ISOTROPIC RANDOM WALKS ON AFFINE BUILDINGS
JAMES PARKINSON

ABSTRACT. Recently, Cartwright and Woess [4] provided a detailed analysis of isotropic
random walks on the vertices of thick affine buildings of type A,. Their results generalise
results of Sawyer [15] where homogeneous trees are studied (these are A; buildings), and
Lindlbauer and Voit [8], where A, buildings are studied. In this paper we apply techniques
of spherical harmonic analysis to prove a local limit theorem, a rate of escape theorem,
and a central limit theorem for isotropic random walks on arbitrary thick regular affine

buildings of irreducible type, thus providing a broad generalisation of the A, case.

INTRODUCTION

Let 2 be a thick locally finite regular affine building of irreducible type. By regular
we mean that the number of chambers containing a panel depends only on the cotype
of the panel, and by thick we mean that this number is always at least 3. The simplest
example of such a building is a homogeneous tree with degree ¢ + 1 > 3, where the
chambers are the edges of the graph. In this case, Sawyer [15] studied random walks
(Zk)k>0 on the vertices of .2~ which are isotropic , meaning that the transition probabilities
p(z,y) = P(Zyy1 = y | Zx = x) depend only on the graph distance d(x,y) between z and y.
To motivate our results, let us briefly describe these random walks on trees.

Let V' be the vertex set of the tree, and for each x € V and k € N = {0,1,...}, write
Vi(z) for the set of all y € V' such that d(x,y) = k. It is easily seen that the cardinalities
|Vi(x)| are independent of the particular = € V', and we write N}, for this value. For each
k € N there is a natural operator A, acting on the space of all functions f : V — C,
where for each z € V| (Arf)(z) is the average value of f over Vi(z). The operator A
may be regarded as the transition operator of the isotropic random walk with matrix
(pr(x,Y))zyev, where py(z,y) = Nik if y € Vi(x) and pg(x,y) = 0 otherwise. Indeed it is
easily seen that a random walk on V is isotropic if and only if it has a transition operator

A= ZakAk

keN
where a; > 0 for all k € Nand ), yar = 1.
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The linear span over C of the operators {Ay}ren is a commutative algebra </ with
a rich theory of harmonic analysis (see [6]). In particular, the algebra homomorphisms
h : o/ — C may be explicitly described, and local limit theorems, central limit theorems,
and rate of escape theorems can be proved as applications.

Now consider a regular affine building 2~ of irreducible type. Thus £ may be regarded
as a simplicial complex made by ‘gluing together’ many copies of a given Coxeter complex,
each Coxeter complex called an apartment of 2~ (these are regular tesselations of Euclidean
space by simplices). There is an irreducible (but not necessarily reduced) root system R
associated to 2", as described in Section 1.3, and the coweight lattice P of R is a subset of
the vertex set of the standard Coxeter complex ¥. We consider random walks on a related
subset Vp of the vertices of 2", which in most cases is the set of all special vertices of 2 .

Let PT be the set of dominant coweights of R (relative to some fixed base). For each
x € Vp there is a natural partition of Vp into subsets Vy(z), A € PT, as described in
Definition 1.4. Roughly speaking, y € V)(z) means that there exists an apartment A
containing x and y and a ‘suitable’ isomorphism ¢ : A — ¥ such that i(z) = 0 and
¥(y) = X € PT (in other words, y is in position \ from x). It is shown in [12, Theorem 5.15]
that for all A € PT the cardinality of the set V\(z) is independent of the particular = € Vp,
and we write NNy for this value. Following the tree case, for each A € P* let Ay be the
operator acting on the space of functions f : Vp — C with (A, f)(x) being the average value
of f over Vy(x). The linear span of these operators over C is a commutative algebra <7,
which has been studied extensively in [12]. The algebra homomorphisms A : &/ — C may
be explicitly described both in terms of the Macdonald spherical functions and in terms of
an integral over the boundary of 2 .

We call a random walk on Vp with transition matrix (p(z,y))syev, isotropic if p(x,y) =
p(2’,y") whenever y € Vy(x) and 3’ € V,(a) for some A € PT. As in the tree case, the
operators A, may be regarded as the transition operators of isotropic random walks with
matrices (px(z,y))syev, where py(z,y) = N% if y € Vy\(z) and py(z,y) = 0 otherwise. It is
easily seen that a random walk on Vp is isotropic if and only if it has a transition operator

of the form

A= Z arAy (0.1)
Aep+t
where ay > 0 for all A € P* and ), py ax = L.

In this paper we apply the spherical harmonic analysis associated to the algebra .o/
to prove a local limit theorem, a central limit theorem, and a rate of escape theorem
for isotropic random walks on Vp. These results generalise the results in [4] where A,
buildings are studied (which in turn generalise the corresponding results for homogeneous
trees). While the overall structure of this paper follows [4] quite closely, the general setting
is considerably more complicated that the more concrete A, case.
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Let us briefly outline the structure of this paper. In Section 1 we give a summary of
some background material, mostly from [12] and [13]. This section includes a discussion of
root systems, Coxeter complexes and buildings, the algebra <7, and the spherical harmonic
analysis associated to this algebra. The main sections of this paper are Sections 2, 3 and 4.
In Section 2 we give our local limit theorem for isotropic random walks on Vp, describing the
asymptotic behaviour of the k-step transition probabilities p*)(z,y) = P(Z, =y | Zy = z).
We also give necessary and sufficient conditions for irreducibility and aperiodicity of the
random walk, and in Remark 2.19 we outline some applications of our local limit theorem
to random walks on groups acting on buildings. In Section 3 we prove our rate of escape
theorem. For each k£ € N, let v, € Pt be such that Z, € V,,(Z;). We show that %I/k
converges in E (the underlying vector space of R) with probability 1. In Section 4 we
prove our central limit theorem, showing that there is a positive definite matrix I' such

that
<<Vk> 1) — ik (Vi o) — 'Ynk>
—\/E ey N
tends in distribution to the normal distribution N(0,I'). Here {a;}}_, is a base of R,
and (-,-) is the usual inner product on E, and the numbers v;, j = 1,...,n, are certain
constants determined by the underlying building. In Appendix A we determine the algebra
homomorphisms & : &/ — C which are bounded (generalising [9, Theorem 4.7.1]).

1. AFFINE BUILDINGS AND SPHERICAL HARMONIC ANALYSIS

1.1. Root Systems and Weyl Groups. Root systems play a significant role in this
work. We fix the following notations and conventions, generally following [1, Chapter VI].

Let R be an irreducible, but not necessarily reduced, root system in a real vector space FE
with inner product (-,-). The rank of R is n, the dimension of E. Let Iy = {1,2,...,n}
and I ={0,1,2,...,n}, and let B = {«; | i € Iy} be a fixed base of R. Write RT for the
set of positive roots (relative to B), and let RY = {a" | a € R} be the dual root system

2«

of R, where for each o« € R we write a¥ = aa Since R is irreducible there is a unique

highest root & with the property that if

and if 3 =) .., kio; € R, then m; > k; for each i € Iy [1, VI, §1, No.8, Proposition 25].

