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ABSTRACT. We investigate the asymptotic properties of a finite-time horizon linear-
quadratic optimal control problem driven by a multiscale stochastic process with mul-
tiplicative Brownian noise. We approach the problem by considering the associated dif-
ferential Riccati equation and reformulating it as a classical and deterministic singular
perturbation problem. Asymptotic properties of this deterministic problem can be gath-
ered from the well-known Tikhonov Theorem. Consequently, we are able to propose two
approximation methods to the value function of the stochastic optimal control problem.
The first is by constructing an approximately optimal control process whilst the second
is by finding the direct limit to the value function. Both approximation methods rely on
the existence of a solution to a coupled differential-algebraic Riccati equation with certain

stability properties — this is the main difficulty of the paper.
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1. INTRODUCTION

In this paper, we study a class of linear-quadratic optimal control problems on a finite
time interval [0,7]. The main assumption is that the dynamical system is comprised of a
slow process X1 and a fast process X§ satisfying the following linear stochastic differential

equations with multiplicative noise

Xm(t) = [AHXl(t) + A12X§(t) + Blu(t)] dt + [Clle (t) + CngS(t) + Dlu(t)] dW(t),
dXS(t) =1 [A21X1 (t) + AQQXE(t) + Bgu(t)] dt + \% [021X1 (t) + CQQXE(t) + DQU(t)] dW(t),

€

Xl(O) =, XS(O) = I,
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where € is a small positive parameter representing the ratio between the evolutionary speeds
of the slow and fast processes. The objective of the optimal control problem is to minimise
a quadratic cost functional with respect to the control process u. Our interests lie in
deriving estimates for the value function to the optimal control problem when € is small.
Naturally, a reduced version of the optimal control problem when e is formally set to be
zero should be considered. However, care needs to be exercised in the fast component due
to the degenerate nature of the differential term. For this reason, convergence problems of
this type are non-trivial and are commonly referred to as singular perturbation problems.
Suitably, we shall refer to the optimal control problem described in this paper as a singularly
perturbed linear-quadratic stochastic optimal control problem, or Problem (SLQP) for short.

Singularly perturbed stochastic optimal control problems have been studied under vari-
ous formulations and assumptions, see for example [1, 2, 4, 5, 12, 13, 14, 17, 18, 19, 23, 24].
Specifically, in the non-linear case, Alvarez and Bardi [1] formulate the value function as the
viscosity solution of a Hamilton-Jacobi-Bellman (HJB) equation, whilst assuming the drift,
diffusion and cost functions to be periodic in the fast variable. This assumption amongst
others is necessary to ensure the stability of the fast component of the system and the
solvability of a reduced HJB equation characterised by a so-called effective Hamiltonian.
A similar treatment of the non-linear case was also studied by Guatteri and Tessitore [12]
but under an infinite dimensional state space. In this case, the authors approach the prob-
lem by expressing the value function as the solution of a backwards stochastic differential
equation (BSDE) under dissipativity stability assumptions in the drift of the fast variable.
In the linear-quadratic setting, a common approach is to take a first-order representation
of the solution to the associated Riccati equation. This was first done in the deterministic
setting by Kokotovic and Sannuti [17, 23] and more recently, in the infinite time horizon
version of Problem (SLQP) by Dragon et al. [5].

Traditionally, the benefits of studying singular perturbation problems are twofold. First,
asymptotic estimates can be made using the solution of the reduced problem when € is
formally set to be zero, which in some cases are more straightforward to solve such as
when the state equations are deterministic or have additive noise, see [17, 23]. Second,
the reduced problem is of a lower order of dimensionality and thus reduces the complexity
of the original singular perturbation problem. Applications of the deterministic singularly

perturbed optimal control problems has seen active research across a variety of disciplines
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such as aerospace engineering, biology and chemistry, see the extensive surveys by Naidu
[20, 21] and references therein. In the stochastic setting, singularly perturbed optimal
control has been recently applied to problems in filtering for optimal control problems in
finance with partial information by Fouque et al. [8, 9] and Kushner [19].

It is well-known that for ¢ fixed, the optimal control and value function of Problem
(SLQP) can be characterised in terms of the solution to the associated Riccati equation, see
[30]. By writing the unique solution of the Riccati equation in a first-order representation
[5, 16, 29], the Riccati equation can be rewritten in terms of a system of ODEs, which we call
the full system. We observe that the full system is in the form of a classical and deterministic
singular perturbation problem. Moreover, when e is formally set to 0, we obtain a so-called
reduced system that can be shown to be equivalent to a coupled differential-algebraic Riccati
equation of reduced dimensionality. The asymptotic relationship between solutions to the
full and reduced systems is non-trivial as the solution of the reduced system is unable
to satisfy all the boundary conditions prescribed by the full system. Using the theory of
Tikhonov [15, 27], the gap in the asymptotic relationship between the full and reduced
systems is shown to be resolved by the boundary-layer problem. This is the centrepiece of
the paper. From this result, we propose two approaches to estimate the value function of
the Problem (SLQP). The first one is by constructing an approximately optimal control
process based on the solution to the reduced system. The second one is by directly applying
the Tikhonov results to obtain the limiting value function. Both approaches give estimates
of the value function with an error of order O(e).

To the best of our knowledge, Problem (SLQP) on a finite time horizon has not been
studied in literature. In the non-linear case [1, 12], the cost function is assumed to be
uniformly Lipschitz in the state variables and thus excludes the quadratic case, as in our
paper. Our approach adopts the same first-order representation outlined in the infinite
time version [5] and deterministic case [17, 23]. For this approach to work, we require the
existence of the solution to the reduced system with stability properties. It can be shown
that the reduced system is equivalent to a pair of so-called reduced differential-algebraic
Riccati equations (DARE). In the case of the deterministic case [17, 23], which can be
easily extended to include additive noise, the reduced DARE is decoupled and thus, the
solvability is well-known. However in our case, the multiplicative noise leads to a coupled
reduced DARE. The solvability of such a coupled DARE is the main difficulty of this paper



4 MULTISCALE OPTIMAL CONTROL WITH MULTIPLICATIVE NOISE

and, to the best of our understanding, has not been studied in literature. For this reason,
we regard this as a significant contribution of this paper.

The paper proceeds as follows: In Section 2, we formulate rigorously Problem (SLQP),
the associated Riccati equation and the optimality results. In Section 3, we partition the
solution of the Riccati equation using the first-order representation and derive the full and
reduced systems. Sections 4 and 5 are dedicated to showing that the reduced system is
equivalent to a coupled reduced DARE and the existence of a stabilising solution. In Section
6, we tie together the previous three sections via the Tikhonov theorem and establish the
convergence properties of the solution to the Riccati equation. Finally, in Section 7 we
formulate an approximating optimal feedback control process based on the solution of the

reduced system as well as the limiting value function.

2. MATHEMATICAL FORMULATION

2.1. Notation. Given a real and separable Hilbert space E, the inner product of its el-
ements is denoted by (-,-)r and the associated norm as |- |g. If G = E x F is the
Cartesian product of the Hilbert spaces E and F' then G endowed with the inner product
(,ya = (-, ) + (-, )r is also a Hilbert space. For the most part, when there is no confu-
sion, we will drop the subscript in the inner product and norm. For matrices in the space
R™*" we will write S" as the space of symmetric matrices, S" as the space of non-negative
(or positive semi-definite) symmetric matrices and S’} | as the space of positive (definite)
symmetric matrices. For a matrix M, we shall use the notation M* to denote the transpose
of M and M~ to denote the inverse of the transpose.

Let T' > 0 be a finite time horizon and let W = (W (t))o<¢<7 be a 1-dimensional Brownian
motion defined on a complete filtered probability space (2, F, (F;),P), where (F;) is the
natural filtration of W augmented by all the P-null sets in F. We define the following

spaces of processes with respect to the Hilbert space E:
e C([0,T]; E) is the space of continuous mappings F' : [0,7] — E equipped with the

norm

I Flleom;e) := sup |F(t)|g.
te[0,7
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o L2(Qx[0,T); E) is the space of equivalence classes of processes F' € L*(Qx[0,T7]; E)

admitting a predictable version and equipped with the norm

T 1/2
Pl = (B [ 1F0Rd)

For short, we will write A% := L%(Q2 x [0, T]; R™).
e L2(Q;C([0,T); E)) is the space of predictable processes F : Q x [0,T] — E with

continuous paths in E equipped with the norm

1/2
Flli20. o = | E sup |F(t)|> .
1| L2 :c0.1:E)) ( t€[07T]| ()|E>

For short, we will write H}. := L%(Q; C([0, T]; R™)).

2.2. Problem Formulation. For arbitrary x; € R™, x9 € R™ and fixed 0 < € < 1, the
processes X1 = (X1 (t))o<t<r and X§ = (X5(t))o<t<r are governed by the following linear

stochastic differential equations with multiplicative noise

(dX1 (1) = [An X1 (8) + ApX5(t) + Bru(t)] dt
+ [Cqu (t) + CngS(t) =+ Dlu(t)] dW(t),
(2-1) dX;(t) = % [A21X1 (t) + A22X§(t> + Bzu(t)] dt

+72 [Cn X1 (1) + Co2 X5(t) + Dau(t)] dW (1),
Xl(()) =T, XS(O) = 9,

\

where u = (u(t))o<t<7 is the control process taking values in RF and Aij, B, Ci5, D; are
deterministic, time-independent matrices of appropriate dimensions. Typically, X7 is re-
ferred to as the slow process and X3 is referred to as the fast process due to the presence
of €. Let n = ni 4+ ny. The above system of equations can be written in under a compact

formulation

AX(t) = [A°XE(t) + Beu(t)] dt + [CX(t) + Deu(t)] dW (t),

(22) X0)=x:= o ,
Z2
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where for all ¢ € [0, 7],

xe= (MO} aeo (M M) g (P
X5(t) 145 1Ap 1B,
oen Cin Ci2 e _ D,
ﬁcm ﬁcm ﬁDQ

The goal of the optimal control problem is to minimise the cost functional

1 T
Tai) = 5E [ HQu (0, Xa(0) + 2@, X5(0)

(23) Q@ X5(0), X5(0) + (Ru(t), u(t))] dt
T
= 5% [ QX)X + (Ru(v). ) at

with respect to u from the set of admissible controls A% := L%(Q x [0, T]; R*). Here Q;;

and R are matrices of appropriate dimensions and

Q= (Qn Qm) .
Rl Q2
If u is admissible (i.e. u € A%) then equation (2.2) admits a unique solution X¢ € H% :=
LQI(Q;C([O,T];R”)) for every 0 < € < 1. Thus, the coupled system of equations (2.1)
also admits a unique solution (X, X$) € H7' x H? for every 0 < e < 1. Moreover,
the cost functional (2.3) is well-defined for all u € A%. We shall refer to the optimal
control problem described by (2.2) and (2.3) as the singularly perturbed stochastic linear-
quadratic optimal control problem, or Problem (SLQP) for short. Moreover, we say that
Ve(x) = infueA? J¢(x;u) is the value function of Problem (SLQP). Finally, the associated

Riccati equation is given by

dP° | (A)*PC + PCAS + () PC* +Q

— [(B)* P + (D)*P<C|" [R + (D)* P<D| " [(B)* P¢ + (D)*P<C] = 0,
R+ (D)*P¢(t)D¢ > 0, Vte[0,T),
P<(T) =0.

