Functional-coefficient cointegrating regression with endogeneity
Han-Ying Liang, Yu Shen and Qiying Wang

Tongji University, Tongji University and The University of Sydney

May 12, 2017

Abstract

This paper explores nonparametric estimation of functional-coefficient cointegrating regression
models where the structural equation errors are serially dependent and the regressor is endogenours.
Generalizing earlier models of Wang and Phillips (2009b, 2016), the self-normalized local kernel and
local linear estimators are shown to be asymptotic normal and to be pivotal upon an estimation
of co-variances. Our new results open up inference by convenentional nonparametric methods to a

wide class of potentially nonlinear cointgerated relations.
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1 Introduction

Since the initial works by Granger (1981) and Engle and Granger (1987), linear cointegrating regression
has attracted extensive researches in both theory and empirical applications. The specification in linear
structure is convenient for practical work and package software has many standard routines for dealing
with such system, encouraging extensive usage of the methods. While common in applications, the
linear structure is often too restrictive and linear cointegration models are often rejected by the data
even when there is a clear long-run relationship in the series. See, e.g., Park and Phillips (1988),
Saikkonen (1995), Terasvirta, et al. (2011), among many others.

To overcome such deficiencies, various nonlinear cointegrating models have been suggested in past
decades. For nonlinear parametric cointegrating regression, we refer to Park and Phillips (2001),
Chang, et al. (2001), Chang and Park (2003) and Chan and Wang (2015). More recently, Wang and
Phillips (2009a, b, 2016), Gao and Phillips (2013a) investigated flexible nonparametric and semipara-
metric approaches that can cope with the unknown functional form of response in a nonstationary

time series setting. A further extension was considered in Cai et al (2009), Xiao (2009) and Trokic



(2014), where the authors suggested a nonlinear cointegrating model with functional-coefficients of

the form:

ye =i Po(z) + e, (1.1)

where y;, 2, and ¢ are all scalars, 2; = (241, - ,%4q)” is of dimension d, fo(-) is a d x 1 vector of
unknown smooth function defined on R and A” denotes the transpose of a vector or a matrix A.
Extensions of (1.1) to more general nonparametric and semiparametric formulations can be found in
Gao and Phillips (2013b) and Li, et al. (2017).

Model (1.1) allows cointegrating relationship that vary or evolve smoothly over time. This frame-
work seems particularly useful in empirical applications where there may be structural evolution in a
relationship over time. Asymptotic theory of estimation and inference for model (1.1) and more gen-
eral related models has been established in the literature. Technical difficulties, however, has confined
much of the asymptotic theory to the case of strict exogeneity where the independence is essentially
imposed between xy, z; and the errors €. See, for instance, Cai, et al. (2009), Xiao (2009), Sun, et al.
(2013), Gao and Phillips (2013a, b) and Li, et al. (2017). Exogeneity is a natural starting point for a
pure cointegrated system and provides some useful insight into the properties of various estimates of
nonlinear long run linkages between the system variables. But the assumption is restrictive, especially
in a cointegrated framework where the driver variables may be expected to be temporally and con-
temporaneously correlated. Exogeneity therefore delimits potential applications as well as removing
a central technical difficulty in the development of the asymptotics.

The aim of this paper is to remove the exogeneity restriction. Our framework allows for a wider
class of regressors and temporal dependence properties within the system, particularly, we may have
E(et|xt, z¢) # 0, thereby introducing the endogeneity in model (1.1). Another contribution of the
present paper is to address the technical difficulties. Our methodology in investigating the asymp-
totics builds up the techniques currently developed in Wang and Phillips (2009b, 2016), enabling our
assumptions neat and our proofs quite straightforward.

The rest of this paper is organized as follows. In Section 2, we investigate the asymptotics for local
kernel and local linear nonparametric estimators of fy(:) in model (1.1). The present paper considers

two different situations:
(1) zy is non-stationary and z; is stationary;
(2) ¢ is stationary and z; is non-stationary.

As mentioned above, in both situations, we allow for E(e|zy, 2;) # 0, thereby introducing the endo-
geneity in model (1.1). Section 3 concludes. The proofs of main results are given in Section 4. The
proofs of some auxiliary results are collected in Appendix, i.e., Section 5.

Throughout the paper, we make use of the following notation: for x = (z;),1 <i <m,1 < j <k,
x|l =30, Z§:1 |zi;]. We denote constants by C, C, ..., which may be different at each appearance.
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2 Main results

The local kernel estimator of Sy(z) in model (1.1) is given by

5 —arg min Z Yt — :Et (%)

[thﬂvtTK<Zt )] Zu’ﬂtyt (Zt_z),

where K () is a nonnegative real function and the bandwidth parameter h = hy,, — 0 as n — oo. The

limit behavior of B\ ~(z) has been investigated in past work in some special situations, notably where
the error process € is a martingale difference sequence and there is no contemporaneous correlation
between x4, z; and €. See, Cai et al.(2009), Xiao (2009), Gao and Phillips (2013a, b) and Li, et al.
(2017), for instance.

This work has a similar goal to the previous papers in terms of accommodating endogeneity, but
provides more general results with advantages for empirical applications. Our assumptions permit
dependence between the error process €¢; and the regressors x; and z;. These relaxations of the
conditions in previous works are particularly important in nonlinear cointegrated systems because
finite time horizon dependence between the regressor and the equation error will often be restrictive
in practice.

We further consider the local linear estimator 3(z) of By(z) (e.g., Fan and Gijbels, 1996) defined
by

<:B\\L/(Z>> _argman{yt—xt B+ Pi(z — 2) } K( ; Z)

661 t=1

Namely, we have

Z):[;wtl’tmz (Zt—zﬂ Zwtwtyt (Zt_z)

where wy = Vyg — (20 — 2) Vo, and Viy = >0 | 2y K(Z’fh—_z)(zt —2)d.

The asymptotics of j3, N (z) and B, 1(z) will be investigated in two different cases mentioned in the
introduction part. Since the conditions set on x;, z; and ¢ are quite different, we consider their
theoretical results in Sections 2.1 and 2.2, separately. In Section 2.3, we discuss possible extensions of

the model.
2.1 Models with non-stationary x; and stationary z
This section makes use of the following assumptions in the asymptotic development.