For each i € Iy define \; € E by (\;, ;) = 0; ;. The elements {\;};c, are called the
fundamental coweights of R. The coweight lattice of R is P = ), ; Z\;, and elements
A € P are called coweights of R. A coweight A € P is said to be dominant if (A, ;) > 0
for all i € Iy, and we write P* for the set of all dominant coweights. Let Q = > _p Za"
be the coroot lattice of R, and let Q* = 3 .. NaY. For \,u € P we write pp < X if
A — p € Q7 (this defines a partial order on P).
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For each « € Rand k € Z let Hyy = {x € E | (z,a) = k}. We call these sets
affine hyperplanes, or simply hyperplanes. For each o € R and k € Z let s, denote the
orthogonal reflection in H,j. Thus sa.x(z) =z — ((z,a) — k)a” for all z € E. Write s, in
place of s4.0, $; in place of s,, (for i € Iy), and let sy = s5.1. Let Wy = Wy(R) be the Weyl
group of R, and let W = W/(R) be the affine Weyl group of R. Thus Wy is the subgroup
of GL(FE) generated by {s;}icr,, and W is the subgroup of Aff(E) generated by {s;}ics.
Both (W, Sp) and (W, S) are Coxeter systems, where Sy = {s;}icr, and S = {s;}icr, and
clearly Wy < W. Given w € W, we define the length {(w) of w to be smallest k& € N such
that w = s;, ...s;,, with ¢1,...,9 € I.

The extended affine Weyl group of Ris W(R) = W = Wy x P. Since W = W, x Q
(see [1, VI, 82, No.1, Proposition 1]) and @ C P, we may regard W as a subgroup of
. Note that T contains all translations by elements of P, while W only contains those

translations by elements of Q).

Remark 1.1. We make the following comments for those readers not so familiar with the
non-reduced root systems. For each n > 1 there is exactly one irreducible non-reduced root
system (up to isomorphism) of rank n, denoted by BC,,. To describe this root system we
may take £ = R” with the usual inner product, and let R consist of the vectors +e;, +2¢;
and te; ey for 1 <i<nand1<j<k<n Leta =¢€ —ey forl <7 <nand
A, = e,. Then B = {a;}icy, is a base of R, and RT consists of the vectors e;, 2e; and e; £ey,
for1 <i<mand1<j <k <n. The fundamental coweights are \; = e; +- - - +¢; for each
1 < ¢ < mn. Note that R¥ = R and Q = P. The subsystem R; = {a € R |2a ¢ R} is a
root system of type C),, and the subsystem Ry = {a € R | %oz ¢ R} is a root system of type
B,, (with the convention that C; = By = A;). We have Q(R) = P(R) = Q(R;) & P(Ry),
and so W(R) = W(R;) but W(R) # W(R,).

1.2. The Coxeter Complex. There is a natural geometric realisation ¥ = 3(R) of the
Coxeter complex of W = W(R). Let ‘H denote the family of the hyperplanes Hax, o € R,
k € Z, and define chambers of X to be open connected components of E\ | 4, H. Since R
is irreducible each chamber is an open (geometric) simplex [1, V, §3, No.9, Proposition 8],
and we call the extreme points of the closure of chambers vertices of ¥, and we write V (X)
for the set of all vertices of 3.

The set P of coweights of R is a subset of V(X), and we call elements of P the good
vertices of . When R is reduced, P is the set of more familiar special vertices of ¥ [1, VI,
§2, No.2, Proposition 3].

The choice of the base B = {«;}_, gives a natural choice of a fundamental chamber

Co={zx € E|{(x,a;) >0 forall i € Iy and (x,a) < 1}. (1.2)

In the notation of (1.1), the vertices of Cy are the points {0} U {\;/m;}icr, [1, VI, §2,
No.2|. There is a natural simplicial complex structure on 3 with maximal simplices being
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the vertex sets of chambers of 3, and simplices being subsets of the maximal simplices.
We define 7 : V() — I to be the unique labelling of ¥ (as a simplicial complex) such that
7(0) = 0 and 7(\;/m;) = i for each i € I,.

We write Ip = {7(A\) | A € P} C I. Let {m;}ics, be as in (1.1), and define my = 1.
We have Ip = {i € I | m; = 1}, which shows that 0 € Ip for all root systems, and
that Ip = {0} if R is non-reduced [12, Lemma 4.3]. This also shows that in the non-
reduced case, and only in the non-reduced case, there are special vertices which are not
good vertices.

We define the fundamental sector of 3 to be the open simplicial cone
So={r € E|(z,a;) >0 foralli € [y} (1.3)

The sectors of ¥ are then the sets A\ + wSy, where w € Wy and A € P (equivalently, the
sectors are the sets WSy, w € W).

An automorphism of ¥ is a bijection 1 of E which maps chambers, and only chambers,
to chambers, with the property that chambers C' and D are adjacent if and only if (C)
is adjacent to (D). We write Aut(X) for the automorphism group of .

An automorphism 1 of ¥ is called type preserving if 7(v) = 7((v)) for all v € V().
By [14, Lemma 2.2] ¢ € Aut(X) is type preserving if and only if ¢ € W. Generally we
have W, < W < W< Aut(%).

1.3. Buildings and Regularity. Recall ([2]) that a building of type W is a nonempty
simplicial complex 2" which contains a family of subcomplexes called apartments such
that

(i) each apartment is isomorphic to the (simplicial) Coxeter complex of W,
(ii) given any two chambers of 2" there is an apartment containing both, and
(ili) given any two apartments A and A’ that contain a common chamber, there exists
an isomorphism v : A — A’ fixing AN A" pointwise.
Since W is an affine Weyl group, 2" is called an affine building.

It is an easy consequence of this definition that 2" is a labellable simplicial complex,
and all the isomorphisms in the above definition may be taken to be type preserving (this
ensures that the labellings of 2" and X are compatible).

Let V and C be the vertex and chamber sets of 2", respectively (with chambers being
maximal simplices of 27). Chambers ¢ and d are declared to be i-adjacent (written ¢ ~; d)
if and only if either ¢ = d, or if all the vertices of ¢ and d are the same except for those of
type 1.

Throughout this paper we assume that our buildings are

(i) locally finite, meaning that |I| < co and [{d € C | d ~; ¢}| < oo for each ¢ € C and
1el,
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(ii) regular, meaning that |{d € C | d ~; c¢}| is independent of ¢ € C for each i € I, and
(iii) thick, meaning that |{d € C | d ~; c¢}| > 3 for each ¢ € C and each i € I.

By [12, Theorem 2.4] we see that thickness and regularity are intimately connected.
Indeed, the only thick affine buildings of irreducible type which may fail to be regular are
those of rank 2 (thus regularity is a very weak hypothesis).

Since 2" is assumed to be regular, we define numbers ¢;, i € I, called the parameters of
the building, by ¢; + 1 = |[{d € C | d ~; ¢}|. These numbers satisfy ¢; = ¢; if s; = ws;w™*
for some w € W (see [12, Corollary 2.2]), and by thickness ¢; > 1 for all i € . If w =
Siy -+ si, € W is a reduced expression (that is, {(w) = k) we define ¢, = ¢;, - - - ¢;,,, which
is independent of the particular reduced expression for w (see [12, Proposition 2.1(i)]).