(2.4)
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Going forward, the main assumptions of the paper are stated in Assumption 2.1. The
first assumption is sufficient for the existence and uniqueness of a solution to the Riccati
equation as well as an optimal control. The second assumption is needed in Section 3
to show that the reduced system is equivalent to a reduced differential-algebraic Riccati
equation. Finally, the last assumption is sufficient to show that the reduced differential-
algebraic Riccati equation admits a unique stablising solution. This is shown in Section
D.

Assumption 2.1. Suppose the following holds:

(1) The matrices Q and R are strictly positive definite;
(2) Ass is invertible;
(3) [Agg, Ca2] is L%-stable. That is, if for any xo € R", the solution to

(2.5) dXQ(t) = Angz(t)dt + CQQXQ(t)dW(t), XQ(O) = X9,
is a continuous F-adapted process satisfying
E/ | X2 (t)?dt < oo.
0

Lemma 2.2. Suppose that Assumption 2.1-(1) holds. Then, for every 0 < e < 1, the
Riccati equation (2.4) admits a unique solution P¢ € C([0,T];S%).

Proof. See Theorem 7.2 in Chapter 6 of [30]. O

Next, we state the well-known optimality result, which characterises the optimal control
and value function in terms of the unique positive semi-definite solution to the Riccati

equation.

Theorem 2.3. Suppose that Assumption 2.1-(1) holds. Let P¢ € C([0,T];S%) be the
unique solution to the Riccati equation (2.4). Then, for every 0 < e <1, Problem (SLQP)

admits an unique optimal control u¢ € A? given by
(2.6) ac(t) = FE()X(t), Vtelo,T),
where )?E(t) = X(t;uc(t)) and the feedback operator F< is defined by

(2.7) Fe(t) = —(R + (D) P<(t)D) "' [(BE)* PE(t) 4+ (D)*P*(t)C], Vit e [0,T).
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Moreover, the value function is given by

1
(2.8) Veé(z) = §<PE(0)w,x>.
Proof. See Theorem 6.1 in Chapter 6 of [30]. O

3. SINGULAR PERTURBATION OF THE RICCATI EQUATION

The goal of this section is to reformulate the Riccati equation (2.4) as a classical and
deterministic singular perturbation problem. Let us partition the solution P€ to the Riccati

equation (2.4) in the first-order form

Py (1) P (t)

. P(t) =
@1) © (e(sz(t))* Pl

) , Vtelo,T].

Moreover, let
(32) Af(t) = R+ (D)*P(t)D*
3.2
= R+ DI P[(t)D1 + ve[D3(Pfy(t))" D1 + Dy Piy(t) Do) + D3 P3y(t) Do.

Applying the partition (3.1) to the Riccati equation (2.4), we obtain a system of differential

equations, which we call the full system

dPe € € € €

(3.3a) dtll + f(Pfy, Pia, P3y,€) =0, P (T) =0,
dPIEQ € € € €

(3.3b) I + g1(Pf1, Pfy, Pyy,¢) =0, Ph(T) =0,
dP262 € € € €

(3.3c) S + 92( Py, Pia, Pig,€) =0, P3p(T) =0,

(3.3d) LAS(t) >0 VYtel[0,T] ae.,

where the functions f, g1 and go are defined as

(3.4)

f(Pfy, Pia, Psy,€)
= AL P + Pl An + A5 (P)" + PlyAs + O P Cn
+ Ve (C31(Pf3)*Cr1 + Oy PjyCa1) 4 €3 P5yCoy + Qua
— [BiP{; + B3(Pf)" + Dy P{iCi + Ve (D3(Pf)*Cit + D P{yCa1) + D3 PsyCon ] ™ (A) ™
[BIPfy + B3(Pf)" + D{Pf;C11 + Ve (D3(Pf3)"Ci1 + DI P{yC21) + D5 P3yCon |
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(3.5)
91(Pfy, Pia, P, €)
= A1 Py + Pi1A12 + Ay Py + Pl Asy + C1 P G
+ Ve (C31(Pry)"Cra + C1y P[3C2) + C31 P3yCo + Q12
— [BiPf + B3(P)" + DiP{Ci1 + Ve (D5(Pf)*Ci + DI PipCat) + D3 P3yCon] ™ (A) ™
[€B} Pfy + B3 Psy + Dy P, Cha + Ve (D3(Pfy)*Cia + Di P{,Ca2) + D3 PsyCas]

(3.6)
92(Pi1, Py, Py, €)
= A5 Py + PipAss + € (Ao Piy + (Pr2)" Ar2) + C1o P C2
+ Ve (Co(Pry)"Cra + CaPiyC2) + €3, P30 + Q22
— [eBYPf; + B3P5y + DiPf;Cia + Ve (D3(Pf2)*Ciz + DY PioCa2) + D3 P3yCon] " (A°) ™!
[eBY Py + B3 Py + Dy Pfy Cia + /e (D3(Pfy)*Ciz + DY PjyCoz) 4 D3 P3G -

It is clear that we have the following lemmas.

Lemma 3.1. For fized 0 < € < 1, the full system admits a solution (Pf;, Pfy, Psy) €
C([0,T];S1) x C([0,T|;R™*"2) x C([0,T];SY?) if and only if the Riccati equation (2.4)
admits a solution P¢ € C([0,T];S").

Lemma 3.2. Suppose that Assumption 2.1-(1) holds. Then the full system admits a unique
solution (Pf,, Pfy, Ps,) € C([0,T];S}') x C([0, T); R™*"2) x C([0, T]; S'?).

A well-known approach to analysing the asymptotic behaviour of dynamical systems
represented in the form of the full system (3.3) as e tends towards zero is by applying a
version of the Tikhonov theorem [15, 27]. This approach has been used in the context of
Riccati equations; both in the differential [17, 23] and algebraic [5] cases. As an initial

step, we need to consider the differential-algebraic system when ¢ is formally set to be 0 in
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the full system. In this case, we obtain the following so-called reduced system

(3.7a) ‘“;“ + f(P11, P12, P22,0), P11 (T) =0,
(3.7b) 91(P11, P12, P2,0) = 0,

(3.7¢) 92(P11, P12, P22,0) = 0,

(3.7d) A(t) >0, Vtel0,T]ae.,

where A(t) = R+ D} P11(t)Dy + D3 Pas(t)Ds.

A prerequisite to applying the Tikhonov theorem is to show that the reduced system
admits a solution (P11, P12, P22) such that (P1a, Pa) is an isolated root of (3.7b)-(3.7c)
and Pi; is unique relative to this isolated root. We will dedicate the next two sections

showing this.

4. EQUIVALENCE TO THE REDUCED DIFFERENTIAL-ALGEBRAIC RICCATI EQUATION

In this section, we show that the reduced system (3.7) is equivalent to a coupled

differential-algebraic Riccati equaiton. For Ago invertible, let us define the matrices

Ay = Ay — A1 Ay Ay, By = By — A12A3) By,

C1s = C11 — CraAgy A9y, Cog = Coy — ConAgy Aoy,

(4.1) Dis = Dy — C12A5) By, Dag = Dy — Can A5y B,

Qs = Q1 — Qu2A5; Agy — A5 A3 Qi + A ASy Qo Az) Agy,
Ly = B3 A5y QA5 Ao1 — Q%) , R = R+ B3Ay Qa2A5) Bs.

Let Ag(t) := Rs—i—D}‘SﬁH (t)Dls—i—D;S?gg (t)D3s. Consider the following coupled differential-
algebraic system of equations
(4.2a) dt

+ AiP11 + P As + Cf P11 Cyg

+ O3, PyCly — MIA, ' M, +Q, =0, Pp(T) =0,

(4.2b) A59Poy 4+ PagAgy + C1yP11C12 + Ciy Py Cog — MSZAMQ + Q2 =0,
(4.2c) Ag(t) >0, Vtel0,T] ae.,

(4.2d) A(t) >0, Vtel0,T]ae.,
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where

Mg = B P11 + D7 ,P11C1s + D3, P2oCos + Ly,
My = B;ﬁQQ + DT?HCQ + D;ﬁQQCgQ.

We call the above system the reduced differential-algebraic Riccati equation or reduced
DARE for short. The existence of a solution to the reduced DARE and consequently the
reduced system, is the focus of Section 5.

The equivalence between the reduced system (3.7) and the reduced DARE (4.2) follows in
the same way as in the infinite time horizon counterpart [5]. We will include this derivation
for completeness. It is convenient to begin by introducing the operators (F'1, F') defined

(430) [Fi(t) = =57'(0) [BiPu() + B3P1o(t) + DiPu(t)Cui + D3Poa(t)Cin |
(4.3b) | Fa(t) = —A7'(t) [BsPax(t) + DiP11(t)Ciz + D3 Pas(t)Cao) .

