, p).

After possibly passing to another subsequence, we have that limit (4.10) holds
also p-a.e. on X. Since 2¢~ ! @ € Xand X C Lo(%, 1), (2) of Proposition 4.10
implies that

Tiinuo — Trug

(4.11) lim = —A°Tuy exists in X and y-a.e. on X.
h—0 h
Thus and since by (4.5),
T, ug — Thu
| Hhk"‘ho | ol < Qe Wi M foralln > 1,
ky

sending n — +oo in the last inequality, gives (4.6). In particular, by Corol-
lary 2.4, one has that (4.7) holds for the norm ||-||x on X and by Theorem 2.7,

it follows that (4.8) holds. Moreover, we have that —A°T;ug = dgﬁ‘“ p-a.e. on
Y for every t > 0. Thus, sending i — 0+ in (4.5) shows that (4.6) holds. Fur-
ther, by the y-a.e.-limit (4.11), applying Fatou’s lemma to (4.5) yields that (4.7)
holds for the L¥-norm for every N-function ¢ and the LP-norm 1 < p < oo.
Since (4.7) holds for all p < oo, sending 1 < p — 400 completes the proof of

this theorem. O

Remark 4.14 (Open problem). We emphasize that the crucial point in the pre-
vious proof is that due to the zero-order homogeneity of A, the set (4.4) is
o (Lo, L'"*)-weakly sequentially compact in Lo(Z, 1) and hence, for every t >
0, Ttug € D(A) and

dTiu Ty — Tu
0 — Jjm AP0 IER0 — A°Tiuy exists in X.
dt+ h—0+

We believe that this remains true if the infinitesimal generator of the semi-
group {T;}>0 is of the form A + F where A is homogeneous of order zero and
F is Lipschitz-continuous. But so far, we are not able to show this result.

As a final result of this section, we state the following decay estimates for
semigroups generated by the perturbed operator A + F. Here, we write L7
for the intersection space L% (X, i) N L®(%, u).

Theorem 4.15. Let F : M(X, u) — M(X, u) be a mapping such that for every N-
function ¢ and for = 1 and ¢ = +oo, the restriction Firy : LY (X, ) — LY(Z, )
is Lipschitz continuous with constant Lipschitz w > 0 and F(0) = 0. Let A be an m-
completely accretive operator on normal Banach space X C Lo(X, i), and {T} }1>0 the
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semigroup generated by —(A + F) on D(A)". If (0,0) € A and A is homogeneous of
order zero, then
thuo

(4.12) 3t

< [Zew f(: e~ WSsds +w /t e f:ewrrdrds] ewt HM()HIIJ
0 t

¥

for every t > 0, and every ug € D(A)" N LIN=(Z, y)Lw for every N-function i, and
every 1 < ¢ = p < oo, and for every ug € D(A)" N LO® (L, ) for g = oo (where
then ||-||y is the L*-norm).

Proof. Since (0,0) € (A+F), T{0 =0 forall t > 0. Thus, u = 0 € LI"®(%, )
such that {T;u|t > 0} is locally bounded in R.. Thus, by Proposition 4.11,
for every N-function i (respectively, for = 1 and {p = o0) each T; admits
a unique extension (which we denote again by T;) of an w-quasi contractions

on D(A)* NLIN=>(x, y)w with respect to the L¥-norm. In addition, the fam-
ily {T;}+>0 remains a semigroup satisfying (2.28) and in relation with (2.27),
{T}}+>0 satisfies (2.2) and (2.3) for f given by (2.26). Further, for1 < ¢ =g < oo,
L7(%, u) and its dual space L7 (X, ) are uniformly convex. Therefore, by Corol-