Al (i) {2, €, m}e>1 (where my = x4 — x4—1) is a stationary a-mixing process of d + 2 dimension

with En, = 0 and mixing coefficients a(n) = O(n™7), where v > 0 is specified later;



(i) E(e1|z1) =0, E(|e1]*|21 = 2) is bounded and (z1,€1) has a joint density function p(z,y) so

that p(z,y) is continuous in a neighbourhood of z;
(iii) 2 has a density function g(x) which is continuous in a neighbourhood of z;

(iv) Q =limy 00 1Bz, 2l > 0 and Eljm | < 0.
A2 (i) K(z)is a nonnegative real function having a compact support and [* K (z)dx = 1;
(i) 7 2K (x)dz = 0.

A3 In a neighbourhood of z, for some 1 > 0,

— Bo(2)yll < Cx |y
— By (2)y — 58" (2)y?]] < C. Jy[*T,

1) [1Bo(y + 2) — Bo(2)
(ii) [[Bo(y + 2) — Bo(2)

where C, is a constant depending only on z.

Conditions A2 and A3 are standard in literature. See, for instance, Cai, et al. (2000) and Cai, et al.
(2009). The smooth condition on fy(z) in A3 (ii) is stronger than that of A3 (i), which is required to
provide a better bias term in local linear estimator 37 (z). The conditional mean E(e;|z;) = 0in A1 (ii)
is necessary to make consistency for both estimators Gy (z) and S (z). We may have E(e1|z1,21) # 0
under A1, which introduces endogeneity in the model. This differs from much previous work (e.g.
Cai, et al.(2009) and Xiao (2009)) where the model is often assumed to have a martingale structure.

The other conditions in A1 are standard, indicating

[nt]
Ty 1 _
( \/ﬁ’ m;K[(zt z)/h}et) = {Bt,O'z Blt}a (21)
on Dge[0,1], where
7 =E@la=2) [ Ko,

By is a standard Brownian motion independent of By, and B; is a d-dimensional Brownian motion

with covariance matrix € = lim, oo %Emnxg Result (2.1) is vital to establish the asymptotics of

Bn(z) and BL(z) in our technical development. For a proof of (2.1), see Lemma 5.1 in Appendix.

Let I; be a d dimensional identity matrix and z € R be a fixed constant. The next is our first

result.

Theorem 2.1 Under A1, A2(i) and A3(i), for any h satisfying nh3/> = O(1) and nh'*t® — oo for
some § > 0, if v, which is defined in A1(i), satisfies that v > max{21/2,6/3}, then

n 1/2 /s~
(Z vl K [(z — 2) /h]) (5N(z) ~ Bo(z) — clﬁé(z)h) ~pa.N, (2.2)
t=1
where ¢; = [ aK(z)dz and N ~ N(0,13) is a standard d-dimensional normal vector.
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Remark 1. From the proof of Theorem 2.1, we have also established the following result:

1
nh’ (B ()~ Polz) ~ (o)) o ([ BBIds) N, (23)

0
where 72 = g7!(2) 02 and N is independent of B = {Bs}s>0. As expected in nonparametric coin-
tegraing regression, due to the nonstationarity of regressor z;, the convergence rate nvh in (2.3) is
faster than v/nh comparing to the conventional functional coefficient estimators in stationary time
series regression [e.g., Cai, et al. (2000)].

Remark 2. In applications, one may choose ¢; = 0 or the bandwidth h satisfying nh3/? = o(1)
so that the term c13)(z)h disappears. Consequently, the self-normalized limit (2.2) is pivotal and
well-suited to inference and confidence interval construction upon estimation of E(e?|z; = z), which
can be constructed by

52 = Sy — 2l B ()P K (2 — 2)/h].
2= Kl(z = 2)/h]

Remark 3. Results (2.2) and (2.3) provide a first order bias ¢1 3)(z)h. Surprisingly, a higher order

bias term can not be expected to add in the result (so that the result is more accurate) even there are

more smooth conditions on fy(z). To see this claim, let K1(z) = 2K (z), c1 = [* 2K (z)dz = 0 and

h1/2 n
Ay =— zxf K1 [(z — 2)/h].
(L —
In order to consider the bias term having a order O(h?) in result (2.3), from the proof of Theorem 2.1
in Section 4.1, we have to show that the bandwidth condition that nh3/2 = O(1) can be reduced to

nh/? = O(1) and
Ap — conh®? = op(1), (2.4)

for some constant ¢y (co allows to be zero), as nh%? = O(1). This seems to be impossible except
Ki(z) = 0. Indeed, by letting d = 1 and z; = 23:1 uj, where u; ~ iid N(0,1) and z; is independent
of z; ~ iid N(0,1), it is readily seen that

n

EA?2 > E{Ki[(z1 —2)/h] — EK1[(z1 — 2)/h]} Z

= [1+0(1)] /00 K3(z)dznh?,

e., /nh/A, = Op(1), indicating that (2.4) is impossible whenever nh%? = O(1). The conclusion
here contradicts with Theorem 1 of Xiao (2009), where a higher order bias O(h?) is given. In handing
with his bias term by, ;, Xiao only provided a rough estimation without serious proof, making the high

order bias term in his Theorem 1 to be doubtful.

It is possible to reduce the bias in local linear estimator B\L(z), as indicated in the following

theorem.



Theorem 2.2 Under A1-A2 and A3 (ii), for any h satisfying nh®? = O(1) and nh'*® — oo for
some § > 0, if v, which is defined in Al(i), satisfies that v > max{21/2,6/d}, then

(Z 2l K [(2 — 2) /h])l/ ’ (BL(Z) — Bo(2) — e2 Bl(2) h2) ~p o N, (2.5)
t=1
where ¢ = 3 [ 2?K(z)dz.

Remark 4. As in Remark 2, the self-normalized limit (2.5) is pivotal upon estimation of E(e?|z; =
z). Theorem 2.2 also indicates that the local linear estimator always is better in reducing the bias
when z; is stationary in a functional-coefficient cointegrating regression model. In a related paper,
under more restrictive conditions (in particular, without consideration of endogeneity), Theorem 2.1
of Cai, et al. (2009) established a similar version of (2.3):

~1/2

1
nh'/? (BL(Z) — Bo(z) — 2 By (2) h2) —D Tl (/ BsB;ds) "N, (26)

0

where 71 is given in Theorem 2.1.

