EXTREME-STRIKE COMPARISONS AND STRUCTURAL BOUNDS FOR SPX
AND VIX OPTIONS

A. PAPANICOLAOU*

Abstract. This article explores relationships between the SPX and VIX options markets. High-strike VIX
call options are used to hedge tail risk in the SPX, which means that SPX options are a reflection of the extreme-
strike asymptotics of VIX options, and vice versa. This relationship can be quantified using moment formulas in a
model-free way. Comparison formulas are presented along with various examples of stochastic volatility models.

1. Introduction. The S&P500 (SPX) index and it’s volatility have been shown to have strong
negative correlation. For this reason there is a great deal of interest in the VIX, the options based
volatility index and its derivatives for hedging tail risk. The Chicago Board Options Exchange
(CBOE) has, in particular, designed an index, the VIX Tail Hedge (VXTH), based on and SPX
and VIX trading strategy, which has historically (backdated on data) performed better than the
SPX when there has been a crisis event. Part of the VXTH strategy is to buy high-strike European
call options on VIX to insure against losses in SPX, as the subsequent rise in the VIX index results
in VIX call options posting positive returns. Prior to VIX derivatives, a similar insurance strategy
might have been to buy low-strike European put options on SPX. This similarity means that there is
information on the risk-neutral distribution for VIX that is implied by low-strike put options. With
so much liquidity in both SPX and VIX options markets at present, it is useful to have structural
bounds that quantify the relationship between these two markets. In particular, Lemma 3.2 in this
paper will show that for SPX price S; being a super-martingale, the moment generating function
(MGF) of VIX?%. with ¢ € R satisfies

1 _26q¢ ] 26p
Et6§VIX2T < aEtSTfT + EIEtST* for times 0 < ¢ < T, (1.1)

where E; denotes risk-neutral expectation conditional on the market at time ¢, 7 = 30 days, and
both p > 1 and ¢ > 1 are Holder-conjugate exponents with %—&—% = 1. If there exists £ > 0 for which
the right-hand side of (1.1) is finite, then the SPX market is saying that the VIX’s distribution is
not heavy tailed. Conversely, if the VIX’s distribution is heavy tailed, then the right-hand side of
(1.1) is infinite for all £ > 0 and there do not exists any negative moments for Sy ;.

Stochastic volatility and Lévy processes for jumps (or a combination of these two) have been the
state-of-the-art in option pricing since the 1990’s, and at that time it may have seemed as if volatility
derivatives could be priced and hedged from a well-calibrated model. However, data from various
days throughout the 2000’s exhibit VIX options trading at prices with implied-volatility smiles that
reject standards such as the Heston model. From the perspective of someone searching for the
“right model”, the availability of VIX-options data is useful because it gives new information in
addition to the data from SPX options. Nonetheless, model selection remains an important question
because it is still a nontrivial task to fit a single model both to the SPX and VIX implied-volatility
surfaces. Hence, it would be quite useful if there were a general theory to explain the bearing that
one option surface has on the other. This paper presents the beginnings of such a theory in a
model-free context.

Of further interest is the understanding of the implied volatility from VIX options. It is certainly
true that every asset class requires tailored expert analysis of implied volatility, but VIX option
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implied volatility is special because it is really the implied wvolatility-of-volatility for the SPX, and
hence it is saying something about SPX options. In particular, implied volatilities from VIX options
are sometimes very high (i.e. in the range of 80% for high-strike VIX call options), but there is
not yet a standard for making comparisons to implied volatilities observed from SPX options. It
would be a significant contribution if implied volatiles from VIX call options could be used to make
definitive statements about the no-arbitrage range for SPX implied volatilities. Using the moment
formula of [Lee04], this paper identifies such relationships using extreme-strike options.

1.1. Literature Review. The VIX formula (as it has been calculated since 2003) is described
in [DDKZ99]. A general description of how volatility derivatives are designed and traded, particu-
larly in the post-2008 crisis markets, is provided in [CL09]. Stochastic and local volatility models
are described in [Gat06], and pricing of volatility derivatives based on these models is a straightfor-
ward application of standard, partial differential equations methods. An alternative to model-based
pricing/hedging are the model-free results found in [CL08, CL10, FGO5].

The issues in fitting the Heston model to VIX options are explained in [Gat08]. There has been
some success in fitting VIX options to market models of the variance swap term structure (see [CS07,
CK13]), and the added explanatory power from the inclusion of jumps has been demonstrated in
[MY11]. Some studies have shown that the large-strike implied-volatility skew from VIX options can
be fit with a heavy-tailed volatility process (see [BB14, Dril2]), but heavy tails are not necessarily
required as shown in [BGK13] using a double-Heston model and in [PS14] using a Markov-chain
modulation of the Heston model.

1.2. Main Results Of This Paper. The main result in this paper is the identification of
basic connections between VIX options and negative moments in the SPX price. In particular,
the existence of negative moments in the SPX’s risk-neutral distribution is an indication that the
VIX’s risk-neutral distribution is not heavy tailed. Conversely, if the risk-neutral distribution of
VIX% is heavy tailed (i.e. it’s MGF does not exist on the positive real line), then the price for SPX
has no negative moments. The results can be considered model free, as the main assumptions are
continuity of the stochastic processes and the martingale property. Part of the main results of this
paper is the detailed application of the theory to specific models that are frequently used in SPX
and VIX options pricing and an assessment of their relative usefulness, given the observed market
behavior of these options.

The rest of the paper is organized as follows: Section 2 introduces the probabilistic framework
and describes how to price options on SPX and VIX; Section 3 presents the main results and other
ideas relevant to the problem; Section 4 presents various stochastic volatility models and discusses
how each relates to this paper’s results. Section 5 concludes and Appendices B has some necessary
calculations for the examples from Section 4.

2. Probabilistic Framework for Pricing. Let S; denote the price of the SPX at some time
t > 0. The model considered throughout this paper has an asset whose log returns are given by a
stochastic volatility model,

dlog S; = (7" - ;0?> dt + o dW, (2.1)

where r > 0 is the risk-free rate of interest, W is a risk-neutral Brownian motion, and o; is a
volatility process that is non-anticipative of W. This paper will assume that o; satisfies strong
enough conditions for f; ou.dW,, to be a true martingale over a finite time horizon.
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ConDITION 2.1 (Finite Second Moment of Stochastic Integral). For T < oo, the second
moment of stochastic integral fOT 0, AWy, is finite,

E ( /O ' audwu>

Condition 2.1 implies that ¢ 0,dW, is a true, square integrable martingale on finite time-interval
0 g g
[0,T], but S; may still be a strict local martingale. A much stronger condition is the Novikov

2 T
:E/ oldu < oo .
0

Condition, which states that for T' < oo the process S; is a true martingale if Ee: Jo oudu < o0,

The Novikov condition is very strong and often doesn’t hold for stochastic volatility models. Other

conditions for exponential martingales are presented in [KL12]. This paper will rely on Condition

2.1, will not assume Novikov, and will show the martingale property on a case-by-case basis.
Another important condition is the existence of S7’s negative moments:

CoNDITION 2.2 (Negative Moments). For T < oo, there exist constant ¢ > 0 such that
ES;9 < oo .