To each locally finite regular affine building (of irreducible type) we associate an irre-

ducible root system R (depending on the parameter system of the building) as follows:

(i) If 2 is a regular building of type X,,, where X = A and n > 2, or X = B and
n>3orX=Dandn>4,or X =Fandn=6,7or 8 or X =F and n =4, or
X =G and n = 2, then we take R = X,.
(ii) If 2 is a regular A; building with gy # g1, then we take R = BC}.
(iii) If 2 is a regular C,, building with n > 2 and go # ¢y, then we take R = BC,,.
(iv) If 2 is a regular A; building with gy = g1, then we take R = A;.
(v) If 2 is a regular C,, building with n > 2 and ¢y = ¢y, then we take R = C,,.

The choices above are made to ensure that the coweight lattice P of R preserves the
parameter system of 2 in the sense that if v € V/(3) then ¢ ) = ¢r@wyn for all A € P.
Thus, for example, (iii) above is motivated by the general parameter system of a C, building
(embodied in the Coxeter graph):

o 4 91 41 g1 q1 4 Qgn
*r—o— e o o =
FiGure 1.1

(see [12, Appendix]). If we take R = C,,, then by the definition of the type map (see
Section 1.2) and the fact that m,, = 1 (see (1.1) and [1, Plate III]) we have 7(\,) = n.
Thus in general we have ¢;x,) = ¢n # qo = ¢r(0). If we instead choose R = BC,,, then
P =@Q,and so 7(v+ ) = 7(v) for all v € V(X) and A € P (and hence ¢-() = ¢rw+r))-

If R is the root system associated to 2, we sometimes say that 2 is an affine building
of type R.

Definition 1.2. Let 2" be an affine building of type R with vertex set V. A vertex x € V
is said to be good if and only if 7(x) € Ip (recall that Ip = {7(\) | A € P}). Write Vp for
the set of all good vertices of 2 .
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Clearly Vp is a subset of the more familiar special vertices of 2 . In fact if R is reduced
then Vp equals the set of special vertices. If R is non-reduced (so R is of type BC,, for
some n > 1), then Vp is the set of all type 0 vertices of 2~ (whereas the special vertices

are those with types 0 or n).

1.4. The Algebra /. In this section we describe an algebra &/ of vertex set averaging
operators. This algebra has been studied in detail in [12], where it is shown that < is
isomorphic to the center of an appropriate affine Hecke algebra.

Definition 1.3. Let A be an apartment of 2". An isomorphism 9 : A — X is called type
rotating if and only if it is of the form ¢ = w o 1, where 1y : A — X is a type preserving
isomorphism, and w € W.

Definition 1.4. Given z € Vp and A € P*, let V)(x) be the set of all y € Vp such
that there exists an apartment A containing x and y, and a type rotating isomorphism
¥ A — ¥ such that ¥(z) = 0 and 1 (y) = A. Equivalently, y € V,(z) if and only if there
exists an apartment A containing x and y and a type rotating isomorphism ¢ : A — X
such that ¢(x) = 0 and ¥ (y) € Wy,

The requirement that 1 is type rotating in Definition 1.4 ensures that y € V)\(z) NV, (z)
implies that A = u. Indeed, in [12, Proposition 5.6] we showed that for each z € Vp,
{Vi(x) }rep+ forms a partition of Vp.

Remark 1.5. To get a feel for Definition 1.4 in a special case, suppose that R is of type Aj,
and so 4 is a homogeneous tree with degree ¢ + 1 (where ¢ = g9 = ¢1). We may take
R = {a,—a} where a = e; — ey (the underlying vector space here is E = {£{ € R? |
(§,e1 + eg) = 0}). Taking B = {a} we have \; = § and P* = {k)\; | k € N}. We have
Vp =V (all vertices are ‘good’), and writing Vi (z) in place of Vi, (z), we have

Vi(e) ={y e V| d(z,y) = k},
where d : V x V' — N is the usual graph metric.

For A € P* let \* = —wp), where wq is the unique longest element of Wy. In [12,
Proposition 5.8] we showed that \* € P for all A € P*, and that y € V) (z) if and only if
x € V«(y). Note that * is trivial unless wy # —1, that is, unless R = A,,, Do, 1 or Eg for
some n > 2 (see [1, Plates I-1X]).

In [12, Theorem 5.15] we showed that |V)(z)| = [Vi(y)| for all z,y € Vp and A € PT,
and we denote this common value by N, (we give a formula for N in the next section).

For each A € P* define an operator Ay, acting on the space of functions f : Vp — C, by

(Arf)(z) = N% > fly) forallzeVp

yEVi ()
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(thus (Ayf)(z) is the average value of f over the set V) (x)). The linear span &7 of { Ay} xep+

over C is a commutative algebra [12, Theorem 5.24].

Remark 1.6. (i) In the situation of Remark 1.5, writing Ny in place of Ny, we have
Ny =1 and Ny = (¢+ 1)¢*~! for k > 1. In this case the operators Ay = Ay, have been
studied by many authors (see [6, p.57], [15] or [17, §II1.19.C]). They satisfy the simple

recurrence

q 1
AA] = ——— A1+ —A;_ for k> 1,
kA1 711 k+1 P k—1 =

although for general affine buildings such a formula is not readily available.

(ii) Let 7, denote the linear space (over C) of {A) | A € @ N PT}. Tt is easily seen
that @/, is a subalgebra of </, and in the case when 2" is the Bruhat-Tits building of
a group G of p-adic type with maximal compact subgroup K (as in [9, §2.4-2.7]), @/,
is isomorphic to .Z (G, K), the space of continuous, compactly supported bi-K-invariant

functions on G.

1.5. Isotropic Random Walks. We call a random walk on Vp with transition probability
matrix A = (p(x,y))syevy isotropic if p(z,y) = p(2’,y’") whenever y € Vy(z) and y' € V)\(2')
for some A\ € P*. In particular, each operator Ay, A\ € P%, represents an isotropic
random walk with transition matrix (also called Ay) given by Ay = (pa(2,y))syev,p, Where
pa(z,y) = Nyt if y € Vy(2) and py(z,y) = 0 otherwise.

It is easily seen that a random walk is isotropic if and only it its transition matrix
(operator) A is as in (0.1). To avoid triviality we always assume that a) > 0 for at least
one A # 0 (so that A is not simply the identity). In this paper we will prove a local
limit theorem, a central limit theorem, and a rate of escape theorem for such random
walks, generalising the work of [15] (where homogeneous trees are studied) and [4] (where
A,, buildings are studied). The main techniques we use are those of spherical harmonic
analysis, as recalled in the following sections. We note that isotropic random walks on A,
buildings have been studied by Lindlbauer and Voit [8] where more hypergroup oriented
techniques are used (see [12, §7] for a discussion of the hypergroups that arise in the setting
of general affine buildings).