2.2 Models with stationary z; and non-stationary z,

In this section, let n; = (v4, N1, ...,nmi)T,i € Z,m > 1 be a sequence of iid random vectors with
Eny =0, F (TIOU(:)F ) = ¥ and E||no||* < co. We further make use of the following assumptions in the

asymptotic development.

A4 (i) &,7 > 1, is a linear process defined by & = Y17 ) ¢ Vj_k, where the coefficients ¢y, k > 0,

satisfy one of the following conditions:
LM. ¢ ~ k7" p(k), where 1/2 < p < 1 and p(k) is a function slowly varying at oco.
SM. > 72|k <ooand ¢ =372 dr #0;
(i1) zx = (1 — ¢/n)zk—1 + &k, where zg = 0 and ¢ > 0 is a constant;

(iii) Fv? =1 and limyy|_y o0 [t E€™| < oo for some 7 > 0.

.
A5 (i) ( ]) = 12 oYk nj—k, where the coefficient matriz,

Lj
e
e ()
'(Z)k, = with '(,bk. = (wk,slv Q;Z)k‘,SQa ceey Q,Z)k757m+1)7
¢Igd+1)

satisfies > pe g k1/4H¢,(€S)H < oo, foreach 1 <s<d+1;

(ii) Ezxie; =0 and Exyz] >0, ie., Exi27 is a positive definite matrix.



A6 In addition to A2, [7° |K (z)|dx < oo, where K (x) = [*_ ™ K (t)dt.

00 €

As noticed in Wang and Phillips (2016), Assumption A4(i) allows for short (under SM) and long
(under LM) memory innovations &; driving the (near) integrated regressor z;. Set d2 = E(>_1_; &),
= m Jo© @™ (x + 1)"#dz and denote by Wp(t) a fractional Brownian motion with Hurst

parameter 0 < § < 1. It is well-known that

2 cum372 p2(n), under LM,
" &% n, under SM,

and on D[0, 1] the following weak convergence applies (e.g., Chapter 2.1.3 of Wang (2015))

et fdn = Z(t) = () +4 /0 ) s)ds, (2.7)

Ws/5_,,(t), under LM
W (t), under SM.
limit process Z(t) has continuous local time process Lyz(t,s) ! with dual (time and space) parameters

where (t) = {

and W = Wy, is Brownian motion. Furthermore, the

(t,s) in [0,00) x R. The characteristic function condition lim_,., [t|?|Ee"™| < oo for some 1 > 0
is not necessary for the establishment of (2.7), but it is requited for the convergence to local time in
Lemma 4.2 in Section 4. These notations are used throughout the rest of the paper without further
explanation.

Assumption A5 (i) allows (e, x;) to be cross correlated with zs for all s < ¢, thereby inducing
endogeneity and giving the structural model more natural temporal dependence properties than those
used in previous works [e.g., Cai, et al. (2009), Gao and Phillips (2013b)]. As in Section 2.1, we
may have cov(e, z) # 0 under Assumption A5(i), which differs from much previous work where
the model is often assumed to form a martingale difference sequence structure. In the latter case,
E(e|xt, ) = 0. Assumption A5 (ii) is necessary to make consistency for both estimators Sy (z) and
B1(z). These quantities are well-defined due to E|no|* < co. We further have E||z1z7||e? < oo, which
is required in the following main result.

Assumption A6, which is the same as in Wang and Phillips (2009b), is quite weak, and are easily
verified for various kernels K ().

Let z be a fixed constant in R. We have the following main result in this section.

Theorem 2.3 Under A4-A6 and A3(ii), for any h satisfing nh®/d, = O(1) and nh/d, — oo, we

have

(ixta;tTK[(zt - z)/h])l/2 (BN(Z) — Bo(z) — CQ,@é’(Z)hQ) —p o N, (2.8)
t=1

'The local time process Lg(t, s) of a stochastic process G(z) is defined by [e.g., Chapter 2 of Wang (2015)]

Lot s) = 1im2i/0 I{|G(r) — 5| < e}dr.

e—0 2€



where cy = 3 [*_ 22K (2)dz, 0 = [Ex12T |7V E(z12T) [ K?(x)dz and N ~ N(0,1y) is a standard

d-dimensional normal vector. Result (2.8) also holds if we replace By (z) by Br(z).

Remark 5. In comparison with Theorem 2.2 where the result is derived under stationary z, (2.8)
has a similar structure but with different co-variance o2, indicating the limit distributions of B N(2),
also for 5’ (%), is not mutual independent. As in Theorem 2.2, the self-normalized limit (2.8) is pivotal

upon estimation of o2, which can be constructed by

52 _ im1 TeTE Y = 2 Bn (2P K[(z — 2)/h
Yoty maf K(z — 2)/h]

~

We may establish [result also holds if we replace B N (2) by BrL(z)]

nh

(d )1/2 (BN(Z) — Bo(z) — 0266'(z)h2) L p T L21/2(1’0) N, (2.9)

where 72 = [Ex127]7'0? and N is independent of Lz(1,0). Note that (2.9) is quite different from
(2.3) or (2.6), indicating that quite different techniques are used in establishing the results. Result
(2.9) has a slow convergence rate due to the fact that, in nonstationary case, the amount of time
spent by the process z; around any particular spatial point point z is n/d, rather than n so that the
corresponding convergence rate in such a regression is now J?T/dn . This philosophia was first noticed
in Wang and Phillips (2009a, b). Furthermore, unlike Theorem 2.2, the bias reducing advantage of
the local linear nonparametric estimator is lost under point-wise estimation as first noticed in Wang
and Phillips (2011). In contrast to point-wise estimation, the local linear non-parametric estimator
does have superior performance characteristics to the Nadaraya-Watson estimator in terms of uniform

asymptotics over wide domains (Chan and Wang, 2014; Duffy, 2017).

Remark 6. Let x1; = x; + Ag, where Ag is a constant vector. Note that
E:L'11€1 = EZL‘161 + AOE€1 =0.

A routine modification of Theorem 2.3 yields that result (2.8) still holds if we replace z; by x1; and
02 by o defined by

0f = (AgAL + Exy2l) ™ Elel(x1 + Ao)(x1 + Ag)” ] / K%(x)dz.

This fact indicates that Theorem 2.3 provides a natural extension of Wang and Phillips (2009b, 2016)
to a functional-coefficient cointegrating regression model. As noted in Wang and Phillips (2009b),
there is no inverse problem in structural models of nonlinear cointegration of the form (1.1) where the
regressor z; is an endogenously generated integrated process, avoiding the need for instrumentation
and completely eliminating ill-posed functional equation inversions. As a consequence, Theorem 2.3

has important implications for applications.