lary 2.12 and Proposition 3.6, for every 1y € D(A)" NLIN®(x, y)Lq, for every

t>0, dg;‘%r exists in L7(%, u),

dTiuwo _ . Tepntio — Tiuo
dt; h—0+ h

and (4.12) holds. Moreover, by Corollary 2.12, one has that (2.29) holds for

the L¥-norm and every uy € D(A)" N me’o(Z,y)Lw

respectively for the L'-norm and every uy € D(A)" NLIN=(%, y)Ll. Thus and
by (4.13), sending h — 04 in (2.29) one obtains that (4.12) holds for all N-

function ¢y and g = 1.
Next, let ug € D(A)* N L0 (L, u) for some 1 < gy < +oco and t > 0. We
assume || 45 ' llo > 0 (otherwise, there is nothing to show). Then, for every

s € (0,]|9%"% ||,) and every gy < g < oo, Chebyshev’s inequality yields
deuo

dr +
(o)

and so, by (4.12),
1/q
> S}) < {260‘) Joessds 4 /t e f:emrdrds] M
> < A _

(4.13) exists p-a.e. on %,

and every N-function 1,

t

Thus and since lim; ;e ||o||g = [|#t0]|c0, sSending g — +-c0 in the last inequality,
yields

t wt
s < |:28wf0te““ssds_’_w/ ewf;e“‘”rdrds] 4 ||:lo||oo
0

thuo
dt +

also holds for g = co.

and since s € (0,

) was arbitrary, we have thereby shown that (4.12)

’ (o]

OJ
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5. APPLICATION

Throughout this section, let £ be an open set of R? and the Lebesgue space
L1(X) is equipped with the classical Lebesgue measure. Suppose f : £ x R —
R is a Lipschitz-continuous Carathéodory function, that is, f satisfies the follow-
ing three properties:

(5.1) e f(-,u):X — Rismeasurable on X for every u € R,
(52) e f(x,0)=0forae. x €X, and
e thereis a constant w > 0 such that
(5.3) |f(x,u) — f(x,0)| <w|u—1| forallu, i € R, ae x¢€ZX.

Then, forevery 1 < g < oo, F : LI(X) — L7(X) defined by
F(u)(x) :== f(x,u(x)) for every u € L1(X)

is the associated Nemytskii operator on L7(¥X). Moreover, by (5.3), F is globally
Lipschitz continuous on L7(X) with constant w > 0 and F(0)(x) = 0 for a.e.
X € 2.

5.1. Decay estimates of the total variational flow. In this subsection, we con-
sider the perturbed total variational flow operator (1-Laplace operator) given
by

. . Du

Au = —Mu+ f(x,u) with AMu =div | — |,
| Dul

equipped with either Neumann or Dirichlet boundary conditions on a bounded
domain £ inRY, d > 1.

Here, we use the following notation. A function u € L!(X) is said to be a
function of bounded variation in ¥, if the distributional partial derivatives Dju :=

887”, ..., Dyu:= aa—” are finite Radon measures in ¥, that is, if
1 Xd
uD;pdx = — / dD;u
[
forall ¢ € C®(X), i = 1,...,d. The linear vector space of functions u €

L'(Z) of bounded variation in ¥ is denoted by BV (Z). Further, we set Du =
(D1u, ..., D4u) for the distributional gradient of u. Then, Du belongs to the class
MP (Q, le) of R%-valued bounded Radon measure on Q, and we either write
|Du|(Z) or [, |Dul to denote the total variation measure of Du. The space BV (%)
equipped with the norm ||u||gy (x) := [[u]|1(z) + |Du|(Z) forms a Banach space.
Further, let

d
Xi(2) = {z € L®(L,RY) ( div(z) := Y Diz € Ll(Z)},
i=1
sign,(s), (s € R), is the classical sign function with the additional property that
sign,(0) = 0, and for every k > 0, Ty(s) := [k — [k — |s|] " sign,y(s), (s € R).