For S; a super martingale, Condition 2.2 implies existence of the MGF of log(St) in a neighborhood
containing zero,

Eet108057) « o Ve € [—q,1] .

Condition 2.2 is used in [Lee04] to obtain small-strike bounds on implied volatility. In particular,
the supremum over all ¢ > 0 such that Condition 2.2 holds is identified with the asymptotic rate at
which implied volatility grows as strike-price goes to zero in the SPX options market; this is part
2 of the moment formula [Lee04] that will be reviewed in Section 3.1.

2.1. Variance Swaps and the VIX Index. Consider European call and put options on St
for some fixed time T' € (0, 00) and some fixed strike K € [0, 00), both of which are processes

C(ta Ka T) £ Bt,T]Et(ST - K)Jr
P(t,K,T) = By rE (K — ST)+

for some 0 < t < T, where B;r = e~"(T~!) and the expectation operator is defined as E; = E{ - | F;}
with F; denoting filtration generated by (W, 0y )u<:. Throughout the paper, an expectation with-
out a subscript is conditional at time ¢ = 0, that is, E = E,.

DEFINITION 2.3 (SPX Implied Volatility ). Implied volatility for SPX options is denoted with
6(t, K,T) and is the unique volatility input to the Black-Scholes prices such that

P(t,K,T) = Bup (® (~d_) K — ® (~d) E,Sr)

where dy = ;th,ngS)T\//% &(t’K’g)m
function. The quantity & could be equivalently redefined using call options via the put-call parity.

A variance swap for the time period [t,T] with ¢ < T has a floating leg of ~ ftT o2du (equal
to the quadratic variation of log.S;) and a fixed leg that is chosen such that the contract has zero
entry cost at time ¢. This fixed leg is the variance-swap rate:

1 T
variance-swap rate = [, {Tt / Jﬁdu} .
—tJy
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When trading in variance swaps, an important instrument is the log contract with time-T payout
of —=2=1og(Sr/E¢Sr). As shown in [DDKZ99], the log contract is replicated by a portfolio of

European call and put options by taking the expectation of the identity —log(St/s*) = STT_S* +

fo (K—5r)" ST) dK + foo %dl( (which holds for any reference point s* > 0), and taking s* =
E:St4r ylelds the VIX formula:

9 EtSt+r K 00 K
VIX, = (/ P(tKﬁ-i—T)%-l—/ C(t, Kt+T)CIl{2) ; (2.2)
0 E

TOt i+ tSttr

where 7 = 30 days. By definition, equation (2.2) is the square root of the log contract’s price

VIX; = \/—3Et log (SHT/IEtSHT). By assuming Condition 2.1 for the continuous model in (2.1),

the no-arbitrage price of the log-contract is equal to the variance-swap rate, and hence the VIX
index is the square-root of the variance-swap rate for the coming 30 days,

(Condition 2.1) = VIX; = y/variance-swap rate .

2.2. VIX Future and VIX Options. Define the future contract on VIXt at time ¢t < T as

2
Xir 2 EVIXy = B, \/ —ZErlog (ST+T / ETST+T) . (2.3)
T

The price X, is the central quantity in the VIX market because (unlike the VIX index) it is a
trade-able asset. European call and put options on the VIX are the expectation of functions of
VIXr, but should be thought of as options on Xp 7,

CY(t,K,T) & By 7E;(VIXy — K)" = B, 7E(Xr1r — K) T
Pvim(T, K, T) £ Bt,TEt(K — VIXT)Jr = Bt7TEt(K — )(T7T)Jr .

Considering these options as payoffs on Xp 1 will make clearer the standards for A-hedging in
terms of X;r, and also the standard for computing implied volatility. As is the convention for
options-trading, VIX options are quoted using implied volatility that is computed by inverting
Black-Scholes formula for options on futures, as is also done in [PS14].

DEFINITION 2.4 (VIX Implied Volatility ©). Implied volatility for VIX options is denoted with
D(t, K, T) and is the unique volatility input to the Black-Scholes prices such that

C*"(t,K,T) = Byp (X;7® (dy) — K®(d_)) ,

where dy = ul((ng((X%;“\;% + ﬂ(t’K’€)°T_t and ® is the standard normal cumulative distribution

function. The quantity U could be equivalently redefined using VIX put options via put-call parity.

Figures 2.1 and 2.2 show implied volatility for SPX and VIX options for September 9th of 2010,
a day that was shortly after the European debt crisis when options were trading with high implied
volatility. Notice the right-hand skew of the  in Figure 2.2, which corresponds to volatility tail
risk and is stylistic feature of VIX options that should be captured by a stochastic volatility model
that aims to price VIX options in periods of higher volatility (see [Dril2, BGK13, PS14]).
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SPX Option Implied Volatility 09-Sep-2010, maturity 16—Oct-2010
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Fig. 2.1: Implied volatility for SPX put options in September 2011. The ex-dividend SPX future
price is E;St = $1101.97 and the risk-free rate is approximately r = .28%. The left-hand skew
observed in this figure has been a common sight since the late 1980’s. Stochastic volatility models
(such as the Heston model) and various Lévy models have successfully fit this skew. However, VIX
options introduce another skew that is a derivative of the SPX skew (see Figure 2.2), and this new
skew has forced the re-evaluation of standards in stochastic volatility models.

3. Extreme-Strike Asymptotics. Results that are considered model-free usually require
some assumptions, such as the VIX being finite almost surely, a condition that is ensured by
Condition 2.1. Indeed, Condition 2.1 is the key assumption for the square of the VIX formula in
(2.2) to be equal to the variance-swap rate, but it turns out that the negative moments described in
Condition 2.2 are sufficient to imply Condition 2.1. The following proposition proves this statement
and is the first instance in this paper where a connection is identified between the VIX and negative
moments in SPX:

PROPOSITION 3.1. Suppose S;e™ "t is a martingale and suppose Condition 2.2. Then Condition
2.1 holds.

Proof. From the martingale property the call option price is bounded C(¢, K,T) < By 7E;Sp =

—q q
St, and from [Lee04] there is the put-option estimate P(¢, K,T) < By r E;f_Tl (q%) K4 for all
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VIX Option Implied Volatility 09-Sep-2010, maturity 20-Oct-2010
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Fig. 2.2: Implied volatility for VIX call options on April 7th, 2011, maturity on June 15th, 2011.
The VIX future price E;VIXy = 27.1714%. Data from this day highlights to commonly-observed
right skew from VIX options. This is the stylistic feature that is identified in the literature (see
[Dri12, Gat08, PS14]). The right skew affects selection of stochastic volatility models, by suggesting
that heavy-tailed volatility models (such as the 3/2 or GARCH models) are better-suited than the
light-tailed Heston model.