As a result, we can write the reduced system (3.7) as

(dP1q - — S
——— 4+ A Py + P11 Ay + A5 Py + P9 A
(44| dt 11 P11 11 A1 21P1o 12421
+ C1 P11011 4 C3 PyaCoy + Q1 — F1AF; =0, Py1(T) =0,
(4.4b)) P11A1g 4+ Al Poy + P1oAgy + Cf P11C12 + O3 PyaClhy + Qra — F1AF, = 0,

(4.4¢) | A3yPay 4 PagAay + CiyP11C12 + CiaPoaCs + Qog — F3AF9 = 0,

(4.4d) L A(t) >0, Vte[0,T] a.e.

Before we show the equivalence, we state some invertibility results.

Lemma 4.1. Suppose that Assumption 2.1-(2) holds and Ags + ByF5 is invertible. Then

the matriz I + F2A52132 1s invertible where
(4.5) (I + FaA5) Bo) ™' =T — Fo(Ag + BoF2) ' Bs.
Furthermore,

(4.6) (Agg + BoFo) ™t = Ayl — Ay} Bo(I + Fo Ay, Bo) ' Fa ALy
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Proof. To see that I — Fo(Agy + BaF3)~ !By is the inverse of I + F2A521Bg, observe that

[I + FyA5) By [I — Fa( Az + BoFs) ™' By]
=1+ F [Ay — (Asa + BoFa) ™' — A3 BoF(Ags + BaFa) '] By
=1+ F5 [A5) (Ass + BoFs) — I — Ayl BoFs| (Ago + BoF) ' By
=1.

Using (4.5) we can show (4.6) as follows

Ay Bo(I + FoAy Bo) "V FaAs) = Ay BoFo Ay — Ay BoFa(Agg 4+ BaFa) ' ByFoAy)
= A2_2132F2A2_21
— A5, (Agg + BaFy — Agy)(Agg + BaFa) ' BaFa Asy
= (Agg + BoF) ' ByFo AL,
= (Agg + BaF2) H(Agg + BaFy — Ag)As)
= Ay — (Aga + BaFa) ™t

We state the equivalence result below.

Theorem 4.2. Suppose that Assumption 2.1-(2) holds and Az + BaFo is invertible. Then
the solution (P11, P12, Pa2) to the reduced system is equivalent to the solution (P11, Pag)
to the reduced differential-algebraic Riccati equation with

Py = — [P11 412 + A5 Py 4+ C}1 P11Ch2 4 C51 P22Cos

(4.7) _ _ _ _ _
+Qia + (PuB1 + C, P11 Dy + C3y PayDs) Fa] [Aga + BaFa) .

Proof. First, using the invertibility of Ags+ BaFa, we can make P1s the subject in (3.7b) to
obtain (4.7). Second, without any computation, the equation (3.7¢) is precisely the reduced
algebraic Riccati equation (4.2b). Finally, to show that (3.7a) is equivalent to (4.2a) we

will look to eliminate the Piy terms in the prior. To this end, we use the invertibility

assumption of Agy to rewrite (4.4b) as

(4.8) Piy = |F1AFy — P11 Ajg — Al Pag — O P11C19 — Cy PaaCag — le] AL
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Substituting (4.8) into the right-hand side of (4.4a), we obtain

H = A}y P11 + P11 A1y + A Py + PiaAsy

+ C} P11C11 + C3, P2sCoy + Qi1 — F1AF,

= A}y P11 + P11 A1y + Cf P1iCiy + C35, P2sCoy + Q11 — F1AF,
+ A5 Ay {Fiﬁ2 — P11A1g — A5 Py — C P11C1a — C5, P22 Coy — Qu} )
+ [Fiﬁz — P11A1p — A5 Poy — Cf1 P11C12 — C31 P2aCag — Q12} Ay Aoy

= ALPy1 + P11Ag — A5 A5y Pos Aoy — A3 PayAy) Aoy
+ C1 P10 — Ay Asy Oy P11C11 — O P11C12 Ay Aoy
+ O3 PoaCay — Al Asy CioPaaCly — C3 PaCan Ay Agy
+ Qi1 — A5 Ay Qo — QuaAy) Aoy + A5 Ay FoAF ) + F1AF Ay Agy — F1AF.

Completing the square, we have that

H = AiPyy + P11 Ag — Ay Asy Pog Ay — Al Pag Ay Aoy
+ C1,P11C1s + C5,PosCas — [F — F2A2_21A21] A [F1— F2A2_21A21]
- [012A§21A21}*P11 [012A§21A21] - [022A§21A21]*F22 [022A§21A21]

+ Qi1 — A5 Ay Qly — QuaAyy Agy + A5 Ay FyAF Ay Agy.
From (4.4c), we have that

H = AiPyy + P11Ag — A5 A5y Pos Aoy — A3 PagAyy) Aoy
+ C1,P11C1s + C3,PosCo — [F1 — FoAy) Ani]" A [Fr — FaAy, Ao |
- [C12A2_21A21]*F11 [012A2_21A21] - [022142_211421]*?22 [022A2_21A21]
+ Q1 — A3 45 Q1y — QuaA;) As
+ A% Ay [A5,Pag + Py Asy + CiyP11Cia + CiyPasCos + Qoo Asy Aoy
= AiP11 + P11 As + C{P11C1s + C5,PyoCos + Qs — [F1 — F2A2_21A21} "A [Fi — F2A2_21A21] .
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Now, observe that using (4.4c), we have
[I + FaAyy Bo] "A[I + FaAy,) By
= A+ AF9A5) By + By Ay FoA + By Ay FyAF2 Ay, By
= A+ AFyAy) By + B5 Ay FyA
+ B3 Asy [A5,Pag + PagAgy + Oy P11Cha + CyP2aCo + Qaa] Asy B
= R+ D;P11 Dy + D3 Pay Dy + B3 A, Qaa Asy Bo
+ [B5 Py + AF,| A5) By + B3 A5y [F;Z + ?2232]

+ B3 A5y [CiyP11C12 + C3yPasCas) A3y Bo.
Using (4.3b) and completing the square, we have that

[I + FaAyy B "A[I + FaAy) By
= Ry + DiP11Dy + D5P2D;
— [D{P11C12 + D5 P2 Ch) Ay By — By Ay [D}P11Ch2 + D3 P32Cos] i
+ B3 A5y [C1P11C12 + C3yP22Cas] Az Bo
= Ry + D P11D15 + D3 Poo Do
= A,.
This shows that A > 0 implies A, > 0. Moreover, by Lemma 4.1, we have that
(4.9) A = I+ Fady) Bo) A, [+ FaAy Bo] .

Applying (4.9) to H, we have that

H = AfPq1 + P11 A5+ Cf,P11C15 + C5, P92 Cas + Qs

* ——

- [Fl - F2A521A21}* [I +F2A52132]_ As [I +F2A52132]_1 [Fl *F2A2721A21} :
Lastly, we need to show that

(4.10) A, [+ Fadyy) By] ' [F1 — Fody) Ay ] = — M,
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To do so, we can use (4.9) to obtain
A, [I+FoAy) By) " [F1 — FaAy) An] = [I + F2Ay) Bo) " A [Fy — F2Az) Ay
= AF| — AF2A3 Aoy + By Ay FoAF,
— By Ay FyAF2 At Agy.
Applying (4.3a), (4.3b), (4.4b) and (4.4c), we obtain

A, [T+ Fady)By] ' [Fi — Fady) Aoy
= - [Bfﬁu + B3P}, + DiP11Cy1 + D§F22C'21}
+ [B5 P2 + DiP11C2 + D3 P32Cos] Ay Aoy
+ B3 A5, [ 19P11 + Pag Aoy + A3y Ply + Oy P11C11 + CyPa2Coy + QTJ
— B3 A5y [A5,Pag + PaaAzs + CiyP11C12 + C3yP22C2 + Qa2 Ay Agy.
Finally, by completing the squares, we obtain
A, [+ FaAy) By) ' [Fi — Fody) Ag] = =B P11 — D}, P11Cis — D5, PasCh,
— B3 A5 Qo Agy Aoy + B3 A5 Q1
= —B} P11 — D} ,P11C1s — D5,P3Ca,
- B§A2_2* [Q22A2_21A21 - Q’fz]
= —B P11 — D] ,P11C1s — D5,P3Cas — L
— M,

This completes the proof.

5. WELL-POSEDNESS OF THE REDUCED DIFFERENTIAL-ALGEBRAIC RICCATI EQUATION

The goal of this section is to show the existence of a solution to the reduced DARE and
consequently, the existence of a solution to the reduced system (3.7) as well. We begin

with a useful lemma on Lyapunov equations.
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Lemma 5.1. Let © € L*([0,T];R**™). Denote P € C([0,T];S™) as the solution of the

following Lyapunov equation

4P | (A + BO)*P + P(A+ BO) + (C + DO)*P(C + DO©)

(5.1) +0*RO+ 50 +0*S+Q =0, tel0,T],
P(T)=0eS™,
where the matrices A, B,C, D, Q, R and S are of appropriate dimensions. If the matriz
S*
(5.2) My = @ >0
S R

then, for every © € L2([0,T);R¥*™), the Lyapunov equation (5.1) admits a unique solution
P e C([0,T];S™) satisfying

(5.3) R+ D*P(t)D > X\, and P(t) > oI, Vte|0,T],
where a > 0 and X > 0.

Proof. Consider the minimisation problem described by the quadratic cost functional
1 (T S X)) | X(¢t

(5.4) J(xyu) = E/ @ ®) , ®) dt, uec Ak,
2 Jo S R||u(t)]| |wu)

subject to the linear stochastic differential equation

dX (t) = [AX(t) + Bu(t)]dt + [CX (t) + Du(t)|dW (t), t € [0,T],
X(0) = =x.