In the case of Remark 1.6(ii), the theorems we prove in this paper can be translated into
theorems concerning probability measures on groups of p-adic type. We briefly discuss this
in Remark 2.19.

1.6. The Algebra Homomorphisms / : &/ — C. In this section we recall two formulae
for the algebra homomorphisms h : &7 — C from [13].

To simultaneously deal with the reduced and non-reduced cases we introduce the follow-
ing notation. Let Ry = {o € R|2a ¢ R}, Ry = {a € R| 3o ¢ R} and R3 = Ry N R,.
Notice that Ry = Ry = R3 = R if R is reduced. For o € Ry, write q, = ¢; if |a| = |ay| (if
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|| = |cvi| then necessarily o € Ry). Since ¢; = ¢; whenever s; = ws;w™" for some w € W
(see [12, Corollary 2.2]), it follows that ¢; = ¢; whenever |o;| = ||, and so the definition
of g, is unambiguous.

Note that R = Rz U (R;\R3) U (Ry\R3) where the union is disjoint. Define a set of
numbers {7, }acr by

Qo if « € Rs
Ta = § Qo if « € Rl\Rg
Gaqy " if a € Ry\Rs.

It is convenient to define 7, = 1 if & ¢ R. Note that 7, = ¢, if R is reduced (and many
subsequent formulae will simplify in this case).

If u € Hom(P,C*) we write u” in place of u()\). The homomorphism r € Hom(P, C*)
defined by

1
= H 2™ forallae P (1.4)
a€ERT

plays an important role. By [13, Proposition 1.5] and [13, Proposition A.1] we have

Wo(g™") oy
T Walg ) (%)
where Woy = {w € Wy | wA = A} and where X(¢7') =3, . q," for subsets X C W,
For w € Wy and v € Hom(P,C*) we write wu € Hom(P,C*) for the homomorphism

with (wu)* = u** for all A € P. For A € Pt and u € Hom(P,C*) we define

- 1 — 7 Y2y
_ 7’7 WA _ a a2
Py(u) = Wold ) EEW c(wu)u where c(u) = ERL . T_/E/Zu—av : (1.6)
w 0 e (63

provided that the denominators of the c¢(wu) functions do not vanish. Since Py(u) is a
Laurent polynomial (see [13, (1.8)]), these singular cases can be obtained from the general
formula by taking an appropriate limit (see Lemma 2.9 for one example).

For u € Hom(P,C*), let h, : & — C be the linear map with h,(Ay) = P\(u) for each
A € PT. By [13, Proposition 2.1] every algebra homomorphism h : &7 — C is of the form
h = h,, for some u € Hom(P,C*), and h, = h,, if and only if «' = wu for some w € W. We
call the formula h,(Ay) = Py(u) the Macdonald formula for the algebra homomorphisms
h:eo — C.

Remark 1.7. (i) In the situation of Remarks 1.5 and 1.6(i), if v € Hom(P,C*), then
writing z = uM € C* we have
—k/2 1 — —-1.-2 1 — —-1.2
q qa "z " qa =7
ho(Ag) =
() = 1 ( e b e )
provided that z # +1 (with the values at z = £1 found by taking appropriate limits).
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(ii) At times the BC,, case (see Remark 1.1) requires separate treatment. Recall the
description of the parameter system from Figure 1.1. For v € Hom(P,C*), by writing
t; = u® for 1 < i < n (noting that in this case e¢; € P for each 1 < i < n), we have

() = { ﬁ (1— a—lt;l)(l_;r bl }{ I (1— qlltitk)(l — qilltflltk1> }
1—t; iien (A=) =)

i=1

where a = \/q,qo and b = /¢, /qo (see [13, Section 5.2]).

A sector of 2 is a subcomplex § C % such that there exists an apartment A with
S C A, and a type preserving isomorphism v : A — ¥ such that (S) is a sector of 3.
The base vertex of S is ¥ ~'()\), where A\ € P is the base vertex of ¥(S). If S and S’ are
sectors of 2" with &' C S, then we say that S’ is a subsector of S. The boundary 2 of 2
is the set of equivalence classes of sectors, where we declare two sectors to be equivalent
if and only if they contain a common subsector. Given x € Vp and w € () there exists a
unique sector, denoted S*(w), in the class w with base vertex x [14, Lemma 9.7].

For each x € Vp, w € Q and A\ € P*, the intersection V)(z) N S*(w) contains a unique
vertex, denoted v} (w). By [13, Theorem 3.4], for each w € Q and z,y € Vp there exists a
coweight h(z,y;w) € P such that

v (w) = ,szh(m,y;w) (w) (1.7)
for p € Pt with each (u,q;), i € I, sufficiently large. Indeed, if y € V)(z) then (1.7)
holds, for all w € Q, whenever p — Iy C P (see [13, Theorem 3.6]). Here II, C P is the
saturated set with highest coweight A\, which can be explicitly described by

Iy ={wv|vePtv=\weW}

(see [7, Lemma 13.4B] for example).
By [13, Proposition 3.5], for all w € Q and all z,y, z € Vp we have the cocycle relation

hz,y;w) = h(z, z;w) + h(z,y;w). (1.8)

Thus h(z,z;w) = 0 and h(z,y;w) = —h(y, z;w) for all w € Q and all z,y € Vp.

There is a natural topology on Q (discussed in [13]) in which for each x € Vp the sets
Q(y) ={weQ|ye S w)}, y € Vp, form a basis of open and closed sets (this topology
is independent of the particular x € Vp chosen). For each x € Vp there is a unique regular
Borel probability measure v, on € such that v,(Q,(y)) = Ny ' if y € Vi(z). For z,y € Vp
the measures v, and v, are mutually absolutely continuous with Radon-Nikodym derivative
(dv,/dv,)(w) = r?@v) (see [13, Theorem 3.17)).

The integral formula for the algebra homomorphisms h : o — C is

Py(u) = hy(Ay) = /(ur)h(m’y;“’)dym(w) (1.9)
Q
for any x,y € Vp with y € V) (x) (see [13, Corollary 3.23 and Theorem 6.2]).
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1.7. The Plancherel measure. It is easy to see that each A € & maps ¢?(Vp) into itself,
and for A € PT and f € (*(Vp) we have ||Axfll2 < ||f]l2 (see [3, Lemma 4.1] for a proof
in a similar context). So we may regard o as a subalgebra of the C*-algebra .Z(¢*(Vp))
of bounded linear operators on ¢?(Vp). The facts that y € Vy(z) if and only if x € Vy«(y),
and Ny~ = N,, imply that A} = A,-, and so the adjoint A* of any A € & is also in 7.

Let <% denote the completion of & with respect to || - ||, the £?-operator norm. So 7%
is a commutative C*-algebra. The algebra homomorphisms h : @% — C are precisely the
extensions h = h, of those algebra homomorphisms h, : &/ — C which are continuous
with respect to the /2-operator norm. Let us describe the latter homomorphisms.