K €[0,00) and g > 0. Then using the square of equation (2.2) and taking ¢ € (0,1) yields

T —q q E.S 1+ 0o
2 | E,.S q T K1+a 1
E 2du < L ( ) / — _dK + S —dK
t/t Tu U_Bt,T{Q‘i‘l qg+1 0 K? ! E,5p K2
2 E:Sp* ( q >" Sy
= E.S7)9 +
Bt,T{q(qH) 1) B g

2 EtS;q ( q )q
= S ) +1 Vi< T.
Bt,T{q(q-l-l) qg+1 (5e)

- q
Hence, IEfOT o2du < ij{m (q%) S¢+ 1} < o0 because ES,? < oo, and Condition 2.1
holds. O
Another instance where finite SPX moments are important is in determining the existence of
the MGF of VIX2T. The following lemma will be instrumental throughout the rest of the paper:
LEMMA 3.2. Let Sie™"™ be a super martingale on [0,T + 7| satisfying Condition 2.1. For any
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£ €R, the MGF Eyef VIX: satisfies the strict inequality
1 _26a 1 26p
Eteé VIX; < gEt (ST—H—) T+ ;?Et (ST/BT,T+T) T Vi<T s (31)
where p > 1 and ¢ > 1 with % + % =1 (i.e. p and q are conjugate exponents).

Proof. Tt suffices to prove for any £ > 0 because ]Ete_f\/IXzT < Et65VIX2T. From Jensen’s and
Young’s inequality,

Ete£VIX2T — ]Ete_ 27£]ET log(ST+7/]ETST+T)

s 28
Er log<(ET§;1T) T )

= ]Ete

os (s252) )

E S T . .

< Ee e (Jensen’s inequality)
2¢

=E; (ST+T ) '
ErSrir
2¢p

1 26 1 1 T

< TE (Srpa) o4 By [ Young’s inequalit

P (S74+) e (ETST+T> (Young’s inequality)
1 _2q 1 26p

= gEt (St47) 7 + ];]Et (ErStir) ™

1 _26 1 26p
< gEt (Sr4-)" ™ + E]Et (St/Brr+r) ™

Jensen’s inequality is an equality iff the random variable has zero variance, hence the inequality
must be strict. O

Lemma 3.2 is a useful tool when evaluating the market for VIX options, primarily because
it shows how existence of a negative moment EtS;iT for some ¢ > 0 implies that the VIX-

square process is not heavy tailed. Conversely, if the MGF Eteg\/IXQT = oo for all £ > 0, then

EtS;j’_T = o0 fozrS all ¢ > 0. In both cases, 1:?1* @ < 1 the (super) martingale property ensures
28p =89

E, (Sr/Bror+r) ™ < 00, so that B (Sryr)” 7 < oo implies Eteg\/IX; < 00, and JEte§VIX2T =00

£q

implies E; (S74,)” = = oc.
3.1. Moment Formulas. The Moment Formula from [Lee04] consists of parts 1 and part 2

describing the right and left tail, respectively, of the implied volatility smile. Let the price process
S; be a martingale and define $ = sup{p > O\EtS;er < 0o}. Part 1 states that

lim su ot K, T)

Koo 10g(K/EcST)/(T—1)
where p = ﬁ + %‘ — % Equivalently, fp =2 —4 (\/ﬁz +p —ﬁ) with S = 0 when p = co. Next
define G = sup{q > O|E;S;? < co}. Part 2 states that

lim su 62(t, K, T)
i log(K/ES7)/(T — 1)
7

=Bre€0,2], (3.2)

=P €10,2] (3.3)



where ¢ = 2}% + % — % Equivalently, 5, =2 —4 (\/q~2 +q— (j) with 57, = 0 when ¢ = co. Parts

1 and 2 both take 1/0 £ co. In most “practical” cases the limit supremum in (3.2) and (3.3) can
be replaced with a proper limit (see [BF08]). Figure 3.1 shows how the moment formulas apply to
the data with 87, and i estimated from the most extreme strikes in the options data.
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Fig. 3.1: Left: From the lowest-strike SPX put option there is the estimate 8y, > 0.3908, which is
the coefficient of the dashed line that is the extreme-strike asymptotic from the moment formula.
Right: From the highest-strike VIX option there is the estimate Sr > .4044.

The moment formula can be used to show how moment explosion in the VIX options market
E,VIXL? < oo}. If ¥ < oo

affects implied volatility in SPX options. Define $¥"* = sup {p >0

then the MGF Et65VIX2T = oo for all £ > 0 and by Lemma 3.2 it follows that IEtS;iT = oo for all
g > 0. Hence by part 2 of the moment formula, as stated in equation (3.3), it follows that 8, = 2

for SPX options with exercise at time T+ 7, and the implied volatility limit is at it’s maximum,
i &2 (t,T+7,K) —9
T SUP KO Tog(R/E St4r—0)/(TF7—0) "

Similarly, moments of SPX’s distribution can say something about implied volatility of VIX op-

. ~2
tions. Define B%® = limsupy o m, and suppose ¢ = sup {q > OlEtS;j-T < oo} >

0. Then from Lemma 3.2 it follows that ]Etef\/IXQT < oo for some & > 0. Moreover, if VIX7 has

finite MGF for positive ¢ then E;VIX’. < oo for all n > 0, and then by equation (3.2) it follows

. ~2
that 8" = 0, giving the extreme-strike asymptotic limsupy . % = 0. Moreover,

finite MGF for VIX2T for positive £ is equivalent to saying that the VIX-squared does not have a
heavy-tailed distribution, and hence ¢ > 0 implies VIX7 does not have heavy tails.

More generally, the moment formula and Lemma 3.2 are used to show how implied volatility
from VIX options gives a lower bound on the implied volatilities of SPX options.

PROPOSITION 3.3. Assume Condition 2.1, let the price process S;e™" be a true martingale,
and let

5: sup {§ > O‘IE,geE VIX: < oo} .
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~ a€
1. If§ < oo and B4 S, . < oo, then

_ 4€
q = sup {q > 0|E;S7{, < 00} < 75
and
62(t, K, T +7) 46 A€
lim su 2 =B, >2-4 - - =
P { o (K JEsSry ) (T 47 —1) ~ P = roT
- —4£ 4
2. If § < oo and EtSypTy . < oo, then 75 >1 and
A
ﬁ=sup{p20EtS}i”T <oo} < 5—1,
T
and
52(t, K, T
lim sup o (4 K, T + 1) = fBr

K Joo 0g(K/EStyr—y)/(T 4+ 1 —1)

~ 2 N -
4 4 4
a4 (f) +f_1_<6_1)
T T T
Proof. Part 1: Using Lemma 3.2 with p = ¢ = 2, it is shown that § = sup{q > 0|E,S;.{ <

oo} < 475. Now define the function

f(q)=2—4<\/q2+q—q)

and notice that f/(¢) < 0 for all ¢ > 0, so that 8, = f(¢) > f (475)

~ —4¢ 4€ ~ .

Part 2: If § < oo and E;S;7 . < 00, then EzS7,  =ocand 1+p < 475, and therefore p < % —1.

The remainder of the proof is similar to the argument used in Part 1, expect with an application
of equation (3.2). O

3.2. Hedging VIX Markets with SPX Options. From a market of VIX options with a
continuum of strikes comes a tremendous amount of information about the SPX. In the particular,
via the Breeden and Litzenberger formiula one obtains a risk-neutral distribution on the portfolio
of calls and puts given in equation (2.2). This section will show that if the MGF of VIX2. can be
replicated, then violation of the inequality in (3.1) can result in a static arbitrage. Moreover, in
replicating the MGF for VIXZ it is seen that E,efVIXT < oo for some € > 0 implies that VIX call
options decay quickly as K grows.