2.3 Possible extensions

In economic applications, it is important to consider multivariate extension of model (1.1), i.e., to

consider the model having the form:

ye = x1 Bolze, we) + €, (2.10)
where y;, z; and ¢ are all scalars, 2; = (241, ,2¢q)” and w; = (wy1, ..., wq, ) are of dimension d and
dy, respectively, and Bo(-,---) is a d x 1 vector of unknown smooth function defined on R+, As in

one-dimension situation, the local kernel estimator BO(-, -) of By(+,) can be similarly defined by

5 Sy ey K((z — 2) /B TIL K[ (wey — wy)) /hy]
Z,w) = , 2.11
Pl w) Sy wead K(z — 2) /WL K[ (we; — w;) /by 2

where K(z), K;(x) are non-negative kernel functions and the bandwidth h,h; = hj, — 0 for j =
1,...,d;.

If x; is nonstationary and both z; and w; are stationary, asymptotics of Bo(z, w) can be obtained
by using similar arguments as in Section 2.1 under some regular settings and hence the details are
omitted. We next consider the situation that z; and w; are stationary and z; is an I(1) process.
As noticed in Section 5.1.5 of Wang (2015), to enable B(z,w) being a consistency estimator, the
stationary assumption on w; is essentially necessary. We further assume d; = 1 for the sake of
notation convenience. The extension to dy > 2 is straightforward.

To investigate the asymptotics of Bo(z, w), as in Section 2.2, let 1; = (Vi, N4y vy Mmi) L 55 € Z,m > 1
is a sequence of iid random vectors with Eng =0, E (nond ) = = and E||no||* < co. We also make use

of the following assumtions.
A7 [Regression function and Kernel function]

(a) The kernels K (z) and Ki(x) have a common compact support  satisfying [, K(z)dz =
Jo Ki(z)dz =1 and [ |K(t)|dt < oo, where K(t) = [*_ e K (z)dx;

e
00

(b) When (z,y) is in a compact set, we have
|60(z + 61,y + 02) = Bo(z,y)| < C(|o] +102)), (2.12)
whenever ¢; and Jo are sufficiently small.
A8 [Regressors]

(a) z; is defined as in A4(ii) and A4 holds;

(b) @y = (241, ,2q)T, where 25 = Ty (14, oy Mi—mo+1) for some mo > 0, where I';(.),1 < i < d,

are real measurable functions of its contents;



c) wg = Loty eee, Mp—mo+1) for some mg > 0, where I'g(.) is a real measurable function of its

( ) My --s N o+ )
contents;

d) For any fixed w and each 1 < i < d, E(|zy|*0|w; = w) < 0o with t = mg for some § > 0;

Yy
e) For any fixed w and each 1 <4, < d, (x4, x+j, w) and (x4, wy) have joint density functions
J

pij(x,y, z) and p;(x, z), respectively, that are continuous in a neighbourhood of w;

(f) For any fixed w, Dy, = (djj(w))

dij(w) = E(zyxy|wy = w).

1<ij<d 1S 2 positive-definite matrix, where, with ¢ = my,

A9 [Error processes| {¢;, F;}i>1, where Fiy1 = o(n;i,ni—1,...), is a martingale difference such that,
as i — 00, E(e? | Fii1) —as. 02 >0, and, as A — oo,
SWpE [1(|6i] > A) | Fia] = op(1).
i>1
Theorem 2.4 Under Assumptions AT-A9, for any h and hy satisfying nhhi/d, — oo and (h +
hi)?nhhy/d, — 0, we have

DY [Bo(z,w) — Bo(z,w)] —=p TN, (2.13)

where Dy, = Y1 wpa! K[(z — 2)/h)K1[(wy — w)/hi] and 7% = o2 [, K} (z)dz [, K3(z)dz, N ~

N(0,1,) is a standard d-dimensional normal vector.

Remark 7. Theorem 2.4 provides an extension of Theorem 5.7 in Wang (2015) to a functional-
coefficient cointegrating regression model by imposing the restriction E(€;|zy, 2, w;) = 0 on the error
processes. In a related paper, Gao and Phillips (2013b) [also see Sun, et al. (2013)] investigated
the model (2.10) with both z; and z; are I(1) processes under some similar conditions. Their main
theorems made use of a result established by Phillips (2009), where the independence between x; and
zt, wy s essentially required. In terms of possible empirical applications, it is of interests to remove
these restrictions, in particular, to establish the asymptotics without imposing E(e;|zy, z¢, wi) = 0 in
the model as in Theorems 2.1-2.3. There are some technical challenges in the investigation of general

model (2.10), and hence the extensions will be left for future work.

3 Conclusion

This paper studies nonparametric estimation for functional-coefficient cointegrating regression models
of the form (1.1) in two different situations: (1) z; is nonstationary and z; is stationary and (2) x; is
stationary and z; is nonstationary. Both self-normalized local kernel and local linear estimators are
shown to be asymptotic normal and to be pivotal upon an estimation of co-variances. Importantly, our

asymptotic results allow for endogenous regressor in the models, namely, we assume F(e;|xy, 2¢) # 0 in
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(1.1). These structural models differ from various previous works and open up some interesting pos-
sibilities for functional-coefficient regression in empirical research with integrated processes. In terms
of many possible empirical applications, some extensions of the ideas presented here to other useful
models involving nonlinear functions of integrated processes seems to be interesting. In particular,
partial linear cointegration models (e.g., Gao and Phillips, 2003b)) may be treated in a similar way to
(1.1), but there are difficulties for multiple non-stationary regression models, due to the nonrecurrence
of the limit processes in high dimensions (c.f. Park and Phillips, 2001). It will also be of interest in
exploring the functional-coefficient cointegration models by the use of instrumental variables in the

present nonstationary context. We plan to report on some of these extensions in later work.

4 Proofs

Since methodology is different, the proofs of Theorems 2.1-2.2, 2.3 and 2.4 will be Sections 4.1, 4.2
and 4.3, respectively.