The analysis here splits into two cases. Following [9, Chapter V]| we call the situation
where 7, > 1 for all @ € R the standard case, and the situation where 7, < 1 for some
a € R the exceptional case (the use of the word “exceptional” here is unrelated to the
so called ezceptional root systems). It is immediate from the definition of the numbers 7,
that the exceptional case occurs exactly when R = BC,, for some n > 1 and ¢, < qo (see
[13, Lemma 5.1]). In particular , if R is reduced then we are in the standard case.

Let us consider the standard case first. Let

U = {u € Hom(P,C*) : |u*| = 1 for all A € P}.

In the standard case the algebra homomorphism A, : o/ — C is continuous with respect
to the (2-operator norm if and only if u € U (see [13, Corollary 5.4]). If h = hy, u € U, we
write E(u) = h(A) for A € 4. In particular, A}(u) = P\(u) for u € U.

In the standard case, let m be the measure on U given by dm(u) = va(go_‘l)|c(u)|*2du,
where du is normalised Haar measure on U (note that in [13] we write 7y instead of 7).

Then for A € 4/, we have

(A6,)(x) = /U A(uw)Py(u)dr(u)  whenever y € Vi(z)

where 6,(z) = 1if z = y and J,(z) = 0 otherwise (see [13, Theorem 5.2 and Corol-
lary 5.5]). The measure 7 is essentially the Plancherel measure of <7 (more precisely, the
Plancherel measure is the image of the measure 7 under the homeomorphism w : U/W, —
Hom(%, C), u — hy).

Let us consider the exceptional case, and so R = BC,, for some n > 1 and ¢, < qo.
For w € Hom(P,C*), recall the definition of the numbers ¢; = ¢;(u), 1 < i < n, from
Remark 1.7(ii). We use the isomorphism U — T, u — (t,...,t,) to identify U with T"
(here T = {t € C: |[t| = 1}). Define U’ = {—b} x T""!, and write U = UU U’ (recall from
Remark 1.7(ii) that b = /q,/qo)-

Let dt = dty - - - dt,, where dt; is normalised Haar measure on T. Let ¢g(u) = c(u)c(u™?),
and let

o (u)

— 3 / — .«
o1(u) = tlh_IEb =T and dt’ = do_y(ty)dty - - - dt,,.
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Note that this limit exists since there is a factor 1 4+ b7'¢; in c(u™') (see Remark 1.7(ii)).

In the exceptional case, let m be the measure on U = UUU’ given by dr(u) = W?IE‘?J) ¢;l(z)
on U and drn(u) = W?‘Eg,fll) (ﬂ;) on U, where W] is the Coxeter group C,,— (with C; = A,
0

and Cy = {1}). Then for all A € o,

(A8,)(z) = / A(u)Py(u)dr(u) whenever y € Vi (x)
U
(see [13, Theorem 5.7 and Corollary 5.8]).

Remark 1.8. The form of the Plancherel measure in the exceptional case requires that
¢q1b > 1, which follows from a theorem of D. Higman since the numbers ¢;, ¢ € I, are the
parameters of a building (see [13, Lemma 5.6]). We note that for the hypergroups associated
to the BC,, case the Plancherel measure is supported on U = UUU UU" U ---, where
there are k components, with &k defined by ¢f~'b > 1 > ¢¥2b. See [9, Theorem 5.2.10].

To conveniently state formulae in the standard and exceptional cases simultaneously, we
write U = U in the standard case and (as above) U = UUU’ in the exceptional case. Thus
(in all cases), for A € 7,

~

(45,)(x) = /U A(u)Py(w)dr(u) whenever y € Vi (x). (1.10)

2. THE LocAL LiMIT THEOREM

The basic approach for the local limit theorem is as follows. Let A be the transition

operator for an isotropic random walk with matrix (p(x,v))syevp, as in (0.1). Then
p®(z,y) = (A%6,)(x) for all z,y € X and k € N. (2.1)

Since ||A|| < 1, we may regard A as in % and so h,(A), u € U, is defined. Writing
A(u) = hy(A) for u € U, we have Ay(u) = Py(u) and so

Aw) = > anPa(u). (2.2)

AepPt+

By (2.1) and (1.10) we have
p® (x,y) = /U (A\(u))kmdﬂ(u) whenever y € V)(z). (2.3)

We will prove the local limit theorem by determining the asymptotic behaviour of the
integral in (2.3) as k — oo.
Lemma 2.1. Let A€ PT, A #0, x € Vp, and y € V\(x). Then

(i) there exists z € Vy(x) N Vav(y), and
(i) with z as in (i), there exists w € Q such that h(y, z;w) = &".
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Proof. Note first that if ¢ and d are distinct i-adjacent chambers, i € [p, with type ¢
vertices u and v respectively, then v € Vv (u) (and u € Vv (v)). To see this, let A be any
apartment containing ¢ and d, and let ¥ : A — ¥ be a type rotating isomorphism such
that ¢ (u) = 0 and 9(c) = Cy. Since 9 (d) is 0-adjacent to 1(c) we have ¥(d) = s5.1(Co),
and so ¢(v) = s51(0) = &". Thus v € Vav (u).

Part (i) now follows exactly as in [4, Lemma 5.1]; we include the proof for completeness.
Let A be an apartment containing x and y, and let cg,cy, ..., ¢, be a gallery (that is, a
sequence of adjacent chambers with ¢; 1 # ¢; for 1 < i < m) with = € ¢y and y € ¢, and
m minimal. Let 7 be the panel ¢,,\{y}, and let ¢’ be the chamber of A with ¢’ # ¢, and
mCd (sod =c¢po1if m>1). Let H be the wall of A determined by 7, and let A™ be the
half apartment of A determined by H containing ¢’. By thickness there exists a chamber
d# ¢, with m C d, and writing z for the vertex in d\m we have z € Vv (y) by the above
discussion. We now show that z € V) (z). By the proof of [14, Lemma 9.4] there exists an
apartment B containing A" U d. Let p4. be the retraction of 2~ onto A with center ¢
(see [2, §IV.3]), and so the map ¢ = pa |5 : B — Ais a type preserving isomorphism with
o(x) = z and p(z) = y (since p(d) = ¢,,). Since y € Vy(z) there exists a type rotating
isomorphism ¢ : A — ¥ with ¢(x) = 0 and ¥(y) = X (see [12, Proposition 5.6(iii)]), and
so the map ¢ = Yoy : B — ¥ is a type rotating isomorphism with ¢(z) = 0 and ¢(z) = \.
Thus z € V)\(z).

Part (ii) is a consequence of the following fact. Let u,v € Vp with v € V\(u). Then there
exists w € € such that h(u,v;w) = \. To see this, let A be any apartment containing u and
v, and let ¢ : A — ¥ be a type rotating isomorphism such that ¢ (u) = 0 and ¥ (v) = A.
Let w be the class of ¥ 71(8y). Since ¥v1(S) = S*(w) and YA+ &) = S¥(w), we have
Y~ (p) = vji(w) = v, (w) for sufficiently large u € P*, and so h(u,v;w) = A. O

Recall that U = {u € Hom(P,C*) : |u*| =1 for all A € P}. Let
Ug = {u € Hom(P,C*) | u” =1 for all v € Q}.