The Neumann total variational flow operator. In [?] (see also [3]), the neg-
ative total variational flow operator (1-Laplace operator) —AY in L'(X) equipped
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with Neumann boundary conditions was introduced by

AY = {(u,v> L)X L) ieh 'that |12]|e < 1 & (5.4) holds

Te(u) € BV(Z)Vk>0& Iz € X1 () }

where

v = —div(z) inD'(%), and

/Z(C—Tk(u)vdxg/Zz-ngx—/ZlDTk(u)\

for every & € W1 () N L* and all k > 0. Moreover, the negative Neumann 1-
Laplace operator —AY is m-completely accretive in L!(Z) with dense domain.
Therefore, under the hypotheses (5.1)—(5.3), the operator —AZY + F is w-quasi
m-completely accretive on L!(Z) (cf [12]). Now, it is not difficult to see that
—AY is homogeneous of order zero and 0 € —AY0. Thus, by Theorem 4.13 and
Theorem 4.15, we can state the following regularity result.

(5.4)

Corollary 5.1. For every 1 < q < co and ug € LY (X) (respectively ug € LI"°(Z) if
q = o0), the unique mild solution u of problem

du . ( Du
a—dw <|Du|> + f(x,u)=0 onXx(0,+c0),
(5.5) Dyu=0 onodX x (0,400),

u(0) =ug onX x {t=0},

is a strong solution satisfying (4.12). Moreover, if f = 0, then either for every 1 <
P = p < oo or N-function ¥ and every ug € LY (%), the unique mild solution u of
problem (5.5) satisfies (4.7) and (4.8).

Next, for d > 2, the following Sobolev-Poincaré inequality (cf [3, formula (B.2),

p.302])
llu — IZH% < C|Dul(%) for every u € BV (%),

holds for a constant C = C(d) > 0, where @ := ﬁ Jq u(x)dx denotes the
mean-value of an integrable function u. Thus, we have that the negative Neu-
mann 1-Laplace operator A = —AY satisfies the following abstract Sobolev
inequality
|lu—da|y <Clu,v]  forevery (u,v) € A

with parameters r = % > 1and o = 1, where [, -]» denote the L?-inner prod-
uct. Now, it follows from [12, Theorem 1.2], the semigroup {T;};>o generated
by AY — F satisfies the following LZ—Lﬁ—regularity estimate

| Tu — IZH% < %t’le&”tﬂu — |3  foreveryt >0

and u € L?(X). Further, for every g > d — 1, one has

(% -1)q
+1> wt Z 1

I|ud]| (57171)471 for every t > 0
-1

HTtuHoo S C~t (ddjfl)q—l e<(ddl]>’11
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and u € Li (X). Thus, by Corollary 2.6 and inequality (4.12) for g = oo, we
also have the following estimate.

Corollary 5.2. Let d > 2 and q > d — 1. Then for every ug € Lis (X), the unique
solution u of (5.5) satisfies

du
d

for every t > 0, where C,,(t) is the constant in (4.12).

(ﬁ—l)q
1 ol ety
<ﬁ—1>q— dq/ d 1)

1
+1
# (gt 11

2

) e (
< CCu(t/2)2 701

Remark 5.3 (The Dirichlet boundary case). In [1] (cf [3]), existence and unique-
ness of the the parabolic initial boundary-value problem

du Du
a dv<|D |) 0 onXx(0,+00),

(5.6) u=¢ onodZ x (0,+00),
u(0) =up onX x {t =0},

associated with the total variational flow equipped with (inhomogeneous) Diri-
chlet boundary conditions was established. For every boundary term ¢ €
LY(X), the negative Dirichlet total variational flow operator (1-Laplace operator)

ADu = div (‘B"') is m-completely accretive in L!(X). But only in the homo-

geneous case ¢ = 0, the operator A is homogeneous of order zero. Thus, the
same statement as given in Corollary 5.1 holds in the Dirichlet case with ¢ = 0.