Moments on VIX can be replicated with options, B, rE,VIXT = fooo K" 82; CU(t, K, T)dK
=n(n-1) fooo K" 2CY"*(t, K, T)dK for positive integers n. Furthermore, the MGF of VIX2 can
be hedged, and if finite will give a rate at which call options must decay for large strikes.
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PROPOSITION 3.4. Suppose Condition 2.1. For any £ € R there is a perfect hedge of the MGF
of VIX?F in terms of VIX options,

ByrEet VIX — 1 / (2¢ + 462 K?) 857 ¢V (1, K, T)dK .
0

Moreover, if the MGF E;e® VIX: < oo for some £ > 0, then

lim K2e$5° ¢V (¢, K,T)=0  forallt <T . (3.4)

K—oo

Proof. Tt follows from Condition 2.1 that VIXp < oo almost surely, and then elementary
calculus is used to check that

eVIXr / (2¢ + 462 K2) 5 (VIXp — K) T dK .
0
Then, for t <T and any N < oo, the monotone convergence theorem is used to obtain
/ (26 + 42 K?) £5° Y (¢, K, T)d K
0

N 2

= Bir Nnm E, / (26 +46°K?) 5 (VIX7 — K) T dK
—00 0

N
= ByrE; lim / (26 + 482 K?) 57 (VIXy — K) T dK
— 00 0

—B,r (Et65VIX2T -1) .

Moreover, IEt65VIX2T < oo if and only if [ (2€ + 462 K?) eSK?CUi (¢, K, T)dK < oo, in which case
the integrand must converge zero as K tends toward infinity, hence limg K2e8K° i (t, K,T) =
0.0

The hedge in Proposition 3.4 is useful because it is part of an argument to show that reversal
of the inequality in Lemma 3.2 can result in static arbitrage. Portfolios for hedging E;S%. for p > 1
and E;S;.? for q > 0 are given in [Lee04] and for p = 1/2 the hedge is obtained from the Laplace

transform E;/St = foo 1= E;\f/z d\ (see [CLO8]) with

1 o0
RBre 57 = — (1 — \E,St + >\2/ e MOt K, T)dK> .
t, T 0

™ is a super-martingale and assuming Condition 2.2 for St ., if inequality in (3.1) is

Assuming Sie™
2 _ 2¢q 2¢p
reversed so that Eye¢ V1Xr > %Et (STer)” 7 + %]Et (St/Brr++) " , then an arbitrage is obtained

by opening a portfolio that is long in SPX and short in VIX options. Letting é: %, the strategy
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is

Buy:

1. ¢ £(£q+1)/°°P(tKT+T)
! = —E.S$;8% = et
TR T TR Jy T ke
Eép—1) [y7 Ct, K, T) 4 if ép > 1
1. ¢ 1 N
2 = -E Sép — 1 i =
= JESE = 5— 5C0.T) ifép=1

5

i [T (Se= A [T e EC(L K, T)) dk if Ep=1/2

Sell:

1 [ .
3 = B¢ VX7 = = / (26 + 42 K?) 57 CV (¢, K, T)dK .
T Jo

At time ¢ there is a net cash flow of I} — II} + I1? > 0, but at time 7" the position can be closed
out for a strictly positive net cash flow, as I} + I3 — II3. > 0 by Lemma 3.2. Hence, there is an
arbitrage.

To summarize, this section has shown a static hedge the MGF for VIX3., which means there is
a implementable arbitrage portfolio if the inequality of (3.1) is violated. Moreover, this static hedge
is informative because it shows exponential decay for large- K VIX call options if there is finiteness

2
of EtE’SVIXT for some £ > 0. However, this large-K asymptotic cannot be differentiated to get a
tail distribution, but the next section will explore how to obtain the VIX’s tail distribution.

3.3. Extreme-Value Theory for VIX’s Distribution. The moment-formula limits Sr and
81, have a relationship to the rates in the extreme-value distributions of the underlying asset. In
particular, the stochastic volatility inspired (SVI) parameterization of the volatility surface leads
to an extreme-value distribution that is parameterized by Sg for the right tail and 8y, for the left.
The SVI parameterization is related to extreme strikes because its construction is consistent with
the moment formulas in (3.2) and (3.3), namely that the square of large-strike implied volatility is
proportional to log-moneyness divided by the square-root of time-to-maturity (see [Gat06, BGK13]).

Motivation for the section comes from the fact that the limiting behavior for VIX options given
in Proposition 3.4 cannot be differentiated in K. In other words, the limit in (3.4) shows a rate of
convergence for CV*, but cannot be differentiated to find an asymptotic for the tail distribution
%C””. However, by assuming differentiability in K and assuming that the SVI is not mis-specified,
the asymptotic tail distribution is obtained. In particular, the limiting right slope for VIX options

By = limsup g oo bg(ffm% gives the rate of polynomial decay in the peaks-over-threshold

(POT) distribution of VIX7 if %% € (0,2).
The generalized Pareto distribution (GPD) with parameter a > 0 has cumulative distribution
function defined as

1-(14+y/a)™® fory>0and a <
Ga()é{ (1 4y/a)™ fory>

1—e™¥ fory>0and o =0 .

The Pickands-Balkema-de Haan theorem states that the following are equivalent:
11



(i) The VIX’s distribution function is the in the maximum domain of attraction of H, defined as
H,(y) = exp(Ga(y) — 1) (see Appendix C).

(ii) The exists a positive measurable function a(-) such that the POT distribution converges to
the GPD in the following way

lim Pt

(VIXT g
x oo

a(x)

For details on this theory and more general information about extreme-value theory, the reader is
directed to [Deg06, Res87]. Assuming twice-differentiability in K, the Breeden-Litzenberger formula
yields the VIX’s distribution function, P¢(VIXy > K) = — BtlT 22-CY"*(t, K, T). Then for two large
strikes Ky < K a POT distribution can be written as ’

> y‘VIXT > $> =1- Ga(y) :

P(VIXr > K;)  Jr 3%=C""(t, K, T)dK

Py(VIXy > Ko) [ S22 C"(t, K, T)dK

P, (VIXT > K;

VIXy > KO) -

If the VIX options imply a value S%* € (0,2), then it follows that there is p € (0,00) such that
IEtVleTJ”; = oo, and the VIX’s distribution is heavy tailed. Moreover the stochastic volatility
inspired (SVI) parameterization yields a GPD for the tail distribution.

PROPOSITION 3.5. Suppose the large-strike limit from equation (3.2) is applied to VIX call
options to obtain

02(t, K, T)

o X =g PR €0:2) as Koo

Suppose further that the implied volatility surface is fit by the SVI parameterization, where the fit
does not admit static arbitrage (i.e. no butterfly or calendar-spread arbitrage). Then the asymptotic

behavior for the POT distribution with scaling function a(zx) = % is
IXT — —a
lim P, (VTx > y‘VIXT > :r) - <1+ y)
x oo J?/Oé «

N\ 2
fory > 0 and x tending toward infinity, where a = % ( e+ L;R> > 1 for all B < 2.