Thus Ug is isomorphic to the dual of the finite abelian group P/Q, and so Ug = P/Q.
Hence Ug is finite, and Uy C U.

While the following proposition can easily be verified on a case by case basis using the
classification of irreducible root systems, we provide a proof independent of the classifica-

tion theorem.

Proposition 2.2. The set W@ spans Q over Z. Thus if u € Hom(P,C*) and u*® =1
for allw € Wy, then u € Ug.

Proof. Let Q' denote the Z-span of Wya¥. We show that RY C @', from which it follows
that @@ = @', hence the result. Suppose first that R is reduced, and let § € R. By [1,
VI, §1, No.3, Proposition 11] all roots of a given length are conjugate under Wy, and so
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if |3 = |a| then Y € @'. Suppose that |G| # |&|. Since at most 2 root lengths occur
in R (see [7, Lemma 10.4.C]), and since R is irreducible, there exists v,v’ € Wy such
that (va,v'3) # 0 (for otherwise Wy U Wy is a partition of R into pairwise orthogonal
sets). Thus (wa, 3) # 0, where w = v'~!v, and so by [1, VI, §1, No.8, Proposition 25(iv)]
we have (wa",3) = +1 depending on if w™'3 € Rt or w™'f € R™. Since sg(wa") =
wa” — (waV, B)FY we have Y € Q'.

Finally, if R is non-reduced, then Q(R) = Q(R;) and Wy(R) = Wy(R;) (these facts can
be seen without the classification theorem). Since & is also the highest root of the reduced
root system R; (with respect to the natural base), we have Q'(R) = Q'(R;), and so Q' = Q

in all cases. O

Remark 2.3. Since & is a long root [7, Lemma 10.4.D] (with the convention that all roots
are long if there is only one root length), Proposition 2.2 is true whenever & is replaced
with a long root a (for Wya = Wya). However for general o« € R the proposition fails,
even though (by [7, Lemma 10.4.B]) Wya" spans E. For example let R be the standard
B, root system, and take o = e5. Then the Z-span of Wya" is 272, whereas Q = Z2.

As usual, if u,v € Hom(P,C*), define uv € Hom(P,C*) by (uv)* = u*v for all A € P.

Lemma 2.4. Letu € U and A € PT. Then |Py\(u)| < P\(1), and equality holds for X # 0 if
and only if u € Ug. Moreover, if ug € Ug then Py(ugu) = ugPy(u) for allu € Hom(P,C*).

Proof. (cf. [4, Lemma 5.3]) Let 2,y € Vp be any vertices with y € V)(z). The inequality
is clear from the integral formula (1.9). Suppose equality holds for some A\ # 0. Write
f(w) for the integrand in (1.9). Then f is a continuous function on @ and f(w) # 0 for
all w € Q. So | [, f(w)dvy(w)| = [, |f(w)|dve(w) implies that f(w)/|f(w)] is constant,
since v,(0) > 0 for all non-empty open sets O C €. Thus u"®¥“) takes the constant
value Py(u)/Py(1) for all w € Q. Let z be as in Lemma 2.1(i). Since the value of the
integral in (1.9) is unchanged if y is replaced by z, it follows that u"@¥w) = y@=w) for
all w € Q. Choosing w € Q as in Lemma 2.1(ii) and using the cocycle relations we have

& = yMy=v) = 1. Furthermore, since the value of the integral in (1.9) is unchanged

u
if u is replaced by wu for any w € Wy, then u®® = 1 for all w € Wy. It follows from
Proposition 2.2 that u € Ug.

Conversely, if uy € Uy and y € Vi(x), then u = up for all w € Q, because
A — h(z,y;w) € Q (see [13, Theorem 3.4(ii)]). Thus it follows from (1.9) that Py(uou) =

u) Py(u) for all u € Hom(P,C*). In particular, | P\(ug)| = Px(1). O

h(z,y;w)
0

In the following series of estimates we will write C' for a positive constant, whose value
may vary from line to line.
For each w € Q, z,y € Vp and 1 < j < n, define h;(z,y;w) = (h(z,y;w), a;).
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Lemma 2.5. Let © € Vp and A € P*. Then |h(z,y;w)| < || and |hj(z,y;w)| < CIA| for
alweQ, ally € Vy(x), and all j =1,...,n.

Proof. Recall from [13, Theorem 3.4(ii)] that h(z,y;w) € II, for all w € Q and y € V) (x).
By [10, (2.6.2)] we have that I, C conv(WpA) (the usual convex hull in E here), and since
|lwA| = |A| for all w € Wy, this implies that |h(z,y;w)| < |A| for all w € Q and for all

Yy e V)\(ZL‘)
We have |(h(z,y;w), ;)| < |h(z,y;w)||eyl, proving the final claim. d

Remark 2.6. There is a natural graph with vertex set Vp and vertices x,y € Vp joined by
an edge if and only if y € V), () for some ¢ € I,. In this graph we have d(x,y) = > (A, o)
if y € Vy(x). Lemma 2.5 shows that |h(z,y;w)| and |h;(z,y;w)| are bounded by Cd(z,y).

Notation. Let 60;,...,60, € R and write § = 01y + - -+ + 0,0, (s0 0 € E). Write ¢? for
the element of Hom(P, C*) with (e?)* = ¢ for all A € P*. With this notation (1.9)

gives
Py(e) = / ph@y) gih(@y@)0) 4y () for all y € Vi(x), (2.4)
Q
and since Py(w'e?) = Py(e?) for all w € Wy, it follows that

Py(e") = / phi@yw) gilh(@yw)w) gy, () for all w € Wy, y € Va(z). (2.5)
0

Corollary 2.7. For all A € P, Py\(¢) = P\(1)(1 + Ex(0)), where |Ex(0)] < |\|]6].
Proof. We have

\P,\(ew) —P\(1)] < / rh(m’y;“’)|ei<h(m’?’”“’)’9> — 1|dv,(w),
Q

and the result follows from Lemma 2.5 since |e”* — 1| < |z] for all z € R. d

Let A € PT and y € V)(x). For each 1 < j, k < n define

1 w
b = 5/Qhj(:v,yw)hk(x,y;w)rh(x’y’ dv, (). (2.6)

This is independent of the particular pair xz,y € Vp with y € V) (x), for by (2.4)

62 P (€i€>
80,00,

= —/ hy(, y; w)he (@, y; w) M@V dy, (w).
0

0=0

(Indeed any expression [, p(hy(z,y;w), ..., hn(z,y; w))r?@v@) dy, (w), where p is a polyno-
mial, is independent of the particular pair z,y € Vp with y € V) (z)).
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Lemma 2.8. Let A\ € P*, and 0,,...,0, € R, and as usual write 0 = 010 + - - - + Oy,
Then

Py(e) = P\(1) = > b2,0,0; + Rx(0) (2.7)
jk=1
where |R\(0)] < CIAP|OPPA(1).  Furthermore, Y77, 03,06k > 0, and when X\ # 0,
equality holds if and only if 8 = 0.