4.1 Proofs of Theorems 2.1 and 2.2

We start with the some preliminaries. Write s = x¢/y/n , K;(z) = /K (2) and p; = [* Kj(z)dx

for 7 > 0. Other notation is the same as in previous sections except mentioned explicitly.
Lemma 4.1 (a) Under A1 (ii), for any 0 < o < 3, we have
EK|[(z1 —2)/h|(1 + |e1]*) < C(2)h, (4.1)
where C(z) is a constant depending only on z; (b) Under A1 (iii), as h — 0, we have
h™ BEK;[(z1 — 2)/h] = g(2)u; + o(1). (4.2)

The proof of Lemma 4.1 is routine, and hence the details are omitted. In the next lemma, suppose
that H(z) and Hj(x) are locally bounded real functions on R% and Hj(x) satisfies the local lipschitz
condition, i.e., for any [|z|| + ||y|| < K,

|Hy(a) —~ Hi(y)] < Ciclla — yll (43)
where Ck is a constant depending only on K.
Lemma 4.2 (i) For any real function Ay (x,y),
(a) we have
1 &

- > H(wn)An(21, €1) = Op(E|An(21,€1)]); (4.4)
t=1
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(b) If EA,(z1,€1) =0 for each n > 1, then for any a > 0,

ZHI Jrnt Ztaft) = OP{[E‘An(?«’l,61)|2+a}1/(2+a)}- (4-5)

(i) For any h — 0 satisfying nh**® — oo for some § > 0, we have

{ ZH Tnt), WZHl Tnt) (zt—z)/h]et}
. / H(By)ds, a1 / HX(B 1/2N}, (4.6)
where a2 = g(z) 02, N is a standard normal variate independent of Bs.

The proof of Lemma 4.2 will be given in Appendix. Note that |K;(z)| < CK(z) as K(x) has a
compact support. Result (4.4), together with (4.1), implies that, as h — 0,

e Yl (- /]l = 0p1), 7
=
Similarly, by using (4.2) and (4.5) with Ay, (2, €) = K;[(2 — 2)/h] — EKj[(2: — 2)/h], we have
R DT LAY

t=1

Sl B[ - z (2 — 2)/h] = BE;[(2 — 2)/h]]
t=1

= [g(2)pj +o(1)] % ixmxﬂ + Op((nhito/(2ra)y=1/2y

1 n
= 9(2)uy > wwh, +op(1), (4.8)
t=1

by taking a sufficiently small so that nh!t®/(+®) > ppl*+d 5 oo, Furthermore, it follows from (4.6)

and the continuous mapping theorem that, for any h — 0 satisfying nh'*® — oo for some & > 0,

1 — S
<E ;.’I,'ntxnh \/ﬁ ;mmK[(zt — z)/h] Et}
' ! 1/2
=D {/ ByBlds, ay (/ BsBlds) / N}, (4.9)
0 0

where N ~ N (0, I;) is a d dimensional normal vector independent of Bs with covariance I.
We are now ready to prove the main results.

Proof of Theorem 2.1. We may write
VR (B (2) = Bolz) = e1B(2)h) = A (S + Rt + Bua), (4.10)

12



where
S ! Zn:m K(z — 2)
n - T nt t — 2)€t,
vnh ]

Ra = W'Y awan, K{(z — 2)/h][Bo(ze) — folz) — Bo(=) (2 — )],

t=1

Ruy = h'2B3(2) Y wapyy (Kil(z — 2)/h) = e1K[(z — 2)/h]).
t=1

A3 (i) and (4.7) imply that, for some n > 0,

Rl < O+ [2°) 20y aneagl| K[(z — 2)/h] = Op(nh®*+7) = op(1).
t=1

Write Ay, (2, €) = K1[(z —2)/h] —c1K[(2: — 2)/h]. Lemma 4.1 implies that h=*E A, (21, €1) = o(1)
and E|A,(z1,€1)|?>T® = O(h). Tt is readily seen from (4.5) that

IRnal| = op(1)nh32 + Op(1) ynh'/2H1/2te) — 55(1)
whenever nh®/? = O(1). Taking these estimates into (4.10), we get

(S wal K[z~ 2/m) " (Bua) — Bole) — afb@h) = A [Su +0p(1)] =p 0N
t=1

due to (4.8) - (4.9) and the continuous mapping theorem. Theorem 2.1 is now proved. B

Proof of Theorem 2.2. Similarly to the proof of B\N(z), we may write
TM/H(B\L(Z) - /BO(Z) - 02/36,<Z)h2) = Aﬁl (Pn + Tnl + /3(/)/(Z>nh5/2 Tn2)7 (411)

where, by letting v, = K[(z; — 2)/h][Bo(2t) — Bo(z) — By(2) (2 — 2) — 28 (2) (20 — 2)%],

1 n
A, = — ZwtxntthK[(zt — z)/h],
t=1

1 n
P, = — weTnt K [(2¢ — 2)/hle,
n m; tint [(t )/]t
1 n
Th1 = 7 ; Wt Ty Ut

1 & 1
Lo = — ;wﬂmx@ {SHKal(z = 2)/h) = 2K (2 — 2) /B .
where we have used the fact:

Z Wit K[(2 — 2)/h] (2 — 2) = 0. (4.12)
t=1

13



Note that, as h — 0 and nh'*® — oo for some § > 0,

21 IS
n=2h! JV’nj = Anj - g('z):u’J . antmgt + Op(l),
" t=1

by (4.8). It is readily seen from (4.8) and Lemma 4.2 that, by recalling p; = 0 and po = 1,
An = Va2 An() - han Anl = Vo [L(]%Z) Z xntwgt + OP(]-)};
t=1

\/171 >_enkil(z—2)/he

— v, [ﬁ ; EneK (2 = 2)/Ble + 0p (1)

P, = antK z)/hler — hVi

Ch3/2+6 Z |we] ||£Untl‘£t” K[(z — 2)/h]

| Tl <
=
< CR (V) Z amea Tl K (e — 2)/A) + Vi | 3 Nzl | K (21— 2)/h))
= Op (nh5/2+5) Vo -
T2 = mexm{ Kal(2 — 2)/h] = 2K [(2¢ — 2)/h] |

_hvnl% t; ety { S Ksl(e — 2)/h] — a2 — 2) /0] }
= Op(l)Vng.

Taking these facts into (4.11), we obtain
n /2
(Z o) K (2 — Z)/hD1 i (ﬂL(Z) — folz) — 0256'(Z)h2)
=1

= [ Sl vor] | > (= 2)/ W+ op()nh?]
t=1 t=1

—D UZN

as nh®/? = O(1) and nh'*® — oo for some & > 0, due to (4.9) and the continuous mapping theorem.