Proof. No butterfly arbitrage in the SVI fit is enough for there to be an explicit formula for the
VIX distribution’s density function at time 7', namely

0? ; g(k) ( 1 2)
cvir( K1) = — I\ —d_(k)?)
R C K T) = e (5
where k = log(K/X,r), de(k) = ——2— £ Y8 k) = 02(t, K, T)(T — 1), and g(k) =

, Vw(k)
(1 - k;:;((lf))> — (wl(f))z (ﬁ + i) + @ The SVI fit to this slice of the implied-volatility surface
is free from butterfly arbitrage if g(k) > 0 for all £ € R and dy (k) — —oc0 as k — oo (see [GJ14]).

12




The moment formula in equation (3.2) says that w(k) ~ kB%® for k large k (i.e. as K ' o0),
which applied to the density function yields

1 2
g(k) ~ = — B for k tending toward oo,
4 16
k /k VLT
d_(k)~ === — R for k tending toward oo.
ﬁ}]%Lﬂf 2
Placing these asymptotic approximations into the density yields
0? ;
—C""(t,K,T
aKz ( ) ) )

viT +
% 2

for k tending toward oo,

T 16B, o 2rkpgE T\ 2

and integrating in k (or K with a change of variable) yields the tail distribution

_icviz(t’K, T) ~ \/5(4 — (ﬂ})%m)Q) /OO e—auzdu

L k( 1 m)

for k tending toward oo,

0K 16By 7/ BE* Ik
2
where a = % B“li’” + \//;T > 1 for all B%® < 2. Applying this asymptotic approximation of
R

the tail distribution along with L’Hopitales rule yields the result

—au?
BV 2200 )y
Pt(VIXT > a:) fg?; 0) efau2du «

where {(z,y) = /log(z(1 + y/a)/Xer). O

Proposition 3.5 shows that for S%* € (0,2) with an SVI fit, the POT distribution with scaling
a(x) = & converges to a GPD with parameter a. Hence, the Pickands-Balkema-de Haan theorem
says this POT distribution is in the maximum domain of attraction of a generalized extreme-value
distribution (see Appendix C).

REMARK 3.6. Large-strike asymptotics for SVI are presented in [FGGS11]. In particular, there
is a large-k series expansion in powers of k~/2.

REMARK 3.7. If B%® = 2 then SVI may admit arbitrage as dy(k) — 0 as k — 0, a limit which
can be seen by using the large-k SVI expansion in [FGGS11]. If B%* = 0 then the distribution is
not heavy tailed and the extreme-value theory needs to be reworked to find an appropriate scaling

function a(-) for the POT distribution.

4. Examples. This section will give the reader a sense of how the theory from Section 3
applies to some widely-used stochastic volatility models. Models such as the 3/2 and SABR have
heavy-tailed volatility, both of which have MGFs that are infinite on the positive real line, but
each have different moment formula asymptotics for VIX implied volatility; the SABR model has
a volatility process with moments of arbitrary order whereas the 3/2 model has some volatility
moment that are infinite. This section also explores other models such as constant elasticity of
volatility (CEV) and Heston.

13



4.1. CEV Model. The following example shows how special care is required in using models
where the asset price does not satisfy Condition 2.2. Take r =0, T' = 1, and the process

dSt = \/gtth = O'tStth te [0, ].]

with Sp =1 and oy = o(S;) = ﬁ The process S; is a true martingale because f:o S02#(5)&9 = 0

for some € > 0 (see [MM12, Pro13]), but was shown in [Fel51] to have positive probability of hitting
zero in finite time, that is, P(min,<; S = 0) > 0 with zero being an absorbing boundary. Therefore

VIX? = E [} &du = co and ES; ¢ = oo for all t € (0,1] and all ¢ > 0.

However, in a manner similar to the real-life variance-swap barriers discussed in [CL09], caps
on payoffs based on realized variance can be modeled by using the stopping time

t
T:min{t>0‘/ ;du:M}
0 u

and then by considering the stopped process S, = Siar. The VIX on S is then bounded,
TAL
VIX = IE/ S—dugvM,
0 u

which is sufficient to have the Novikov condition for the martingales

n TAt 1 TNt 1
ZrF = —— —du =+ ——dW,, ¢ .
‘ P 2 A Su “ 0 \ Su
Hence, S; = Z;" and for any ¢ € (0, 1] the negative moments are

ES; " =E{(2)™}
TAt TNt
q 1 1
=K z _ W,
eXp{Q/o Sudu 1 0 V?ud “}

TAt
:E{(Zt)qexp{q/o ;udu}}

< quWE{(Zt_)q} < edM

< o0,

2
which is sufficient (along with the fact that ES? = E (1 + f(f \@udBu) =141 < o0) to have

Condition 2.2 for S;.

This example is informative because it is a non-trivial case where a barrier (i.e. via a stopping
time) is used to ensure VIX; < oo a.s. Without the stopping time there would be positive probability
of infinite VIX, which would lead to infinite variance-swap rates.

14



4.2. SABR Model. This is a non-trivial example of the contraposition of Proposition 3
because Condition 2.1 holds yet Condition 2.2 does not because there are no negative moments on
St.

For t € [0,T + 7], take r = 0, Sy = 1 and Yy > 0, and consider the SABR stochastic volatility
model

1
dlog §; = —SY7dt +Y; <\/1 %W, + det)
dY, = aY;dB,

where « > 0, W 1L B, and —1 < p < —1. It is well known that S; is a true martingale if and
2
only if p < 0 (see [Jou04]), and that ES; ™ < oo if and only if p < 2= (see Appendix B.2 or

[Jou04]). The process Y; is log-normal and almost-surely positive, and clearly EY,?> < oo implying

2
that E ( fot YudBu> < 00, which implies Condition 2.1 and therefore the log-contract satisfies

1 t
—~Elog(S;) = 5IE:/ Yidu < oo .
0

Moreover, the VIX has all it’s moments

1 T+ " 1 T+
EVIX7' = —E | Er / Yidu| < ——=E / Y2 du
T T

T T
T+t
yzn 2\ 2
— T? - e(2n n)a “du
T Jr
< o0,

yet has infinite MGF,

EetVIXr — FebV/3Er [ 77 Yidu _ FetCralr — oo vE>0,

where C; o, = \/ LBy [T Y2du = \/ L (e2*™ —1) > 0. Tt follows that Ee¢VIXr = oo for all
T

£>0.

14+p

In summary, for p < 0 the price S; is a martingale, there exists p = sup{p > [Eg}" < oo} >0,

and EetVIXT = o6 for all ¢ > 0. Hence from equation (3.1) it is deduced that § = sup{q >
0[ES;{, < oo} = 0. The SABR model is a good model because it fits the SPX options data.
However, SABR may have trouble fitting both SPX and VIX options because volatility modeled as
geometric Brownian motion will produce a flat smile that does not have the upward skew observed
from VIX options.

This example has demonstrated the VIX-SPX relationship identified in Lemma 7?7, namely that
IEterIX; = oo for all £ > 0 implies ]EtS;iT = oo for all ¢ > 0.