Proof. For ¢ € R we have ¢’ = 1 +ip — 1¢* + R(yp) where |R(¢)| < 2]¢|®. Applying this
to ¢ = (h(x,y;w),0) and using (2.4) we have
Py(e®) = Py(1) +i / (h(zx,y;w), Or" @) dy, ()

Q

1

— 5 [ (a0, 0 ) + Ry,
Q

where [RA\(0)] < :[(h(z, y;w),0)PPy(1) < |h(z,y;w)[3|0* Pr(1). The bound for |Rx(6)]

follows from Lemma 2.5.
We claim that for all j =1,...,n and for all y € Vp,

/ hj(x, y; W)@ dy, (W) = 0.
Q

To see this, let j € {1,...,n} and set § = O;«; (that is, 6, = 0 for all k¥ # j). By
differentiating (2.5) with respect to 6;, and then evaluating at 6; = 0, firstly with w =1
and secondly with w = s;, we see that
[ i g e ) = = [ (oo e ),
Q Q

proving the claim.
It is now clear that (2.7) holds, and that } 7, b20;0k > 0. If equality holds, then

/(h(az, y:w), 0)2 @) dy (W) = 0.
Q

Thus (h(z,y;w),0) = 0 for almost all w € €, and thus for all w € €. Thus, since
(h(z,y;w),t0) = 0 for all t € R and w € €, we have Py(e!?) = Py(1) for all t € R by

(2.4), and so €' € Ug, for all t € R by Lemma 2.4. Thus § = 0 since |Ug| < oco. O
Lemma 2.9. There exists a polynomial p(xy, ..., x,) of degree at most M such that
Py(1) = 7 p((h ), - (A @) (2.8)

for all X € P*, where M > 0 is some integer depending only on the underlying root system.
Furthermore, (by thickness) there exists some q¢ > 1 such that

P\(1) < C(IN| + DM, (2.9)
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Proof. Assuming that u=®" # 1foralla € Ry, by (1.6) and the definition of the numbers 7,
we have

B O v P T [ O S P )
cw) =[] — . (2.10)
a€RY
Write 0 = A1 + - - - + A,,. Tt follows from [1, VI, §3, No.3, Proposition 2] that
H (1 _ u—wav) _ (_1)€(w)ua—wa H (1 _ u—ozv)
a€RY a€RY
for all w € Wy, and so by (1.6) and (2.10) we have
F(A)
Py(u) =7 . (2.11)
HaERJ(l —u )
where F'()\) equals
1 L(w), wAtwo—o -1_—1/2  —waV /2 -1/2  —waV /2
e 2 {0 @ Tl e g e
weWy a€RY
We know that Py(u) is a Laurent polynomial in uy, .. ., u,, and so (2.8) follows from (2.11)

by repeated applications of L’Hépital’s rule. The inequality (2.9) follows from Proposi-
tion 3.4(ii) and the proof of Proposition 3.4(iv) in Section 3. O

Let A be as in (0.1) and A(u) = hy(A) be as in (2.2). It follows from Lemma 2.5 that
|bj‘k| < C|A|*Py(1), and thus the inequality (2.9) implies that >, p+ a)\b;:k is absolutely
convergent for each 1 < j, k < n. We define

1
bip = —— arb),. 2.12

AepP+

Corollary 2.10. Let A be as in (0.1), and let 0y, ...,0, € R. Then

A(e) = A1) (1 - Z biadifh + Rw)),

where Y77, b k00, > 0 unless 0 = 0, and where |R(0)| < C|0]°.

Proof. This follows from Lemma 2.8, using (2.9) to bound R(#). O
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Lemma 2.11. Let 0,...,0, € R. Then

=TI o) 1+ B (6))

P " e (i, P ()
2

where |Eq(0)] < C{a",0)? for each o € RS .

Proof. Observe that for x € R and p > 1

2 2

1—e ™ T
— | = — =1+ F 2.1
| o B, 2.13)
where |E)(x)| < Cz?, and for p > 0
1+4e i | 4
— | =—((1+ F 2.14
| e e 214)
where |Ey(x)| < Cz? (indeed, we may take C' = 1/4).
The result follows by using (2.13), (2.14) and the formula (2.10) for ¢(e®). O

Let Uy = {u e U: [A(u)| = A(1)}.

Lemma 2.12. We have Uy = {u € Ug | u* = u” for all p,v € PT with a,,a, > 0}. If
ug € Uy then Augu) = ubA(u) for all u € Hom(P,C*), and all u € P* such that a, > 0.

Proof. For u € U we have

Z a)\P)\<u)

AepP+t

|A(u)] =

< > P <) anP(1) = A1), (2.15)

AepP+t AepPt

If w = ug € Uy, then since equality must hold in the second inequality in (2.15) we have
| Px(ug)| = Px(1) whenever a) > 0. Since we assume that a) > 0 for at least one nonzero
A € P we have ug € Ug by Lemma 2.4. Thus by Lemma 2.4 we have Py(ug) = u)Py(1)
for all A € P*, and so since equality must hold in the first inequality in (2.15) we have

ufy = uf whenever a,,a, > 0, proving that
Uy C{u€Uqg|u* =u" for all p,v € PT with a,,a, > 0}.

Conversely, if vy € Ug and uff = ug for all y,v € PT with a,,a, > 0, then by Lemma 2.4
we see that A(upu) = uyA(u) for all w € U and any p € P* such that a, > 0, and so
taking uw = 1 we have |;1\(u0)| = A\(l), so ug € Uy. O

For k € Nand A € P let

Loy = /U (Aw)* Pria)dr(u).
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If y € V\(z), then by (2.3)

Ii » in the standard case, and
Pz, ) = ! | (2.16)
I\ + 1., in the exceptional case,

where

I, = / | (A(w))" Py(u)dr(u). (2.17)

Thus to give an asymptotic formula for p*)(x, i) we need to give estimates for I ko and I .
Given € > 0 and ug € U, let N.(up) = {u € U : [ut — u)’| < e for alli € I}. Since
|U4| < oo we may choose € > 0 sufficiently small so that

Ne(ug) N Ne(ug) =0 whenever ug, uj, € Uy are distinct. (2.18)

Write N = Ne(1) and N(Ua) = U,,cu, Ne(uo)-
Define p; = p1(e) = maX{|/Al(u)|/AA(1) cu € U\N(Uy)}, and so 0 < p; < 1. Let

Lemma 2.13. Fiz y € P* such that a, > 0, and let € > 0 satisfy (2.18). If ug! = u)) for
all ug € Uy, then

Tpa = [UalIf 5 + O (pfA(1)F).
Otherwise, Iy = 0.