(5.5)

From (5.2), we have that
T

(5.6) J&WZW/MW%,WGM,
0

where A > 0. In addition, from Corollary 4.7 of [11] and Theorem 6.1 in Chapter 6 of [30],
we have that the value function defined on the time horizon [s, T'] satisfies

(5.7) V(s,xz) > alz|>, V(s,z) € [t,T] x R™,

for some a > 0. The result then follows from Proposition 4.4 of [25]. O

Next we derive some properties about the algebraic Riccati equation perturbed by the

parameter FH .
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Lemma 5.2. Fiz Py € St Suppose that Assumption 2.1 holds. Then the algebraic

Riccati equation

(A§2F22 + Py Ags + C3yP23C2 + [Qa2 + CfyP11Ch2)
— [B3 P22 + D3 P22Cs + DiP11C1a]” [(R+ DiP11D1) + DiPasDs] -
[B3 P2y + D3 P2Cos + D P11Ch2] =0,
R+ D;P11Dy + D3Py3Dsy > 0,

admits a solution F;Q € S'?, unique in the set of positive semi-definite solutions. In

addition:

(1) The operator Ass + BsF5 has etgenvalues with a negative real part where

FQ(Fll) = —(R + DT?HDl + D;?S_QDQ)il

(5.9) s . .
B3 Pyy + D5P5yCa9 + DY P11Ch2|
This implies that there exists constants M > 1 v > 0 such that
(5.10) |el(AtB2F2)) < Nre ¢ > 0.

(2) We can write F;z = ha(P11) where hy : S™ — S™ s an increasing continuously
differentiable function. That is, P11 < ?IH implies ha(P11) < ho (F’H). Mowerover,
ha bounded by the linear function hfy : S™ — S" defined as

(5.11) Ry (P11) = E/ B (1)* [Qa22 + CoP11Ch2] ®(t)dt
0
where @ is the continuous F-adapted solution to the SDE

dD(t) = Aga®(t)dt + Cos®(t)dW (1), ¢ > 0,
®(0) = 1,

(5.12)
satisfying
E/ 1D (8)2dt < oo.
0

By bounded, we mean that ha(P11) < hh(P11) for all Py € STt
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(8) The differential Riccati equation with an initial condition

(5.13)

dpfﬁ(t) = A%y Po(t) + Paa(t) Agg + C9Paa(t)Co + [Qa2 + CoP11C12]
— [B3Pas(t) + D3 Pas(t)Cos + Dy P11Ch2] : [R+ DjP11Dy + D3Py (t) D]
[ B3 Pya(t) + Dj Py (t)Cag + DiP11Cha]
P2(0) >0,

R+ D{P11D1 + D5Py(t)Dy > 0, t€[0,7] ae.,

1

admits a unique solution Py € C([0,00);S?) and moreover satisfies lim;_oo Paa(t) =
F;. In addition, the equilibrium P;Q 1s exponentially stable. That is, for arbitrary

p >0,
(5.14) |Pas(t) — Py < Mpe™ 3 Pos(0) — Piy|,  V|Pr1| < p, V>0,

for some positive constant Mp, which may depend on p, and v is as defined in
(5.10).

Proof. From Assumption 2.1, the matrices Q17 and Ry are positive definite. This implies

that the matrix

(5.15)
J— J— *

— Q22 + C1yP11Ch2 CiyP11Dq Q22 0 Cial = |Ch2
Ma(P1y) := . o = S Pu| L
D1P11012 Rs + D1P11D1 0 R, Dl Dl

0

> Q22 >0
0 R

Hence, by Theorem 1 of Section ILE of [22] and Theorem 3.3, Corollary 5.3, Lemma
5.5 and Lemma 5.8 of [11], the reduced algebraic Riccati equation (5.8) admits a unique
positive solution ﬁ; such that Ao + By F9 has eigenvalues on the open left half-plane and
[Agg + ByFq,Coy + DQFQ] is L?-stable. Moreover, it is unique within the class of positive
semi-definite solutions.

Next, we show that the solution F;Q can be written as a differentiable function hs(P11).

To this end, we will apply the Implicit Function Theorem. For convenience, we rewrite



MULTISCALE OPTIMAL CONTROL WITH MULTIPLICATIVE NOISE 19
. . Bt T
(5.8) in terms of the solution (Pgy, F2)

A3y Pyy + Py Agy + O3y Py Cos — FyAoFy + [Q22 + C},P11C12] =0,

(5.16) T 2 .
B5Pgyy + DTP11C12 + D5 PyyCog + AgF9 = 0.

with

(5.17) Ay = R+ DiPy1 Dy + DiPayDs > 0.

Let us denote the system (5.16) in the compact form
(5.18) F(Pyy, Fa; P11) = 0.

We observe that F : S?2 x RFXn2 x §m1 —y §n2 x RFX72 ig g differentiable function. We need

to check that the mapping
7+ — —_

(Z1,22) — e (Z1,Z5)
(5.19) (P, I2)
11 _ _ L
— lim — [F(PQ*2 + hZ1,Fo+ hZs; P1y) — F(Pay, Fo; Pr1)
h—0 h

is an isomorphism. As the above differential mapping takes values from the finite-dimensional

vector space S™? x RF*"2 to itself, it is enough to check that this mapping is injective. That

is, the unique solution to

OF (Pyy, Fa; P1y)
0(Pas, F»)

is (Z1, Z2) = 0. Evaluating (5.20) gives the equations

(5.20) (21,25) =0

(5.21) A;2Z1 + ZlAQQ + C§2Z1022 — (Fg)*Dglegfg — (FQ)*AQZQ — Z;AQFQ =0

(5.22) B3 Zy + D3 Z1Cag + NoZy + D3 Z1 Dy Fy = 0.
Using (5.22) we can eliminate the variable Zs from (5.21) yields the Lyapunov equation
(5.23)  [Ag2 + BoF] "2+ 7, [A22 4+ BaF3] 4 [Caz + Dy Fs "7 [Ca2 + DyF5] = 0.

It is obvious that Z; = 0 is a solution to (5.23). Since Ass + ByF's has eigenvalues with
negative real parts and [Agy + BaFa, Cog + Do Fs] is L2-stable, applying Lemma 2.2 of [26]
gives the uniqueness of Z; = 0. Consequently, Z = 0 must also be the unique solution

to (5.22). Hence, by the Implicit Function Theorem (see [7]), we can write F;Q = ho(P11)
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for some differentiable function hy. To see that hg is also an increasing function (in the
definiteness sense), let us assume that Py > Pqp. Tt is clear that Mg(ﬁn) > My(Pr1).
Hence, by Theorem 5.3 of [10], hg(]SH) > ha(P11).

We will now show that hy is bounded from above by a linear function h). That is,
ha(P11) < hly(P11) for all Py; € S"*. For fixed P11 € S", consider the Lyapunov equation

(5.24) AbyPoy + Py Agy + CiyPayCos + [Qa2 + C,P11Ci2] = 0.

Since [Agg, Cos] is L?-stable, we can apply Lemma 2.2 of [26], to show that the solution to
the Lyapunov equation (5.24) is given by

(5.25) ?/22 = hé(?n) = E/ (I)(t)* [Q22 + CfQPllClQ] (I)(t)dt
0
where @ is the continuous F-adapted solution to the SDE

dD(t) = Agy®(t)dt + Can®(t)dW (), ¢ > 0,
o(0) = I,

(5.26)

satisfying
oo
IE/ |®(t)|?dt < oo.
0

Clearly A’ is linear in Py;. Now, let Z = Pgy — Pyy. From (5.8) and (5.24), we have that
(5.27) ;22 + ZAg + CSQZCQQ > 0.

Again, since [Agg, Cos] is L2-stable, we can apply Lemma 2.2 of [26] to show that Z < 0.
Hence for every Py; € S™, the function h(P11) is bounded from above by the linear
function h(P1y).

Now consider the differential Riccati equation (5.13). Since (5.15) holds, the existence
and uniqueness of a solution Py € C([0,T7];S)?) follows from Theorem 7.2 in Chapter 6
of [30]. The convergence result follows from Theorem 6.3 of [11]. To show the exponential
stability of the equilibrium F;, let us set Y (t) = Payo(t) — F;Q and

D * * -1
F5(P11)(t) = — [R+ DiP11D1 + D5 Pa(t)Ds]

(5.28) -
[B3 Py (t) + D3 Pag(t)Co2 + DiP11C12], ¢ >0.
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Observe that
— = = — —+
(5.29) |[F2(P11)(t) — Fa(P11)| < M[Pa(t) — Pyl, Vt >0,

for some positive constant M independent of ¢. Using a similar parametrisation as (5.16),

we can write Y'(¢) as the solution to the differential equation

4 = A5Y + Y Aoy + C3,Y Cog — F5 (R + D;P11Dy + D3Psy Do) Py
(5.30) +Fy(R+ DiP11Dy + DiP Do) Fo,

Y (0) = Pyy(0) — Pyy.
Adding and subtracting terms, we have that

dY - 1%k - * TF % Enl
— = [A2s + BoFs| Y +Y [Ag + BoF] + C3,Y Cog — FoB3Y — Y ByFy

— FQ* (R + DT?HDl —+ D;PQQDQ)FQ + F;(R + DTFHDI + D;?;QDQ)FQ
From (5.9) and (5.28), we can simplify the above to

4y _ o _
E = [A22 + BQFQ]* Y+Y [AQQ + B2F2] + CQQYCQQ —YByFs

+ Fy [D{P11Cha + D PayCas] — Fy [D;Pncm + D;F;2022]
= (A2 + By F] Y +Y [A22 + BaFs| + C5,Y Cyy — Y By Fy
+ F;D3Y Coy + [Fy — Fo] [D;?11012 + D;‘P;QCQQ} .
Applying a variation of constants formula, we obtain

Y(t) _ e(A22+32F2)*t [PQQ(O) o ﬁ;;} e(A22+B2f2)t

t _ _
+ /O Azt Bal2) " (t=5) [0% Y (5) Oy — Y (5) BoFz + Fy D3Y (5)Cag] el A2t B2E2)(t=9) g

t _ _
+/ At Bl =S [y (5) — o) [DIPHCIQ + DSEZCM} Azt B2 (1=8) g g
0

Hence applying (5.29) and the fact that Ass + ByoF9 has eigenvalues with negative real

parts, we obtain

t
Y ()] < Kie 27| Pyy(0) — Poy| + Ko / e~ =91y ()|ds
0
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for some positive constants K, Ko and v, which may depend on p. So we have that,
Y (1)] < K |Poa(0) = Pl + K /0 1029 [ By ()] ds
Applying Gronwall’s inequality (see Theorem 15 of [6]), we obtain
V(0] < Kie "¢ F1|Pp(0) - P

as required. O

Theorem 5.3. Suppose that Assumption 2.1 holds. Then the reduced differential-algebraic
Riccati equation admits a unique solution (?ﬁ,?;rg) € C([0,T];ST) x C([0,T]; S72,.) such
that F;; is unique amongst the set of positive semi-definite solutions. Moreover, we can
write f;z(t) = hg(?ﬁ (t)),t € [0,T] where hy is the continuously differentiable function
defined in Lemma 5.2. In addition, Ass + Bgfg(t) has eigenvalues in the open left half-
plane for all t € [0,T] where

F; (t) = —(R + D{P{,(t) D1 + D5 Py (t)D2)”"

(5.31) . . -
B3Py (t) + DI Py (t)C12 +D2P22(t)022] , te[0,T].