5.2. Decay estimates of the nonlocal total variational Flow. In this very last
section, we consider for 0 < s < 1, the perturbed fractional 1-Laplace operator

ey [ ) —u@)  dy
=PV | =] oy e

equipped with either Dirichlet on a domain X in R? or with or vanishing con-
ditions if &, = R?, d > 1.

For0 <s <1,let Wg’l (X) be the Banach space given by
W(Z) = {u c LX) ‘ [u]s1 < c0oand u = 0 a.e. on RY \ Z}

equipped with the norm ||'||Ws/l = ||-|l1 + [-]s1, where

y)| 1
ulgy = /le /]Rd y|d+s ————2 2 dydx for every u € Wy (%).
Further, let Bpe denote the closed unit ball of all anti-symmetric 1 € L°°(]Rd X
R%), that is,
n(x,y) =—n(y, x) forae. (x,y) € R x R? and Il < 1.
Then, it was shown in [16, Section 3.] that the fractional Dirichlet 1-Laplace oper-
ator (—AP)® in L?(X) can be realized by (the graph)

(—AP) = {(u v) € L2(Z) x LA(Z) |u € W(E) & 37 € Bro sit. (5.7) holds}
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where

17(x y) € sign(u(x) —u(y)) fora.e. (x,y) € R? x RY and
1(x,y)(E(x) —¢(y)) dydx:/zv(x) £(x) dx

2 R JRA ’y_x‘d-i-s

forall ¢ € Wi'(Z) N LA(Z),

and (—AP)S is m-completely accretive in L?(X) with dense domain D((—AP)?)
in LZ( ). One immediately sees that (—AP)* is homogeneous of order zero
and 0 € (— A? )°0. Moreover, under the hypotheses (5.1)—(5.3), the opera-
tor (—AP) + F is w-quasi m-completely accretive on L?>(X). Thus, by Theo-
rem 4.15, we have the following regularity result.

Corollary 5.4. For every 1 < q < co and ug € LY (X) (respectively ug € LI"°(Z) if
g = o0), the unz’que mild solution u of problem

d
/ ’l/l ‘x — y|d+s +f(x/u) = O on > X (0/ —|—oo)/

(5.8) u=0 ondZ x (0,+),
u(0) =ug onX x {t=0},

is a strong solution satisfying (4.12). Moreover, if f = 0, then either for every 1 <
P = p < oo or N-function i and every ug € LY (%), the unique mild solution u of
problem (5.5) satisfies (4.7) and (4.8).

Further, since for every 0 < s < 1and d > 1, the following (fractional) Sobolev
inequality (cf [15, Theorem 14.29])

H“H% < Clu)sp for every u € Wg’l(Z),

holds for a constant C = C(d,s) > 0, we have that the fractional Dirichlet 1-
Laplace operator A = (—AP) satisfies the following abstract Sobolev inequal-
ity

||l < Clu,v], for every (u,v) € A

with parameters r = 74 > 1 and ¢ = 1, where [, ], denote the L2-inner

product. Thus, by [12, Theorem 1.2], the semigroup {T;};>o generated by
—((—AP)* + F) satisfies the following Lz-Lﬁ—regularity estimate

C

ITeu| o < = 7 e Jul3

for every t > 0

and u € L2(Z). Further, for every g > %%, one has that

. d- d— sq
||Ttu||oo <Ct s(’1+1§*d e( (q+1) d+l)wt H H qur s(gt1)—d d=s for everyt >0
d—s

and u € L5 (X). Thus, by Corollary 2.6 and inequality (4.12) for g = oo, we
also have the following estimate.
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Corollary 5.5. Letd > 1,0 < s < Land q > “=5. Then for every ug € Lﬁ(z), the
unique solution u of (5.8) satisfies

d—s sq

) -
d . s e i [0ll 39, (-

’ o < CCw(t/Z)Zf‘Oi“)*ﬁze2 (SW“)*dH)t % for every t >0,
dt || psa-atl

where C, () is the constant in (4.12).
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