4.3. CEV Volatility Process. This is another non-trivial example of the contraposition of
Proposition 3, but the model is slightly better than SABR for pricing both SPX and VIX options
because it has implied-volatility function (¢, K, T) that is increasing in K. For t € [0,T + 7], take

15



r =0, Sy = 1, and consider the stochastic volatility model

1
dlog S; = 3 Y2dt +Y; (\/1 — 2w, + det)
dY; = cY;2dB;
where ¢ > 0 and dW; - dB; = pdt. The process Y; is almost-surely positive, a fact that can be

deduced from it’s transition density (see the transition density in [CHO5]).
Also from the transition density it is seen that EY; < oo for 0 < p < 3 and EY = oo for p > 3.

2
Since EY;? < o it follows that E ( 0T+T YudBu) < oo and Condition 2.1 holds, which means the
log-contract satisfies

1 t
—Elog(S:) = §E/ Yidu < oo .
0

However, the VIX’s MGF is infinite on the positive real line. Hence, if p = 0 or if p < 0, then S, is
a martingale and applying Part 1 of Proposition 3.3 shows that Condition 2.2 fails because St .,
has no negative moments. On the other hand, VIX call options have right-hand extreme strikes
with Br = .4495, as shown in Figure 4.1.

Moment Formula for VIX-Option Implied Volatility VIX Option Implied Volatility 09-Sep-2010, maturity 20-Oct-2010
T T T T T T 14 T T T T T T T
- /+ "
% *
12 _ * *
A -
4 - 777777777/;“377——J’**””
* *N
¥
08 * 7
N *
v * L
*
0.6 *
0.4 / * Data v
CEV Fit
o2/ - - 4044 /Tog K EVIX ) /(T = t)

0.8 1 1.2 14

D‘A 0.‘5
log(K/E VIX;)

5 -02 0 02

Fig. 4.1: Left:Implied volatility for the CEV volatility process in Section 4.3. The plot is of the

scaled VIX implied volatility, % Yosry < (BYT)V/2, for Yo = .25 and K < Kypge = 93.5. The

lines for T = 1,2/3 and 1/3 will come closer and closer to \/ B}’{r = 0.44949 as K,,,; increases.
Right: The fit of the the stochastic volatility model proposed in Section 4.3 is fit to the VIX
options data from September 9th, 2010. The model captures some of upward skew in VIX implied
volatility (certainly more than SABR which produces a flat implied volatility surface), yet does not
have enough explanatory power to provide a good fit to the data.

4.4. The Heston Model. The Heston model is interesting because there is some interplay
between the quantities ¢ and £ from Proposition 3.3. Furthermore, one of the model’s most inter-
esting features is the role played by time in determining negative moments, namely, for any g > 0
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there exists t* € (—oo,T) such that E;S;? = oo for t < t*. However, this section will show that
the Heston model’s time dependence in tail risk is (for the most part) absent in VIX options.

The Heston model (with » = 0) has squared volatility given by a Cox-Ingersol-Ross (CIR)
process, so that

1
dlog S, = — 3 Yidt + /YidW,
dY, = k(Y — Y;)dt +v\/Y;dB;

where dW;dB; = pdt for p € (—1,0). It is also importnant have the Feller condition, v < 2Yk.
Similar to the computation used in [AP07, FGGSI11], the earliest time t* < T such that
E4« S = oo for some ¢ > 0 (see Appendix B.3) is

2
* v 1 qyp+ kK
T — t* = 7T]l[ +ﬁ>0] + tan — .
V7241 +q) = (qrp + k)2 < o V721 +q) = (g0 + k)2
i SR o

Asymptotically, T' — ¢ S e for g > 1.

For the VIX, the MGF IEﬁgVIX; < oo for some £ > 0, but there is also a point £* of ex-
plosion that can be calculated explicitly. Using the SDE for Y, the VIX is linear in Y, VIX? =

%Et ftt+T Yodu =Y + % (1 —e™™) = a+bY;. The explicit transition density for ¥; (as given in
[AS99]) is

aﬁP(YT < y‘Yz-S = yO) = 067U7’U(v/u)a/2lo¢(2\/ 'LL’U) ) (41)
Y

where ¢ = 2k/(72(1 — e *T=D)) u = cyoe TN v = cy, @ = 2Yk/y*> —1 > 0, and I, is the
modified Bessel function of the first kind of order a. The function % is integrable against this
density for any &b < ¢, hence, EteEVIXT < oo if and only if £ < £* where

c 2k2T
b 72(1 _ efn(Tft)) (1 _ ef'm) '

_ 2K

Note that for large time %IP’(YT < ylY: = yo) = ce "V (v/u)*?I,(2y/uv) ~ %
by (03

fact, Y; converges weakly to a gamma-distributed random variable). Hence for large time the VIX’s
MGF is

2¢p, —(a+1)
EtengT%<172£) for T—t>1,
K

which exists for £ < % = 72(125722”)

The analysis above is interesting because it shows how the Heston model has a time dynamic
in SPX tail risk that is not as prevalent in the VIX. To put it another way, there is an increase
in tail risk as E;S;.7 = oo for longer time-to-maturity, yet the VIX’s MGF exists for a segment of
the positive real line for all time. This means that the Heston-model gives VIX prices that do not
capture the same long-term risk that is prevalent in the underlying.
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Figure 4.2 shows how the Heston model can fit the SPX implied volatility, but has some difficulty
in fitting the VIX implied volatility. In particular, the CIR process of the Heston model leads to
a downward slope in VIX option implied volatility, which is the stylistic feature pointed out in
[Dril2, Gat08, PS14] that suggests the Heston model is mis-specified to the VIX data.

SPX Option Implied Volatility 09-Sep-2010, maturity 16-Oct-2010 VIX Option Implied Volatility 09-Sep-2010, maturity 20-Oct-2010
0.65 T T 14 T T T T T T T
- /+ *
0.6 4 % *
* Datad 121 /,’/* *

088 Heston Fit 1 _F T *

P
051 ! — ——

. ¥
0.45}< 08 . * -
G o4 +* v SN s ’
* B
035 N 0.6 " ) ’
03 * 9 L
: o4 ) %  Data v
025 /) CIR Fit
02| ey - 4044 Tod K/EVIX1) /(T — t)
-
_ I

L L
1 -02 0 02 08 1 12 14

) 0.4 0.6
log(K/E S,) log(K/E VIX,)

Fig. 4.2: Left: A fit of the Heston model to the implied volatility smile from SPX options. Right:
A fit of the Heston model (or simply a CIR process) to the implied volatility from VIX options.
The downward slope in the right-hand skew indicates

The Heston model has 5 > 0 and S, < 2, yet there is not enough tail behavior for Proposition

-\ 2 _ ~
3.3 to be an informative estimate. Namely, (%) + % — % is a small number for calibrations

of Heston model having Y that is within the realm of what is (historically) standard in the data.
In general, Proposition 3.3 is model free, which means there is an underlying tradeoff between
sharpness and specification of the model. Sharper estimates based on Proposition 3.3 may be
available for Heston and other stochastic volatility models.