Proof. From Lemma 5.2, we have shown that for fixed Py;, the reduced algebraic Riccati
equation (4.2b) admits a unique solution Pay = ho(P11) such that ho is an increasing

and continuously differentiable function bounded by a linear function k. Moreover, the

operator Ay + BoF5 has eigenvalues with negative real parts where
FQ(Fll) = —(R + DIﬁnDl + D;hg(ﬁn)Dz)_l

(5.32) _ _ _
[B5ha(P11) + DY P11C12 + D3ha(P11)Cas] -

We now turn to the reduced differential Riccati equation (4.2a) with the condition (4.2c)
and replace each instance of Pas with ho(P11). That is,

(5.33a)| dt + APy + Pz + Cf,P1Cis + C5iha(P11)Cos + Qs

— M:(Rs =+ DTSFHDIS =+ D;shg(ﬁu)Dgs)_lMs = 0, ?11(T) = 0,
(5.33b) R + Dfsﬁn(t)Dls + D;Shg(ﬁn(t))DQS >0, Vte [0, T} a.e.,

where Ms = BXP11 + D, P11C1s + D3,ha(P11)Cas + Ls. We will prove the existence of a
solution to (5.33a)-(5.33b) by an iterative scheme inspired by Theorem 4.5 of [25].
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Consider the differential Lyapunov equation

Pl 4 AP, + PyAs + O P Cis + Qs = 0

(5.34)
P/(T) = 0.
We see that
0. It
oo [0 5
L, R,
~fo o] . [, L
0 R| |Ls B3A; QA5 B
~Jo o] . 1 0 Qs (A3 455 Qa2 — Qu2) Ayt [T 0
0 R| [0 Bz| [Ayp (Q22A455 Aot — Q%) Ay QazAyy 0 B>
By Assumption 2.1-(1) and Lemma 2.3 of [11], the matrix
Qs (A§1A52*Q22 - Ql?) A521
Ay (Qa2A5; Agr — Q1) A5y Q2245

is positive definite. Hence M{ is too. Thus, applying Lemma 5.1 with © = 0, we have
that (5.34) admits a unique solution Py, € C([0,T];S™) satisfying

(5.35) Ry + Di, Py, (t)D1s > M, Pyy(t) > aol, Vte[0,T] ae.,
for some g > 0 and A > 0. Moreover, as hy is positive definite, we have that
(5.36) Ry + D}, P, (t)D1s + Di,ho(Py,(t))Das > A, Yt €[0,T) a.e.

Now consider the perturbed differential Lyapunov equation

Y =0 =0 « 50 v 17 /50

(5 37) dI(;u + ASPll + PllAS + Clspllcls + Qs + CQSh/Q(Pll)CZS — O7
PT) =0,

where hl, is the positive definite linear function defined in (5.11). By Theorem 2.1 of 28],

(5.37) admits a unique solution ?(1]1 > 0. Moreover, by taking the difference between (5.34)

and (5.37) and using the positiveness of h’, Theorem 2.1 of [28] implies that ?(1)1 > P’H.

Hence, by the increasing property of hg from Lemma 5.2, the inequality (5.36) implies that

(5.38) Ry + D} P (t)Drs + Diiha(PYy (1) Das > A, V¥t € [0,T] ave.
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We now proceed via induction: For ¢ =0,1,2,..., define
Ty =0, T;,=hy(Py)—ha(Py), i>1,
0 =- (Rs + D}, Py Dis + D5, {fm(?n) + Ti] D25>_1
[B:?in + Dfsﬁincls + Ds, [h2(ﬁil) + Fz} Cas + Ls} ;
A; = As+ Bs©;, C;=Cis+ D150,
Qi =Qs+C3 [hQ(Fil) + Fi:| Ca, R;=Rs+ Dj, [hg(ﬁiﬂ) + Fi] Doy,
Si = Ls+Dj, [h2(Phy) + 4] Cas.

(5.39)

Let Fﬁrl, given Fin, be the solution to the Lyapunov equation

(5.40)

pit! —i — —i

i+ AP+ PR A+ O P C 4 OF RO, + 570, 4+ 058+ Q, = 0, t€(0,T],
—=i+1

Notice that

o
(Pl (0) 1 1ty = 20l T=0
1

hao(Pi N (1), i=1,2,3,....
Observe that the matrix
*
. . g* C* ; Cs
(5.41) My = |95 2 |92 [P )+ )] |
Si Ri DQS DQS
is positive definite. Hence, for ¢ =1,2,3,..., given Fﬁl, we can apply Lemma 5.1 to ensure

that the Lyapunov equation (5.39) admits a unique solution Fﬁrl € C(]0,T];S™) such
that

(5.42)

Ry + D: P (4) Dy + Diho(Pyy () Das > NI, and Pot' () > aul, Yt e [0,T] ace.,

for some )\; > 0 and «; > 0. However as M} > MY, we observe from the proof of Lemma
5.1 that A; > A > 0.

Next we show that the sequence {an}fil is uniformly bounded in C([0,7];S"™). To do
so, for 1 =0,1,2,..., set

(543) KZ == Pzn — ﬁlﬁl_l, and A,L == @ifl - @1
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Hence we have that K;(7) =0 and for : = 1,2,3,.. .,

(5.44)

_dK;
dt

= Azllﬁil + PinAz‘—l + Cfﬂﬁilci—l

+ 0] 1 Ri—10;-1+ 57 10,1 +0;_1Si_1+ Qi1

— AP\ — P} A — CIPy ' Ci — ©1Ri©; — 570; — ©S; — Q;
= ATK; + K A; + CFKCi + (A1 — A)* Py + Py (Aiy — Ay)

+Cr P Ciy — Ci PGy + O Ri_10;_1 — OIR;0;

+ 87101 +60;_1Si1—50; - 05+ Qi-1 — Qi.

By some algebraic manipulation, we can show that

(5.45)

Ai1— Ai = BsAi, Cio1 — Ci = DA,

Cr P Cio1 — Cf Py, Ci = A} D Py Dighi + Cf Py DigA; + AT D P, G,

O \Ri 10,1 — O RiO; = O | D4y 1 D0, 1 + A Riki + A*RiO; + O RiA,,
7 1Oy — 570; = C4.Ti1D2sOiy + SFA,,

(Qi—1 — Qi = O3, 'i1Cs.

Applying these expressions to (5.44), we have that

(5.46)

_dK;

+ A:DlsﬁilDlgAi + C;?illDlsAi + Afospilci
+0;_ D5, _1D2s0;_1 + A;R;A; + A]R;©; + O] R;A;
+ O3 Ti-1D2s0; 1 + S;A; + ©;_1 D3I 1Cos + A7 S; + C3, 1 Cos
= AJKi + KiAi + CIKiCi + A} [Ry + Dy, Py D | A
+ A7 [BIP) + DLPL G+ Ri®: + 81| + [BIPY + DL PG+ R + i A

+ [Cas 4+ D2s0;_1]" T'i—1 [Cas + D250, _1] .
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However, we observe that

(5.47)
B;Py, + D} P|,C;i + Ri©; + 5; = BiP; + D},P},C1s + Si + [Ri + DTSF’HDB} ©; =0.

Thus, we rewrite (5.46) as

dK; —i —i
—S0 = ATK + KiAi + GGGy + A [Ry+ D1 PyaDi + Diha(Pyy ) Do A
+ [Cas 4+ D230 1] Ti_1 [Cos + D25s0; 1]
(5.48) » .
— A K+ KiAi + CTKGCy + A} [Ry + D1, Py Dy + D3, ha(Pyy ) Das| A
+ A; DI KiDigAi + [Cos + D20 1] Ti1 [Cos + D2s©; 1]
To show that K; > 0, for ¢ = 0,1, 2,..., we will use mathematical induction. For ¢ = 0, we
have that
dKO * * * 1 Y -0
—W — ASKO + KOAS + Cng()Cls + 025 |:h2(P11) - hQ(Pll)] 023
+ [BIP), + DL Crs + Do (P1)Ca, + L
* U * -0 -1
(5.49) (Rs + D1 P11 Dis + D25h2(P11)D2s)

50 . =0 —
[Bs Py + DigP11Chs + D5ha(P1y)Cas + Ls}
> A Ko+ KoAs + C1 KoChs.

The above inequality comes from (5.38) and the fact that k) (P) > ho(P) for all P > 0, see
Lemma 5.2. Applying Theorem 2.1 of [28], gives Ky > 0. For i = 1, we can write (5.48) as

dK
—tl + ALK + KAy + CKCy + A DG K DAy

(5.50) d - B
+A7 [Ry + Di,PLy Dy, + D3 ha(Py)Dag | g = 0.

From (5.42), we have that

dK
(551) — ditl > ATKI + K1 A1 + Cikchl + ATDISKIDISAI-

By Theorem 2.1 of [28], we get K7 > 0. Now assume that K, > 0 forn=0,1,2,...,i— 1.
Then K;_5 = Fﬁz—?ﬁl > 0 along with the fact that h is increasing implies that I';_; > 0.
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Thus, along with the inequality (5.42), we have that

_dK;
dt

(5.52) > A;kf(Z + K;A; + C:K1CZ + A: TsKiDlsAi-

Again by applying Theorem 2.1 of [28], gives K; > 0. Hence {Plﬁ}?io is a decreasing

sequence
5.53 Pt >P ) >P ) >al, vtel0,T], i=0,1,2,...
11 11 11

where a = infy—q 12, c; > 0. Thus the sequence {Fin}fio is uniformly bounded.
Denote a = sup;¢(o 77 [Ko(t)|. From (5.48) and K;(T") = 0, we can write, fori = 1,2,3,...,

(5.54)
T . . . —i—
Ki(t) = / 47K + KiAi + CTK,Ci + A [ Ry + DIPY Dig 4 Diha(Pry ') Doy | A
t
+[C2s + D250 1] T'i—1 [Cos + D2sO;1]] ds.