Theorem 2.2 is now proved. B

4.2 Proof of Theorem 2.3

As in Section 4.1, let K;(x) = 27K (z) and pj = [0 Kj(x)dx for j > 0. Let

o0
U = Z SOZT Mk—1 U;Z_m P (4.1)
1,m=0

14



where coefficient constants ¢; and @, are the d + 1 dimensional vectors satisfying $°7°, 1*/4¢y|| < oo
and >°0°_  m'/4|| @, || < co. We start with the following lemma. The proof of Lemma 4.3 is similar to
Lemma 2.2 and Theorem 3.16 of Wang (2015). A outline will be given in the appendix. For a proof
of Lemma 4.4, we refer to Theorem 3.18 of Wang (2015). See, also, Wang and Phillips (2011).

Lemma 4.3 Let z be a fized constant. For any 1 < s,t < d+1 and any h satisfying h logn — 0 and

nh/d, — oo, we have

n

Z(l—l—\uk\)K(Zkh_Z) — Op(nh/dy); (4.2)
k=1
- B K (5) = 0n((X)Y) 30 (W 1)), (43)
k=1 n 1,m=0

and

d,, — 2t — 2 1/2” Zt— 2
{nh;K< h ) ;“’“—Eu’“ K h )}
—p {L2(01,0), a2L1/2( LO)N}, (4.4)
where a3 = E(u}) [0 K?(t)dt, and N is standard normal variate independent of Lz(1,0);

Lemma 4.4 Let g(z) be a real function having a compact support. If ffooo g(x)dx =0, then

WIE =) = 0p((nh/da)""?), (4.5)

for any h satisfying nh/d, — co.

Since, due to Assumption A5, each element of z;2] and z4€; can be representated as uy for some

specified ¢; and @,,, it follows from Lemma 4.3 that

Dy; = ZT}LLZH:@%TKJ(%;Z>
t=1
St () Sl B ()
= E(mlx?)iztil[{j<zt}zz)+op((nz> /2>

_ E(;clmlT)%ZKj(zt;z) +op(1), (4.6)
t=1

as nh/d, — oo. Furthermore, due to E(x1€1) = 0, it follows from (4.4) and the continuous mapping

theorem that

(oK) G w57}

t=1
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. {LZ(1,0) as L1/2(1,0)N}, (4.7)

where a3 = E(ef212]) [* K*(x)dz, and N ~ N(0, I;) is a d dimensional normal vector independent

of Lz(l, 0).
We are now ready to prove Theorems 2.3. By letting v; = K(L}:Z) [Bo(2¢) — Bo(2) — /36(Z)(Zt -
$80(2) (2 — 2)?], we may write

nh

(T )72 (BN( ) = Bo(z) = e2y (z)h2) =Dy (Sn + Rt + By(2) Rz + ﬁg(z)Rng), (4.8)

where

dy, - —
S, = (%)1/2zgct6tK<Z“thZ)7

t=1
dy, g
Ry = (%) 1/2 Z $t$fvta
B dn 1/2 T 2t — 2
oz = h(o") Z:cttKl( =),

Ruy = h2(;;)”22 ta:t{ Ka[(2 = 2)/h) = 2K [(20 = 2)/M] }.

From A3(ii) and (4.2), as nh®/d, = O(1) we have

Bl < o1 (2) Zuxtmm(

From (4.3) and (4.5), as h — 0 we have

dn, - —
Ry = h (—h)l/2 Z [xt;rtT — E(:Ut:UtT)]Kl (Zt z)

) = 0p ((22)/2 127) = 0p(1). (4.9)

-z
h dy,

n pt h
+h (sh)l/QZE(xt:nf)Kl(zt;'z)
t=1
= Op(h) =o0p(1). (4.10)

Note that [ (1K () —CQK(x)]dx = 0. It follows from (4.3) and (4.5) again that, as nh°/d,, = O(1),

Rps = N [wal — B(wal] )]{ Ks[(2 — 2)/h] — eaK[(2 — z)/h]}

1
n 5
+( Z) /2 d ZE v 5Kl — 2)/] — exK(z — 2)/h]}
_ Op(h2)+0p<(nh5/d )1/2> op(1) = op(1). (4.11)
Combining (4.6) and (4.8)-(4.11), we obtain

( f:wtfrff( [(2¢ = z)/h])l/2 (BN(z> — Bolz) — 026(’)’(z)h2)
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 [ptnely SR () rort] (S ek () o]
t=1

t=1
due to (4.7) and the continuous mapping theorem. This proves (2.8).
We next prove that(2.8) still holds if E ~N(2) is replaced by B 1(2). In fact, as in the proof of Theorem
2.2, we may write

nh
(T

by virtue of (4.12), where

d, 2 — 2
D, = %Zwtxtfo( N ),

) (BL(=) = Bolz) = caB(2)h?) = D (Pu+ T + B (=)o), (4.12)

—z

Pn = nh 1/2 Z wtxtetK< n ),
dy,

T = (% 1/2;7»%9%% U,

Tho = }12(%)1/2 Zwtxtx?{%Kg[(zt —2)/h] — oK (2 — z)/h]}
t=1

Noting that from (4.6), it can be obtained

dy, N Z— 2
iy ] - - (2t
hh Vnj = Drnj = E(z127) 3 tg 1 KJ< A ) +op(1).

Since p1 = 0 and pg = 1, from Lemmas 4.3 and 4.4 we have

D, = VyDpo—hVplDp = VnQ[DnO + OP(]-)]'

P uﬂczyﬂﬁiqu<%;z) h%u< ) }:qu(%_z>
t=1
() (2

n
Vaal| Buall + BVt | Y et |oe(z — )|
t=1

)1/2 h2+n) Voo

) +0P(1>};

[T

IN

= OP((ZZ
Lo = ViaRus— Vau b (22 )1/2thxt{ Ksl(z1 — 2)/h] — exKal(z — 2) /1]
= op(1) Vpa.