4.5. The 3/2 Model. The 3/2 model is

1
leg St = —ithtJr V thWt

A% = Z; (k — (V* = kY)Z;) dt +~2%dB,

where 2Yk > 4%, and k — yp > —14? so that the price process is a martingale (see [Dril2]),
and hence Condition 2.1 holds up to time 7" + 7. This model can be equivalently written as
dlog S; = —%Ytdt + ﬁth where Y is the square-root process from Section 4.4. This is a popular
choice for pricing VIXyoptions because the volatility process has heavy tails (see [BB14, Dril2]).
However, this model forces low-strike implied volatility of SPX options to be at its maximum in
the same manner as the examples in Sections 4.2 and 4.3.

For some k > a+1 (where a = 2};2" —1 as in Section 4.4), convexity arguments lead to non-finite
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k
1 T+ ) -
> E; ;/T (YT> du]l[YT>Y]> (because Yr > ErY, if Yr >Y)
k
1
=E, —T ]l[YT>Y]
= 00 forallk >a+1,

k
where the transition density given in (4.1) is used to verify that E, (Y—lT) =o0 for k > a+ 1.
Therefore the MGF of VIX%« is infinite on the positive real line,

k
]EteEVIXQT > %Et(VIX%)k =0 forall k >a+1,

and hence S; has no negative moments. Moreover, a Holder inequality can be used to show that
finiteness for 1 < k < o + 1:

1 T+ 1 k
E,(VIX2)F = E, ;/ Er (Y) du
T u
1 T+1 1 k
1 T+ 1 1/k 1/k

< 00 foralll<k<a+1.

1/k

Hence, E;(VIX7)* < oo for all 0 < k < a + 1.

In general, the CEV volatility model of Section 4.3, the SABR, and the 3/2 models are candi-
dates for an improved fit to the VIX data because the volatility process that is heavy tailed, whereas
the Heston model’s CIR process does not capture the right-hand skew in VIX implied volatility.
However, the 3/2 model appear to be the best for fitting to VIX-option implied volatility, as the
SABR model has flat smile for VIX options, the CEV volatility model has relatively little skew
for VIX options (see right-hand plot in Figure 4.1), while the 3/2 model has captured much of
the right-hand skew in the data (see Figure 4.3). The moment relationships form the examples of
Sections 4.1 to 4.5 are summarized in Table 4.1.
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VIX Option Implied Volatility 09-Sep-2010, maturity 20-Oct-2010
1.5 T T T T T T T
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Fig. 4.3: The 3/2 model fit to implied Volatility from VIX options. The heavy-tailed 3/2 process
for volatility captures the increasing right-hand skew. The right-hand skew is the stylistic feature
that is seen through the VIX data, and it is important to use a stochastic volatility model that fits
when pricing VIX options. See [Dril2, Gat08, BGK13, PS14] for more insight on models that fit
the right-hand skew.

5. Conclusions. This paper has explored some basic relationships between the markets for
SPX and VIX options. The main idea is based on the notion that high-strike VIX call options can
be used to hedge tail risk in the SPX. The moment formula was applied to relate the extreme-strike
options on the SPX and VIX, and some formulas for comparison were introduced. The primary
focus was the relationship between negative moments in SPX and the interval of the positive real
line where the MGF of VIX-squared is finite. Negative moments and the MGF were computed for
various stochastic volatility models, with the intention of giving the reader a sense of what can be
accomplished with different models.

This paper is a step towards a theory for unifying option pricing of VIX and SPX contracts
under a single stochastic volatility model. There are studies in the literature that have demonstrated
better fits by richer models, but still there must be special taken when using a single model for
pricing both SPX and VIX options. The primary contribution of this paper is the model-free
understanding of links between these two options markets.

Possible future work will be refined arbitrage bounds for specific models, and more development
of the model-free framework with the identification of no-arbitrage bounds that can be enforced
with static hedging.
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Model EVIXE = 0o | EetVIXT = o ES;?, = oo

CEV model, dS = S*dW with | Vp >0 vE>0 Vg >0
0<axl1
SABR with p <0 p =00 VE >0 Yq >0
CEV volatility, dS = SVYdW | Vp >3 VE >0 Vg >0
and dY = cY?%dB, with
dWdB = pdt and p <0
Heston Model p=o0 VE > 72(17(%’;2)?17(”) Vq such
that T+7 >
T*(q)
3/2 model Vp > 2(a+1) | VE>0 Vg >0
Table 4.1: A table to summarize the moment relationships from the ex-
amples in the Section 4. For the Heston model, the function T%(q) =
~? -1 _ qyptHK
\/“Fq(ltq)*(q“/erff)2 (Tr]l[qwﬁoo] +tan ( \/vzq(1+q)(qw+ﬁ)2>)' For the 3/2 model,
a = 23;2“ — 1. For each of these models it was shown that S;e™"! is a true martingale, so

from Lemma 3.2 is follows that ES;.? = oo for all ¢ > 0 if Eet VIXT — o6 for all &> 0.

Appendix A. The CEV Model. Consider the CEV model with quadratic variance,
dS; = o S2dW; .

This process is a strict local martingale and is discussed in [CHO5]. In particular, the process
Y; = 1/S7 is among the class of SDEs considered in [Fel51], and has natural boundaries at zero
and infinity (i.e. both Y and S have zero probability of touching zero). Furthermore, the transition
density of S is

S dz

(-2 (t+1)°
% (eXp (2(T—t)a2> TP (2(T—t)02>> '

Figure A.1 and Table A.1 show the expectations of some important functions of St for o = 1.

Appendix B. Moment Calculations.
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Expectations of Payoffs for CEV, dS; = S2dW;
15
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Fig. A.1: Some expectations of functions of the CEV process. Top Left: Notice that EqS7/Sy < 1
for Sy > 0; this is the effect of the local martingale property. Top Right: Notice how E(S% /Sy =
O(Sp); this is useful in Example 4.3 where this CEV model is used as the volatility process. Bottom
Left: Notice how the call option price in is not convex in Sy. As mentioned in [CH05], this shows
that risk-neutral expectations of convex payoffs may not be convex in the initial price if the process
is only a local martingale. Bottom Right: The log contract, which is increasing but not concave
in So.

B.1. SABR Model (Section 4.2). Furthermore, for any p > 0 the 1 4+ p moment is
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9(St)

E{g(St)[So = s}

St

log(ST)

(S — K)*

(1 20(5)).