From now till the end of the proof, we shall denote by My any positive constant, which
may depend on 7', uniformly in i. Observe that |A;| < My [|K;—1| + |T'i—1]], and since h is
Lipschitz, we also have that |I';_1| < Mp|K;_2|. As a result, we have that for i = 1

(5.59) K] < M [ IR0+ o)

and Gronwall’s inequality implies that

(5.56) |K1(t)| < aMp(T —t),

For ¢ = 2,3,4,..., we have that

(5.57) [Ki(t)] < Mr /tT [1Ki(s)] + [Ki1(s)| + [ Kia(s)|] ds.

This implies that for i = 2,3,4, ...

(5.58)  |[Ki(t)| + |[Kia(t)] < Mr /tT [HEi(s)] + [Kia (s)] + [ Kiva(s)| + [Ki-s(s)[] ds.

Let G;i(t) = |K;(t)| + | Ki—1(t)|. We will focus only on the odd indices i = 1,3,5,.... We
can calculate the upper bound of G(t) explicitly as

(5.59) Gi(t) = [K1(t)| + [Ko(t)| < aMr(T —t) + a.
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We can rewrite (5.58) as
T
(5.60) Gilt) < My [ [G:(s) + Gials))ds, i =35.T.....
t
and applying Gronwall’s inequality gives

T
(5.61) Gl(t) § MT/ G@;Q(S)dS.

By induction, we can see that for k =0,1,2,...,

CES

(5.62) Gops1(t) < a [Méerl(T — t)k+1 Mk(T _ t)k] |

So Gag41(t) = [Kapt1(t)] + Ko (t)| implies that

(5.63) ,K%H(mK%(t)‘ga[Mq’m(T—t)m Mk’(T—t)k]'

CES

Hence the sequence {Fil};’il is uniformly convergent, and we denote the limit as F;.
Since hg is continuously differentiable, we have that for almost every ¢ € [0, T
(5.64)

* 5+ 1 Bt . « i+l v, il
R5+D18P11(t)D15+D25h2(P11(t))D28 = 'hm R5+D13P11 (t)D15+D23h2(P11 (t))DQS Z AI,

1—00

and
lim; oo I =0,
. . —1
limi o ©; = — (Ry+ D}, Py Dy + Diha(P) D)
BiPi1+ Di,PiiCis + D3, ha(P1))Ca + Ly
(565) [ 11 1 11V1 2 2( 11) 2

hmz—mo Az = As + Bs@7 hmz—>oo Cz = Cls + Dls@7
oo Qi = Qs 4 C3.ha(P11)Cas,  limi o0 Ri = Ry + Disha(P;) Das,
lMisoe S; = Ls 4+ D3ha(Py;)Cos.
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Moreover, FE = lim; Fﬁl > al. Hence Ffl is the solution of the Lyapunov equation
(5.66)
( % + [As + BsO]" P11 + P11 [As + Bs®O] + [C1s + D1,0]" P11 [C1s + D146
+0* [Ry + Dj,ha(P11)Da2s] © + [Lg + D3 .ha(P11)Cas]” © + ©* [Ly + D ha(P11)Chs)
+Qs + C54ha(P11)Cas = 0,
[ P1u(T) = 0.

It is then straightforward to show that (5.66) is equivalent to the Riccati equation (5.33a).
Finally, setting P;Q = ho (Pﬁ) and F; =Fy (?ﬁ) completes the proof. O

Corollary 5.4. Suppose that Assumption 2.1 holds. Let (Pﬁ,ﬁ;}) be the solution to the
reduced differential-algebraic Riccati equation (4.2a)-(4.2b) and F;r the feedback operator

shown in Theorem 5.3. Then the reduced system (3.7) admits solution (P11, P12, Pag) €
C([0,T);8™) x C([0, T); R™*"2) x C([0, T); 8™, ) where (P11, Pag) = (P1y, Pay) and

— — * * * BT
Pig = — [PEAlQ + A21P;r2 + 0111#1012 + 0 P2y Co

(5.67) 1

+Q12 + (FEBl + CﬁFﬁDl + C;1F;2D2> F;} [AQQ + BQF;_
In addition, P2y is unique in the set of positive-semidefinite solutions.

Proof. The result follows from Theorem 4.2, Lemma 5.2 and Theorem 5.3. (]

6. CONVERGENCE AND THE TIKHONOV THEOREM
Let p > 0 be an arbitrary constant such that
=+
(6.1) |P11(t)] < po<p, Vte[0,T].

Fix (t, P11) € [0,T]x B, where B, = {P1; € S} | |P11| < p}. We work with the ”stretched”

time variable 7 = t/e. Consider the boundary-layer problem

dpP . .

(6.2a) T;Q = g1(P11, P12 + h1(P11), Poa + ha(P11),0),
dP: . ~

(6.2b) 22 = g5(Pu1, Pz + hi(Pr1), Poa + ho(P11),0),

dr
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with initial conditions (P12(0), P22(0)) where (hq(Pi1), ha(P11)) is the solution to the re-
duced system (3.7b)-(3.7c) when Pj; is fixed. More precisely, ho(Py1) is as defined in
Lemma 5.2 with the property that Ags 4+ ByF9 has eigenvalues with negative real parts

where

(6.3)

Fy = —[R+ D{Py1D1 + D3ha(Pi1) Do)~ " [B3ha(Pi1) + Di Pi1Cha + D3ha(Pr11)Cas) .

In addition, h; is defined as the solution Py to the reduced system in Corollary 5.4 but
parametrised by Pj;. That is,

hi(P1i1) = — [Pi1d12 + A5 ha(Pr1) + CT Pi1Cr2 + C51he(Pr1)Cag + Q2

(6.4) _ o
+ (P11B1 4 C{1 P11 Dy + C31ha(P11)Dg) Fia] [Aga + BoF| t

When € tends towards zero, it is equivalent to the variable 7 tending towards infinity. For
this reason, we are interested in the equilibrium (0, 0) of the boundary-layer problem (6.2).

For Pjo € R™*"2 and Py € S™, let us define the norm of the pair (P2, Pa2) as
|(Pi2, Pa2)| := |Pi2| + | P22|. Let g be a positive constant, independent of p, and define the

set By, of initial values as

(6.5)
By, := {(P12(0), Pys(0)) € R™*"2 5 S | hy(0) 4+ Pa2(0) > 0 and |(P12(0), Py (0))] < g0}

In Theorem 6.2, we will be using the version of the boundary-layer problem (6.2) when
P1; = 0 with initial values (Py2(0), Py(0)) = (—hi1(0), —h2(0)). For this reason, we will be
forward looking and set ¢y large enough such that |(—h1(0), —h2(0))| < go. This implies
that (—h1(0), —h2(0)) € By,.

Lemma 6.1. Suppose that Assumption 2.1 holds. Then the boundary-layer problem (6.2)
with initial values (Pi2(0), Py(0)) € By, has a solution (Pia, Py) € C([0, T]; R xm2) x
C([0,T);S™) satisfying ha(Py1) + Pag(7) > 0,¥7 > 0 and converges to the equilibrium
(0,0) as T — oo. Moreover, the equilibrium (0,0) is exponentially stable, uniformly in Py;.
That is, for all (P12(0), Pa2(0)) € By,,

[Pro(r)| < Me™ ™ [|Po(0)] + [Poa(0)]| , - ¥Pu1 € By, ¥r 20,

(6.6) A o -
|Poo(7)| < Me=57|Pyy(0)], ¥Py € By, ¥r >0,
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for some positive constants ]\/4\, which may depend on p and qq, and v > 0 is as defined in

(5.10).

Proof. Let Zy(t) = Pia(7) + hi(P11) and Zo(7) = Pao(7) + ha(Py1) for 7 > 0. The
boundary-layer problem (6.2b) can be restated as

dz ~
(6.7) = 0P, 21, 22,0), Z5(0) = ha(Pn) + P (0).
It is clear that (6.7) is equivalent to the Riccati equation (5.13) with initial value ho(P11)+
Py(0). Observe that, from Lemma 5.2, ha(Py1) + Pa2(0) > 0. Moreover, the equation (6.7)
admits a solution Z € C([0,T];S"?) that converges to ha(Pyq) > 0, uniformly in Py; € B,

and moreover,
(6.8) |Z5(7) = ha(Pi1)| < Mpe™ 27| Py(0)|, VPiy € By, ¥r >0,

where Mp and v are positive constants defined in (5.10). We note that Mp may depend

on p. Hence, we have that

(6.9) |Pas(7)| < Mpe™ 27| Py(0)], ¥Py € By, ¥r > 0.

In addition, Lemma 5.2 tells us that Ags + By F has eigenvalues with negative real parts
where

(6 10) Fz(Pll) = —(R + DTPHDl + D;hQ(Pll)DQ)il

[B5ha(Pr1) + DY P11C12 + D3ho(P11)Ca2] .
and for some positive constant M,
(6.11) eT(AntB2F2) < AL 1>

We point out that the constant v in (6.9) and (6.11) are the same.

Next, consider the equation (6.2a). From the formulation (4.4b), we can show that
(6.12)  g1(Pi1, P2 + hi(Pi1), Pag + ha(P11),0) = Pio | Ass + BoFo(Py1)| + L(Py1, Poo)
where L(Py1, 1322) is defined as

L(Py1, Poo)
(6.13) = A3y Py + O3y PryCo + Cy Pra Do Fo(Pry)

+ [P11B1 + hy(P11) By + Cf P11 Dy + Ciha(Pr1)Da) | Fa(Pry) — Fz(Pn)}
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and Fy(Py1) is defined as

_ N —1
Fy(Ppy) = — [R + Di P11 Dy + D; <P22 + h2(P11)) D2}
(6.14)

[B; (ﬁQQ + hz(P11)> + DTPHClQ + D; (ﬁgz + hQ(Pll)) ng} .
Note that R+ D7 Py1D1+Dj3 (1322 + hg(Pn)) D5 is indeed invertible as R is strictly positive,
and P;; and ﬁgg(T) + ha(P11) are both positive semidefinite for all 7 > 0.
Now consider the matrix Agy + Bgﬁg(Pn) = Agy + BoFy + By [ﬁg(PH) — FQ(Pll)].
Since G := Agy + ByF has eigenvalues in the open left half-plane, it is generator of an

exponentially stable Cy-semigroup Sg satisfying the inequality (6.11). Fix 7 > 0. Let
U(r,s),0 < s <7 be the solution to the backwards equation

LU(r,5) = —(Ass + BaFo(Pr1)(5))U (7, 5),
U(r,7) =1,

(6.15)

in which U(r, s) satisfies
(6.16)
U(T, S) _ e(T—S)(A22+B2F2) +/ e(r—s)(ﬁhz-l—BzFﬂB2 ﬁ2(P11)(7“) _F2(P11)} U(T,?")dT‘.