Taking these facts into (4.12), the claim follows from
= T 1/2 1" 2
(D weal K[z —2)/m]) " (Bu(z) = Bo(z) — o (2)0?)
t=1
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= E(xlxr{);fz;[((%

—p oN,
due to (4.7) and the continuous mapping theorem. Theorem 2.3 is now proved. B
4.3 Proof of Theorem 2.4
Let Vi = . K[(2¢ — 2)/h] Ki[(wy — w)/h1]. We may write
DY? [Bo(z,w) — Bo(z,w)] = DyY2S, + R,. (4.13)

where S, =Y ; & V4 and, by (2.12),
[Rall = D 1Bo(zt, we) = Bolz, w) || 2 Vil|

Clhal + [hal) Y 11D, 2Vi|l-
t=1

IN

By the continuous mapping theorem, result (2.13) will follow if we prove
[Rnll = op(1), (4.14)

and for any A = (Ay, ..., Ag)T € R?,

dn T dn 1/2 41
{nhhl 4 DnA7 (nhhl) 4 Sn}

—p {(ATD,A) Lz(1,0), 7% (AT D, A) N L/*(1,0)}, (4.15)

where Lz((1,0) is given as in Section 2.2 and N ~ N(0, 1) is independent of L(1,0).
We start with some preliminaries. Set A; = sz:l ApAjxgay K [(we — w)/hy). Since, by A8(d)

and some standard arguments,
Exyxy K] [(w —w)/h1] = hE(zyzw = w) /QK?(x)dx +o(h1),
E‘.%'ti”g KI’[(wt — w)/hl] = hlE(\xti]ﬁ\wt = w)/ KY(%‘)dQ? + O(hl) = O(hl),
Q

for any v > 0, 0 < 8 < 4+ § and uniformly for all ¢+ > mg, we have EA; = hi[ATDA + o(1)] and
EA? = O(hy). Now it follows from Lemma 2.2 (ii) of Wang (2015) that, for any A = (41, ..., 43)T € R%,

dn dn dn
nhhlATD A = nhh1§ K((z — 2)/h] R § K[(z — 2)/h] (A; — EAY)
n = dTL
= [ATD,A+o(1 —h gz (2t — 2)/h] + Op[(—>— vy )1/2]

18



— [ATD, A+ o()] % " Kz — )/ + op(1), (4.16)
t=1

due to nhhy/d, — co. Similarly, we have

n;llhl Z(ATV;) = [ATDwA—i—o(l)]/QK%( —ZZ (2 — 2)/h]
=1
+op(1), (4.17)
and
SOVl + VIP2) = el + el PO K (2 — 2) /) K [(wr — w) /ha]
t=1 t=1
< O(h) Y K[(z — 2)/h] + Opl(nhhy/d,)"/?]
t=1
= Op(nhhy/dy), (4.18)

where we have used the fact that >, | K[(2x — 2z)/h] = Op(nh/d,). By virtue of Theorem 2.21 of
Wang (2015), results (4.16)-(4.17) imply that

Sy SMey 4 dn
= " _ATD,A, AT
{ \/FL ’ \/ﬁ " nhhy nhhq Z< Vt) }

{Bi, B_, (ATD,A)Lz(1,0), 7 (A" D,A) LZ(l,O)}, (4.19)

on Dpa[0,00), where B = {B;}4cp is a standard Brown motion and

. /Q K2(2)da /Q K*(x)dz

We are now ready to prove (4.14) and (4.15). By noting that D,, is positive-definite, it is readily
seen from (4.16) that D,;* = Op(d,/nhhy). This, together with (4.18), yields that

[1Rall = (|] + [h1]) Op[(dn/nhha)"?] Y _1[Vill = Op[(1h] + |ha]) (nhhi/dn)' /2] = op(1),

implying (4.14).

1/2 1/2
nhhl) / ATV, namely, we have (nhh ) / ATS, = > iy €t Unt. By

using (4.16), routine calculations show that ﬁ >ty |unt| = op(1) and

To prove (4.15), write u,; = (95—

dn \146/4R | [Ty 2406)2
e lunel < (CEE) T2 ATV = 0p (D),

Now, by recalling A8 and (4.19), (4.15) follows from Wang’s extended martingale limit theorem, e.g.,
Wang (2014 or Theorem 3.14 of Wang (2015) . The proof of Theorem 2.4 is complete. O
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5 Appendix
A sequence {{k, k > 1} is said to be o mixing if the o mixing coefficient

a(n) = sup sup {|P(ANB) — P(A)P(B)|: A € F%,, B € F}}
k>1

converges to zero as n — oo, where F/" denoted the o—algebra generated by &, ..., &, with [ < m.

The following results for the moment properties of a-mixing sequence are well-known (e.g., McLeish,1975
or Hall and Heyde, 1980, page 278), which will be used in the proofs of other results.

Suppose X € Fz° and Y € Fi.), where k > i. Then,

(a). for any 1 <p <r < oo,
IE(X|F ) — EX|l, < 22"7 + D){a(k — i) }/77 V7| X ]| (5.1)

(b) forany p, ¢ > 1,p ' +¢ 1 <1,

—1

[EXY — EXEY| < 8| X|,|[Y [l {a(k — i)}~ (5.2)

Lemma 5.1 Under A1, for any h — 0 satisfying nh'™® — oo for some § > 0, result (2.1) holds .

Proof. Write Ay = K[(zk — z)/h] €k, Wnr = Ag/Vnh and R, (t) = chn:ﬂl Wik It is well-known (see,
e.g., Davidson (1994)) that

[

1
NTRNYS

]
N = B(t),
1

namely, {Z[ny/v/n}n>1 is tight. As a consequence, to prove (2.1), it suffices to show that
(i) the finite dimensional distributions of (.Z‘[nt] /v/n, Rn(t)) converges to that of (B(t),0.Bi(t));
(i) {Rut)}z1 s tight.