252

70+ ()

(247 +log(2/T) +
s{®(k —0) — D(-9)
—K{®(k+0)—®(0

1
KT

1
= K =
sv'T

+ o
— K

205 (0.2,

(6) = @(0 +r)}
)+ 071 (@' (5 +0) — @' (1 — )},

Table A.1: The moments for the CEV model dS = SQQdW. ;[‘he special functions are the nor-
mal Gaussian CDF &, the Dawson integral D, = e™* f ¥ e du, the confluent hypergeometric
ey~ 1(1 — u)*=2 du, and the Euler Gamma
Ye ~ 0.577215665. For general ¢ > 0 the transition density shows that o # 1 is the scaling

function of the first kind F; =

()

T'(b—a)T'(a)

o e

time given by E?{g(Sr)|So = s} = E'{g(S7,2)|So = s}

t t t
J/ deu—k(l—l—p)\/l—pQ/ Yuqu+(1+p)P/ YudBu}
0

/Y2du+ 1+p)p /YdB}

—(1+p)+(1+p)(1

_(1 +p) + (1 +p) ( - P2) /t Y02€—a2u+2o<Budu + (1 +p) (Y;f - YO) }
0 O{

ES; 7 = Eel1F)log St
= Eexp {—
—(1 1
:Eexp{ (1+p)+ 1A +p)*(
2
=E
exp { 5
_ (14p)pYo
<e a [Edexp
<00,

which is the case if (and only if)

*(1+p)+(12+p)2(1792)

2

7(1+p)+(12+p)2(17"2) < 0 if and only if p <

2 t
14 )Y()Qe—azt/ eQaBudu}}
0

> 0 it blows up:

1
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2
f—pz, otherwise if



t t
sfonfe ['emafhoslonle [ oonal)
0 t/2
¢
=E < exp fezo‘Bt/z/ e20(Bu=Bt/2) gy,
t/2

>E {exp {§€2aBt/2} 1 Utt/Q(Bu_Bt/z)duw] }

— Eexp {{eQQB‘/Q } E {]l [ftt/2(Bu_Bt/2)du>0:| }

= X0 y
because E exp {ﬁeQQBt/Q} = oo for all £ > 0.

B.2. CEV Volatility Process (Section4.3). To determine whether or not S; is a true
martingale it suffices to consider the expectation

1 (T T T
EST:EeXp{—Q/ Yquu—&- \/1—p2/ Yuqu—l—p/ YudBu}
0 0 0

p2 T T
= Eexp ——/ deu—l—p/ Y., dB,

2 Jo 0
_ v\ ple=p) [T
_IE{<YO> exp{2/0 Y, du ,

plec .
which is certainly a martingale if p = 0. For p < 0, define Z; = (%) exp {M fg deu} and

apply It6’s lemma to get
T
ESr =EZr=1+E p/ Y.ZudB, p =1,
0

where the stochastic integral is a martingale because E fOT(YuZu)Qdu < fOT(EYf)Q/S (EZ5)/3du <
oo for p < 0 and any ¢ > 0, and hence S; is a true martingale.

The MGF VIX-squared is infinite on the positive real line, which is seen by writing the second
moment of Y; in terms of the Dawson integral from Table A.1, and then by taking constant M > 1,
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€ > 0, and evaluating for £ > 0:
FetVIXS _ g Er 57 Y2du

Yr oT+r 2 D 1
:Eeé ATV e2(u=T) +<YT 202(u—T)>du

2 I . D+(x)da:
— Yr 2027'
2 7% tel
Yrv2c2r
> hmmfIE exp { — Tl EDJr(x)dm Ly, >m
YT\/2C2T
V2c 7'+6 2
> hmmf]E exp{ —/YT 2 ’ ( - x> dz o Ly, >wm)
1 T 3 =
YT 2C2
2 YT 202 +
>ljl\5nﬁ1&f[€{exp{ g}
202
2e
X <YTV 2021 — m — 3> dx}]l[yTzM]}
—g 2 2¢ ( ) s2f
= liminfe ¢ 3MV2€27 E{ Ve Ly, >M]} o0,
M—o00

) : _ 1 : 9 _
where we’ve taken the change of variable z = Vo)’ and used the Dawson integral’s MacLau

ren series

- (_1)n2n 2n+1 2 3
n=0

The lim inf is infinite because E {ngT]l[YTZM]} > %E {Y:,‘%]l[yTzM}} =ooforall¢ > 0and M < co.
B.3. Heston Model (Section 4.4). Similar to the computation used in [AP07, FGGS11], the

earliest time t* < T' such that E;«S7.? = oo for some ¢ > 0 can be computed from an ansatz for the

PDE’s solution. Let X; = —qlog S;, which has Ito6 differential dX; = —qgdlog S; = qTYtdt—q\/?gth,

and the function u(t, z,y) = E{S;7|X; = z,Yr = y} satisfies the PDE

2

2
7%y 72y -
& = QVPYUay + =ty + KV = yJuy =0

Ug + TUM + %u

with terminal condition (T, z,y) = e®. Now consider the ansatz u(t,z,y) = e®e*®¥t0(") where
a(T) =0 = b(T). There is a Riccati equation for a(t) and an associated ODE for b(t):

2
%a(t) = —%Cﬂ(t) + (qvp + K)alt) — (2 n 2)
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where rL = ,Y% (q’yp + K+ (g + K)2 —v2q(1 + q)) The solution a(t) = oo for some t* > —oo

if there are complex-valued r4, which happens if (¢gyp + %)% < v2q(1 + q) or (equivalently) if
q ¢ [q-,q+] where

2ypk — 7 + \/(27% —72)? + 4k292(1 — p?)
Qi = > 2 (B.l)
2(1 = p?)y
(notice g— < 0 < ¢g4). To see why a(t) blows up in finite time, rewrite the Riccati equation as a
linear 2nd order equation,

72 (q? Jr(])v(t)

=0
4

V" (t) = (qyp+ k) V' (t) +

so that the solution is a(t) = 27”2/7(2) where for complex roots (e.g. for ¢ > ¢*) there is general

solution

o(t) = e T (04 cos (d(T — 1)) + Cosin (d(T — 1)) |

2 — 2
with constants C'{,Cy € R and where d = el q(1+qv)2 (avptr) . This solution oscillates above and
below zero, and hence, will equal zero at some finite time ¢* € (—o0,T), at which point a(t*) = .
At time ¢t = T the terminal condition a(7") = 0 requires

P+ K

U/(T) = ’72 01 — dCQ =0 ;
which implies % = %. Then E,S;? < oo if t € (¢*,T)], where t* < T is such that v(¢t*) = 0 or
ey C2 . sy DIPER .
cos (d(T —t ))—i—asm(d(T—t )) =cos (d(T —t ))—&—Tsm(d(T—t ) =0,
1 Y

and solving yields the singularity time

. - qYp+ K
T—t"= - 7T]]_[ +r>0] T tan L — .
d ( o VP2a(L+q) — (qvp + K)?

Appendix C. Maximum Domain of Attaction. Let F(y) = P;(VIXr < y). Consider
samples (Yy)j_, where Yy ~ iidF for each ¢, and let M, = max(Y7,Y>,...,Y,). For a > 0 the
generalized extreme-value distribution is

Ho() 2 exp(—(1+y/a) %) a<oo,
) { exp(— exp(—y)) =00 .

Distribution function F' is said to be in the maximum domain of attraction (MDA) of H,, for a < oo
if and only if

anM, = H, as n — oo,
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where a,, = F71(1 — 1/n) (see [Deg06] or [Res87] page 54-57). This is written as F' € MDA(H,,).
For a = 00, F € mda(H,) if and only if

1-F(y) ~exp(=¥(y)) asy— oo

for some function ¥ € C%(RT) with (i) ¥(y) — oo asy — oo, (ii) ¥'(y) > 0, and (iii) (1/¥'(y))" — 0
as y — oo (see [Deg06]).
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