S
This comes from the fact that (Ug(7, 8)*)o<s<r is an evolution operator with the generator
G*, see [3]. Moreover, from (6.11) and (6.16), we have that for any 0 < s < 7,

U(r, )] < Me ") 4 M|By| /T e T Fy(Po)(r) — Fo(Pu)| |U (¢, 7)|dr
5
From (6.3) and (6.10), we notice that
(6.17) |Fy(Pi1)(r) — Fa(Pr1)| < Mi|Paa(r)],
where M is a positive constant that depends on p. Thus, from (6.9), we have that

U(r, )] < Me=1=9) 1+ MMy |By| / e Py (1) |U (r, ) dr

T .
< Me 779 4 MM, Mg|Bslqo / e_V(T_S)e_%T’U(T, r)|dr.
S
Hence

e PlU(r,s)| < Me 7" + MMlMg\Bg|qo/ e~ 3T le™ U (t,r)]|] dr.
S
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By Gronwall’s inequality, we have that U(7,s),0 < s < 7 satisfies the inequality

2M M7 Mg|Balag

(6.18) U(7,s)| < Me™T=%e 3
Now, for fixed 7 > 0, let us differentiate the mapping
(6.19) [0,7] 3 5 = Pra(s)U(7, 5),

to obtain

% [ﬁlg(s)U(T, s)} — Pra(s) [AQZ + 32152(1311)(5)} U(r,5) + L(Pi1, Poo(s))U (7, 5)

— Py [AQZ + Bzﬁ2(P11)(8)} U(r,s)
= L(Pi1, Poa(s))U(7, 5).
Integrating from 0 to 7 gives
Pra(r) = Pra(0)U(r,0) + /0 " L(Puy, Poa(s))U (7, 5)ds.

From the definition of L, (6.17) and (6.9) there exists a positive constant M, depending
on p such that

~ ~ 3 ~
(620) ‘L(Pll,PQQ(S)” S ML|P22(S)’ S MLMPG_%S‘PQQ(O)L S Z 0.

Hence, along with (6.18), we have that

- 2M M1 Mg |Bs|q N 2M My Mg |Bs|q T N
Pio(r)| < Me— 5 e 7|Pp(0)| + MM Mpe & / e~ 757109 | Pyy(0)|ds
0
2M My Mg |Bglag

-~ QMM Mp 2MMiMg|Bslag
< Me 3 677T’P12(0)|+#6 S

e 7| Py (0)].
S | P2 (0)]

O

Next, let ¢ be an arbitrarily large positive constant such that ¢ > (3]\//.7 +1)qo and define
the set By as
By = {(Pi2, Pa) € R™*™ x 8" | hy(P11) + Pp > 0
(6.21) ~ -
and |(P12,P22)‘ <q, VPi1 € Bp}.
Note that ¢ may depend on both p and qg. Here we make a couple of observations. First,
from Lemma 6.1, the solution to the boundary-layer problem (6.2) is contained in B,.

Second, since hg is an increasing function from Lemma 5.2, we have that By, C B,.
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Theorem 6.2. Suppose that Assumption 2.1 hold. Let T > 0 be any finite time horizon
and let

o (Pf, Pfy, P5,) be the unique solution to the full system (3.3);
° (fll,?u,ﬁm) be the solution to the reduced system (3.7) defined in Corollary 5.4;
. (]312,]322) be the solution to the boundary-layer problem (6.2).

Then there exists a positive constant €* such that for all 0 < e < €*
Py (t) — Pu(t) =
(6.22) P (t) — Puslt) -
Psy(t) — Paa(t) —

uniformly in t € [0,T].

Proof. The result follows from Corollary 5.4, Lemma 6.1 and the Tikhonov Theorem, see
Theorem 9.1 of [15]. In order for the Tikhonov Theorem to apply, we need to make two
observations.

First, referencing the notation used in Theorem 9.1 of [15], we mention that in order
for the Tikhonov Theorem to hold, we need make sure that the norm of initial values
(—h1(0), —h2(0)) of the boundary-layer problem (6.2) are bounded by a particular constant
@ > 0, which is directly proportional to the constant ¢ > 0. This is resolved by observing
that we can make qg arbitrarily large, which ensures that |(—h1(0), —h2(0))| < p.

Second, note that we have included a positivity condition in the sets B, and B, where

its product B, x B, can be described as the intersection between the region
(6.23) R = {(Pll,Plg,PQQ) € S™ x R™M X2 5 §M2 | P11 > 0 and hQ(PH) + P22 > 0},

and open and closed balls. From Lemma 3.2 and Corollary 5.4 the solutions of the full
system (3.3) and reduced system (3.7) both belong to the set R for all ¢ € [0,7]. From
Lemma 6.1, the same can be said about the solution of the boundary-layer problem (6.2)
as g can be chosen arbitrarily large. Hence all processes that we consider are contained in
the region R and thus, we can work with the sets B), and B, and treat them as balls. The
same can be said for similar sets which are constructed by an intersection of R and open
or closed balls. O

The follow result describes the convergence of the solution to the Riccati equation (2.4).
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Corollary 6.3. Suppose that Assumption 2.1 holds. Let T > 0 be any finite time horizon
and € be the small positive parameter defined in Theorem 6.2. Let P¢ € C([0,T];S") be
the solution to the Riccati equation (2.4). Then for all 0 < e < €*, we have that

(6.24) Pe(t) — (130” 8) = O(e)

uniformly in t € [0,T].
Proof. The result follows from the first-order representation (3.1), Theorem 6.2 and the

uniform boundedness of the solutions to the reduced system and boundary-layer problem

with respect to time. O

Corollary 6.4. Suppose that Assumption 2.1 holds. Let T > 0 be any finite time horizon
and €* be the small positive parameter defined in Theorem 6.2. Then for any positive

integer j, there exists a positive constant K(T,j) such that for all0 < e < €* and i =1,2
T
(6.25) | 1Pa® - Patolbat < ek (@),
0
Proof. Fix T > 0 and let t € [0,T]. For i = 1,2, Lemma 6.1 and Theorem 6.2 imply that

~ (T —1
(")
€

_(T=1)

< eK(T)+ Kpe™ ™ <

|P5(t) — Pia(t)| < €K1 (T) +

for some positive constants K;(7"), which depends on 7', and K5. Hence for all positive

integers j, we have
— , . , , C T—t)
[P (t) — Pia(t)) <2771 (67K1(T)J —i-ng_%) ,

Finally, integrating the above inequality gives the desired result. O

7. APPROXIMATELY OPTIMAL CONTROL AND ESTIMATION OF THE VALUE FUNCTION

In this section, we use Theorem 6.2 to construct an approximate optimal control and
value function based on the solution to the reduced system (3.7). We preface by stating
that the letter K will be reserved for a positive constant and is not necessarily the same
in each instance. In the situations where K may depend on another relevant constant, say
T, we will denote this as K(T).
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Recall from Theorem 2.3, the optimal control u€ is given by
(7.1) (1) = P X(1) = FF(OX{() + F5()X5(1), vt e0.7),

where the feedback operators are given by

720 Ff = (A9 [Bi Py + B3(Pf,)" + DiPf,Cu
+Ve (D5(Pfy)*Cii + Dy PCor) + D3 P5yCon]
7:2b) = —(A%) " [eBf Py + B3 P§, + D Pf;C12
+Ve (D5(Pfy)*Cra + Dy P[yCo2) + D3 P5yCas)

and )A(f(t) = X1 (t;u¢) and )?5(75) := X§(t;u¢) are solutions to the optimal state equations

dﬁwzﬁmﬁﬂﬁﬁoﬁo (412 + B1F5 (1)) R5(0)]

(7.3) +[(Cn + DiFE®) X)) + (Crz + DiF5(1)) R3(1)] aw (o),
X(0) = a1,

and
d%wzak@wﬂﬁﬂ0%@+@m+&&myaﬂd

(7.4) 202 [(Cor + DaFs (1)) X5(t) + (Coz + DaF5(0)) K5(0)] aw ),

X5(0) = .
We construct an approximately optimal control ¢ by formally setting € = 0 and using

the solution to the reduced system in the feedback operators. In doing so, we obtain

(7.5) u(t) = F1(t) X (t) + Fa(t) X5(t)

where

(7.6a) Fi=-A" [Bfﬁn 4 BiPy + DIPuCi + D;chm} ,
(7.6b) Fy = —A"" [BjPas + DiP11C12 + DjP2sChs) ,

and X (t) := X1(t; ) and X,(t) := X§(t; ) are solutions to the state equations
dX(t) = [(Ann + BiF1(1)) X1(t) + (Ar2 + Bi1Fa(t)) Xo(t)] dt

(7.7) +[(C11 + D1F1(t)) X1(t) + (Cra + D1 Fa(t)) Xo(t)] dW (1),
Y1 (0) =1,
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and
dX5(t) = £ [(Az + BoF1(1)) X1 (1) + (Aaz + BaFa(t)) Xo(t)] dt

(7.8) —l—ﬁ [(Co1 4+ DaF1 (1) X1(t) + (Caz + DaFa(t)) X5(1)] dW (),
Y;(O) = I9.

Lemma 7.1. Suppose that Assumption 2.1 holds. Let T > 0 be any finite time horizon
and €* be the small positive parameter defined in Theorem 6.2. Then there exists a positive

constant K(T), which depends on T, such that for alli=1,2 and 0 < € < €*

T
(7.9) /O FS(t) — Fy(t)2dt < eK(T).