The proof of the finite dimensional convergence is of somewhat standard. See, for instance, Cali,
et al. (2000) with some routine modification. The independence between B(t) and Bj(t) comes from
the fact that, for any 0 < ¢ < 1, the covariance of x[,,/v/n and R, (t) converges to zero in probability.
Indeed, by using (5.2) and Lemmas 4.1, we have

n n n—k
1 2
Cov(xp/vn, Ru(t < —= Eng Al + —= E(nk Ak
Cov(an [V RolO)] € 2 3 Bliedul + 235 Bl
< 8h—1/2 (E|A1|7/4)4/7 (E|771|3)1/3 Zj—Q'y/Ql
J=0
< Ch'/M 50,
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for any 0 < ¢ <1 and v > 21/2. Simple calculations by using similar arguments [see, e.g., Lemma A1l
(c) of Cai, et al. (2000)] also yield that

sup ER2(t) < C't, (5.3)

n>1

indicating that { R, (f)}n>1, for any 0 < ¢ <1, is uniformly integrable. This fact will be used later.
We next prove the tightness. To this end, let F = o(z;, €51 < k),

5nk = ZE(Wn7i+k|fk)7 Wpk = Z [E(Wnﬂ_i_k‘fk) - E(Wn,i+k|sz—1)
i=1 i=0

It is well-known that S, and wy are well defined and W, = wpi + Bnk—1 — Buk- Since Ry (t) =

Z%n:t]l Wnk + B> the tightness of R, (t) will follow if we prove that Zgi Wy 1S tight and

Egggﬂ Bkl = op(1). (5.4)

Note that {w,k, Fi} forms a sequence of martingale differences and the finite dimensional distribution
converges to a joint normal distribution. To prove ZLn:ﬂl wpg s tight, it suffice to show that, for any
t >0, Zgi Wk is uniformly integrable [see, e.g., Proposition 1.2 of Aldous (1989)], which follows
from (5.3), (5.4) and the fact R, (t) = Ez]l Wnk + Bnnt again.

It remains to prove (5.4). Note that EA; = 0 and E|A;|" < C(z)h for any 1 < r < 3 by (4.1).
Standard arguments by using (5.1), together with a(n) = O(n™7) for some v > 0, show that, for any
1<p<3dand0<a<3—np,

1
(EIE(AHME)\”) 7 < Gy /rere) (E| A, [Pre) Y #+)
and

(E|BnilP)P < (nh) ™12 (E|E(As| F)P) P < € (nh)=1/2 pt/(4e) > kTre/pere) (5.5
k=1 k=1

This implies that, for any 2 <p < 3,0 < a <3 —p and ya/p(p + o) > 1,

n 1/ ~
E max [Bur] < [ZEWm'I”] péC(nh1+a/[(p+a)(p/2—1)])(1 p/2)/p‘
=1

1<k<n
We now establish (5.4) by taking v > 6/0, and « sufficiently small so that

nhHe/(+a)(p/2=1)] > 1+ _y o

The proof of Lemma 5.1 is now complete. [

Proof of Lemma 4.2. We only prove (4.6). Due to the local boundedness of H(z), (4.4) is obvious.

The proof of (4.5) follows from similar arguments as in proof of (4.6). We omit the details.

21



As in the proof of Lemma 5.1 [or (2.1)], let 4; = K [(2; — 2)/h] €, Fy = 0(ni41, 21, €,0 < i < t),
and Fs = 0(¢, Q) be the trivial o-field for s < 0, and by putting

up = ZE(AiJrk’fi) and v; = Z[E(AiJrk’]:i) — BE(Air] Fic1)l,
P k=0

{vi, Fi}i>1 forms a sequence of martingale differences and, as in Liang, et al. (2016),

> Hi(wnr)Ae = > Hi(znk) (e + w1 — ug)
k=1 k=1

n n
= Y Hi(zn)vk + > _[Hi(@npr1) — Hi(znp)Jue — Hi(Tnmi1)tin
k=1 k=1

= ZHl(ﬂUnk)Uk + R(n), say. (5.6)
k=1

As in the proof of (5.4), we have

max |4; —v;| < 2 max |u;| = op(Vnh). (5.7)

1<i<n 1<i<n
This, together with (2.1) and (4.4), implies that
[nt] Ty 1 [nt]
(mn’[”ﬂ’\/ﬁ;%> = { n m;[([(ztz)/h]et}+0p(1)
= {B(t),0.B:(t)},

on Dp2[0,1]. Now, by recalling that B;(t) is independent of B(t), standard argument on the conver-

gence to stochastic integrals yields that

1 & 1 ~ 1 1 1/2
=N H(zp), — Y Hi(z, H(By)ds, o, H?(B,)d N,
(e = o) =p { [ H(BYaso. ([ mEBI)" N
where N ~ N(0, 1) independent of B(t). Taking this estimation into (5.6), (4.6) will follow if we prove
|R(n)] = op(Vnh). (5.8)

To this end, write Qg = {zp; : maxj<j<pt1 |2ni| < K}. Note that (5.5) implies E|u;|P < Chr/(pte)
for any o > 0 and 1 < p < 3. It follows from (4.3) and E||n]> < co that

BIRM)1(9(2x)] < Cic (3 Elllwnrss = wunll lusl) + Elunl)
k=1

Crx <
< ﬁkzﬂmnnkmuknwm
< Cxvm (Bllm|P)"? (Bl + o(1)
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< O vnh?B+2) 4 (1) = o(V/nh),

by taking o < 1/2. This implies that R(n) = op(vnh) due to P(2x) — 1 as K — oo.
The proof of Lemma 4.2 is complete. B

Proof of Lemma 4.3. We only provide a outline. Results (4.2) and (4.5) follow from (2.94) and
Theorem 3.18 of Wang (2015), respectively. By using similar arguments as in proof of (2.96) in Wang
(2015), for any I, m > 0, we have

n

E(Z [t — B _ ) | K [(21 — Z)/h])2
=1

< C(1+max{I"?, m'?} + hlogn) [E(man) + E(7717]2T)] nh/dy,.

This, together with Hoélder’s inequality, yields that

] St~ Bt ()
k=1

> el 18l E‘ D et = Ee—imie—n) | K (25 — 2) /1]
k=1

l,m=0

= O[(nh/d)"*] 32 (1 tm! ] Bl ).

l,m=0

IN

implying (4.3). To see (4.4), let ugpy = Z%ZO aplT M1 n,{_m Om and g = up — Eug, Ugpr = upns —
Eugpy. For any M > 1, (3.8) of Wang and Phillips (2009b) implies that

(S w(*7) G ok (57}

t=1 t=1

. {LZ(1,0),aM2 LY*(1,0) N}, (5.9)

where a%,, = E(u?,,) [ K?(t)dt. Since a3, — a3 as M — oo, (4.4) follows easily from (5.9) and
the fact:

n

(53 (o= ) K (*57)

k=1

= or( X+ X )Ml 1wl = or(1),

I=M,m=0 [=0,m=M

as n — oo first and then M — oco. The proof of Lemma 4.3 is now complete. B
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