Proof. The result follows from Theorem 6.2 and Corollary 6.4. O

Lemma 7.2. Suppose that Assumption 2.1 holds. Then for any finite time horizon T > 0,

we have

(7.10) sup sup E [|X7(6)7 + [X3(t)]?] < cc.
€€(0,1] t€[0,T)

Proof. Fix e € (0,1]. Let us begin with (7.7). Taking the norm, we have that for all
0<t<LT

t
IX1(@)] < |21 +/ [[A11 + B1iF1(s)| |X1(s)| + |A12 + B1Fa(s)| [X5(s)|] ds
0

+ /Ot [(C11 4+ D1F1(s)) X1(s) + (Cr2 + D1F2(s)) Xy(s)] dW (s)].

By Corollary 5.4, the solution (P11, P1a, P22) is bounded on [0,7] and consequently F

and Fy is as well. So we can write the above as
=<7€ t <-€ =<7€
[ X1 (0)] < | +K(T)/O [[X1(s)] + | X5(s)[] ds

+ /Ot [(C11 + D1F1(s)) Xi(s)+ (Ci2 + D1 Fa(s)) Y;(s)] AW (s)].




38 MULTISCALE OPTIMAL CONTROL WITH MULTIPLICATIVE NOISE

Squaring and applying Ito’s Isometry, we have that

E [|X5(6)[°] < 3l1* + K(T)/O E [|X7 (s)[” + [ X5(s)[?] ds
(7.11) + E/Ot ‘ (Ci1 + DiF1(s)) X1(s) + (C12 + D1 Fa(s)) Yg(s)fds

<3x1|2—|—K(T)/0 E [|X5(s)2 + [X5(s)|?] ds.

Now let us turn to the fast process (7.8) and fix t € [0,7]. Applying Ito’s formula to the
mapping

0,6] 3 5 elAm B2 )

we obtain

d (€(A22+Bzf2(t)) = Y;(@)

t—s t—s

1 - E 7€ . ~-€
= ——(Agy + ByFa(t)) e B 20 X (5)ds el At BoF2l0) 524X )

— %€<Az2+32fz<t>>t? [(Asg1 + BoFi(s)) X1(s) + Bs (Fa(s) — Fa(t)) Xy(s)] ds

+ \2@<A22+B2F2<t>>tf [(Ca1 + DaF1(s)) X1(s) + (Coz + DaFa(s)) X5(s)] dW(s).

By another application of Ito’s formula to the mapping

0.1] 3 5+ [T () 2,
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we obtain
. t—8 —
et BaF o0 2 )
. t—8 — . t—s —
-9 <e(A22+B2F2(t)) ~ X;(S), d (e(A22+BzF2(t)) . X;(s))>

4 <d (e(AQQJrBzFQ(t))%SY;(S)) d (e(AQQJrBzFQ(t) t?fg(s)»

— g <6(A22+Bzfz(t))t;s YZ(S)v e(Am-‘rBzfz(t))t_Ts [(A21 + BQF1(5)) Yi(s)] > ds
€
+ % <6(A22+B2F2(t))tzsyg(5)’ 6(A22+Bzfz(t))tzs [BZ (FQ(s) — Fg (t)) Y;(S)] > ds

+ % <€(A22+Bzf2(t))tzs Y;(S); €(A22+Bzf2(t))tzs (021 + D2F1 (5)) Yi (S)dW(3)>

2 T —S —€ T —s —_ —€
+ \% <e(1422+BzF2(15))tE )(2(5)7 6(1422+32Fz(15))tE (022 + DQFQ(S)) XQ(S)dW(S)>

1 F. —s - <€ - <€ 2
+ |l BRI [(Coy + DaF(5)) X () + (Coz + DaFa(s)) X (s)] ) ds.

Integrating the above from 0 to ¢ and taking the expectation gives

E Uyg(t)’Z] N ’e(A22+BQF2(t))£x2’2

t Fal —S —€ . —s —_— —€
— QE/ <€(A22+32F2(t))t6 X2<8), e(A22+BzF2(t))tT [(AQI + BQFl(s)) Xl(s)] > ds
0

€

¢ ¥Rl —S—=€ nl —s — R — —€
+ 2E/ <e(z422+BQFz(t))tT_XZ(S)7 e(A22+BQF2(t))tE [B2 (FQ(s) — Fg(t)) X2(3)] > ds
0

€

2 ¢ F. =5 <€ F. t=s - <€
+ \/EE/O <e(1422+BzF2(t))t6 X2(8)7 e(A22+BzF2(t))te (021 + DQFl(S)) Xl(s)dW(3)>

2 t a —S —€ . —s —_— —=€
+ \/EE/O <e(1422+BzF2(15))t6 _)(2(5)7 e(Az2+BzFQ(25))t6 (022 + DQFQ(S)) XZ(S)dW(S)>

2
‘ ds.

t T —s = ~F€ = ~F€
+ %E / )e<A22+B2F2<t>>tT [(Co1 + DaF1(s)) X1(s) + (Coz + DaFs(s)) X5(s)]
0

From Theorem 6.3 in Chapter 1 of [30], for fixed € € (0, 1], the processes X; and X, have
bounded 4" moments, and thus
(7.12)

¢ al —S—€ i —s = ~-€
E/ <e(A22+B2F2(t))t - X2(8)7 e(A22+BzF2(t))t < (Cgl + D2F1(8)) Xl(S)dW(S)> =0,
0
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and
(7.13)

t nl —S—€ nl —s P —€
E/ <6(A22+BQF2(t))tE X(s), et B2V (Coy + Dy Fa(s)) Xz(s)dW(5)> =0
0

From Theorem 5.3 and Corollary 5.4, Ags + ByFa(t) has eigenvalues with negative real
parts for all ¢ € [0,T]. Thus, there exists positive constants M, and 7 such that

_ Yoo(t—s)

(7.14) |e(A22tBoF2(0) % | < M om0 V0<s<t<T.

Thus, using (7.12)-(7.14), the Cauchy-Schwartz inequality and the uniform boundedness
of (F1(t), Fo(t)) for all t € [0,T], we obtain

E [[X5(0)[2] < |eAetBaP20) 2

t A —s—¢ A —s — —c
+ 2E/0 <6(A22+BQF2(t))t€ X2(8>, e(A22+BzF2(t))tT [(A21 + BQFl(s)) Xl(s)] > ds

€

3 Ea —s—¢ n —s e - ~-€
+ QE/O <€(A22+Bze(t))t€ X2<3>76(A22+B2F2(t))te [By (Fa(s) — Fa(t)) Xz(s)]>ds

€

1 ¢ F —s - ~€ - ~€ 2
+ GE/ ‘e(AQQ""BQFQ(t))tE [(021 —|— D2F1(3)) Xl(s) —|— (022 —|— DQFQ(S)) Xz(s)} ’ dS
0

o K(T) [t _29e0t-9 _
< Mgoe*%e : ]a:g\Q + (e ) / e E UX;(S)’Q + \X;(S)IQ] ds
0

K(T) t _ 2700(t=s) € €
<Ml + 52 [ IR R )R + K (0) ] s

Summing with (7.11), we have

—c —€ t 1 _ 2900(t—s) —€ —€
B ([X50F + [X50P) < 3o+ Mleal? + K1) [ (14 2™ ) BRI OP + Koo ds

By Gronwall’s inequality (Theorem 15 of [6]), we have that for fixed e € (0, 1]

€ €

e . t 1 ¥ —2750 _ 2v00(s=1)
E([X5(0F + [X5(0P] < (Blar P+ M2loa)exo | K(D) [ (141 [ 5% ar ) ay
0 0

< (3la1)? + M2 |22]?) exp [K(T) (T + 2;)} .

Since the right-hand side of the above inequality is independent of € and ¢, we have that

. . 1
sup sup E[IX30 + [X507] < @ + Mool exp [ K(7) (T4 57 ]
€(0,1] te[0,T] 200
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O

The following theorem shows that using the approximately optimal control u¢ defined
in (7.5) gives a cost function close to the value function V¢(x) = J¢(x;u¢) with an error of
order O(e).

Theorem 7.3. Suppose that Assumption 2.1 holds. Let T' > 0 be any finite time horizon
and €* be the small positive parameter defined in Theorem 6.2. Then, for every x € R",

we have that for all 0 < € < €*
(7.15) J(z;u) — V(x) = O(e).

Proof. Let P€ be the solution to the Riccati equation (2.4) and X€ be the solution to the
state equation (2.2). Applying Ito’s formula to (P€(¢t)X€(¢), X¢(¢)) and by a completion of
squares, we have that

T ~ ~
T16) T = 5P Oma) = 5B [ [lat) = Fr)%:(0) - B ) X5(0)]

From Theorem 2.3, V(z) = $(P(0)z,z). Hence we have that

) - vl <3 [ || (R0 - o) Ko+ (Fu0 - F0) ol ] a

<z (a2 mon) [/ [mo-Aof o
+ { (éﬁé% E [\Xé(t)ﬂ) / ' [Fz(t) - ﬁf(t)ﬂ dt} .

Hence Lemma 7.1 and Lemma 7.2 gives the desired result. O

Finally, we give an expression for the limiting value function.

Theorem 7.4. Suppose that Assumption 2.1 holds. Let T > 0 be any finite time horizon
and €* be the small positive parameter defined in Theorem 6.2. Define

_ 1
(7.17) V(x) = §<P11(0)1‘1,1‘1>.

Then for all 0 < € < €*

(7.18) Ve(z) — V(z) = O(e).
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Proof. From Theorem 2.3 and the first order partition (3.1), we have that

Ve(z) = V(z)

1 1 —
= 5 (P11(0)x1,:1:1>.

(Pf1(0)xy, 1) + % [2(w1, Py (0)a2) + (P3y(0)22, 22)] - 5

From Theorem 6.2, we have that

wh

(1]

[10]

[11]

[12]

Ve(@) V(@) < 51 {(PFi(0) = Pra(0)) 2,1 | + 5 12(PLa(0)1, 22) + (Pho(0)zs, )]

< eK(T,x)

ere K(T,z) depends on T. O
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