Proof. 1t is clear from the formula for ¢(u) that c(uou) = c(u) for all uy € Ug and v € U.
Thus by Lemmas 2.4 and 2.12, if ug € Uy we have

_ ~ k7~ _ _

Iy = uﬁ“ )‘/ (A(uo 1u)) Py (ug 'u)dm (ugtu) = ulS“ )\Ik«\- (2.19)
U
This shows that Ij y = 0 if there exists uy € U4 such that ulg“*)‘ # 1.
Suppose now that uﬁ“_)‘ =1 for all ug € Uy. It is clear that
—~ k ~
ha= [ (Aw)* Bi@dr(a) + 0(AA01)"), (2.20)
Ne(UA)

and since N (ug) = ugN,, the calculation in (2.19) shows that for each ug € Ug,

| () Piwidn() = o [ (Aw) Bt = I,
Ne(uo) Ne

since ug"* = 1. The result follows from (2.20) by the choice of e. O
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It is clear from Corollary 2.10 that if each |6;|, j = 1,...,n, is sufficiently small, then
Ae®) = A(1)e~ Thim ba0i+GO  where G(9) = 0( Z b@-,ﬂi@j). (2.21)
ij=1

Writing § = 2sin~'(¢/2) we have N, = {e" : |0;] < 6 for j=1,...,n}, and so we may
choose € > 0 sufficiently small so that

1 n
GO <5 > bistht; (2.22)
ij=1
whenever € € N, and |0;| < for j=1,...,n.

Define constants K, Ky and K3 by K; = Wy(q¢~H)|[Wo| ™1 (27) ™™,

K= [ Q—mlr )21+

aeR;

Ky = / ettt TT (0, o) dps - - dgn, (2.23)

ozERQL

where ¢ = iy + -+ - + ©rp.

Lemma 2.14. Let € > 0 be such that (2.18) and (2.22) hold. Then
Ify = KP\()AQ)R EIRE=/2 (1 4 0 (k1/2))

where K = K1 Ky K3.

Proof. Let § = 2sin"'(¢/2) as above. We have

5 5 —i0
I =K, [ | (AE®) 2" _Lag, ... q,,

= [ | G i an

and so by making the change of variable ¢; = \/Eﬁj for each j = 1,...,n we see that
Vks vk o P e—igo/\/E

II;A = Klk—nﬂ/ .. / (A(em/\/E))k A(i\/gg dpy -+ - dp,, (2'24)
VRS SR |c(e/VH))|
where ¢ = praq + - + V0.
By Corollary 2.7 we have
Allel

P\(e7#VF) = Py(1)(1+ Ei(p)) where |Ey()] <

)

5

and it follows from Lemma 2.11 that

1 Cipt
@ VIR ok =11+ Ea(9) ] (0¥, ),
ce aeR;
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where |Ey ()| < k7'p(p1, ..., ©,) for some polynomial p(xy, ..., z,). Using these estimates
(along with (2.21)) in (2.24), we see that I} , equals K1 K,Py(1)A(1)" k1B 1=n/2 times

g™ L=t bavierthGlo/ V) ( I (o, 90>2) (1+ Ei(9)(1 + Ba()) dipy - - - dip,.

a€RY

/[—\/Ea,\/Ea]n

By (2.22), the above integrand is bounded by
1 n )\ P n
e 3 =1 bi,j‘Pi‘Pj( H <av’w>2) <1 + | \u%ﬂ) (1 1 ple, ; P ))’
aER;

and the lemma follows by the Dominated Convergence Theorem. U

Lemma 2.15. Let A € P™ and k € N. In the exceptional case, there exists 0 < py < 1
such that

/, (A\(u))kPA(u)dw(u) = (’)(pg;{(l)k)

Proof. Let us sketch the proof of this result. The details are given in [11, Appendix B.3].
Since we are in the exceptional case, we have R = BC), for some n > 1 and ¢, < qp. Use
the isomorphism U — (C*)", u +— (ti,...,t,), where t; = u®, to identify U with (C*)".
Recall that U’ consists of those u € Hom(P,C*) such that t; = —/q,/qo and t; € T for
2 < j <n. Write & = (—\/M,tQ, ..ytn), and set t; = €% for 2 < j < n.

We claim that |Py(&)| < Py(1) for all A # 0 and all ts,...,t, € T, from which the
result clearly follows (since A is continuous on U’ , and U’ is compact). The first step is to

explicitly compute Py, (u) for arbitrary « € Hom(P,C*). By [11, Lemma B.3.2] we have

Py, (u) = N;! ((QO — DA+ g+ )+ Vadagr >t + tf))

j=1
for all v € Hom(P,C*). From this formula we deduce that |Py,(&)| < Py, (1) for all
to, ... t, € T (see [11, Theorem B.3.3]). We now use this fact to show that |P\(&)| < Px(1)

for all A # 0 and all to,...,t, € T.
Recall from [12, Corollary 5.22] that the operators { A} cp+ satisfy

«AAAﬂ:: 2{: a&muAﬂ7

veP+

where

N,
X v = N)\NM‘VACU) N Vi (y)| >0,

and where z,y € Vp is any pair with y € V,(x). Since A\ = & here, an analogous argument
to that given in Lemma 2.1(i) shows that ay x.,, > 0 for all A # 0 (see [11, Lemma B.3.4]).
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Since the algebra homomorphisms he, : & — C are continuous with respect to the ¢2-
operator norm, and since ||A,| = P,(1) for all p € P* (see [13, Theorem 6.3]), we have
|P.(&)] < P,(1) for all 4 € PT. Hence for A # 0,

IPAGOI = 1he, (A < D annul Pu)] < D anauPull) = PA(1),
ueP+ pepP+

where we have used the facts that | Py, (&) < Py, (1) and ay x.a, > 0. O]

We now give our local limit theorem.

Theorem 2.16. Let y € V\(z) and k € N, and suppose that a, > 0. If up = ) for all
ug € Uy, then

p(k)(l,’ y) = |[UA|[(P)\(1)121\(1)]C k;_‘R;\—"/Q(l + (9(/{:_1/2)),
where K is as in Lemma 2.14. If u’g“ £ Ué\ for some ug € Uy, then p(k)(x’ y) = 0.

Proof. In the standard case the result follows from (2.16) and Lemmas 2.13 and 2.14. In
the exceptional case, @ = P, and so Ug = {1}, and so U4 = {1}. The result now follows
from (2.16) and Lemmas 2.13, 2.14, and 2.15. O

A random walk on a state-space X is called irreducible if for each pair x,y € X there
exists k = k(z,y) € N such that p®(z,y) > 0. The period of an irreducible random walk
is p = ged{k > 1| p®(2,2) > 0}, which is independent of z € X by irreducibility (see
[17]). An irreducible random walk is called aperiodic if p = 1.

Corollary 2.17. Let A be as in (0.1), and suppose that a, > 0. Then

(i) A is irreducible if and only if for each X € P* there exists k = k(\) € N such that
uph = u) for allug € Uy, and

(ii) A is irreducible and aperiodic if and only if |Ua| = 1.

Proof. First let us note that in the exeptional case it is easy to see that any walk with
a, > 0 for some p # 0 is both aperiodic and irreducible, and since () = P we have
U4 = {1}. Consider the standard case. Suppose that a, > 0.

Let y € Vi(z). If A is irreducible, then there exists & € N such that p®*)(x, %) > 0, and
so uph = ug for all ug € Uy, by (2.16) and Lemma 2.13. Conversely, if for each A\ € P+t
there exists ky € N such that uf® = u) for all ug € Uy, then writing r = [U4| we have
uékOJrrl)” = u(’} for all ug € Uy and all [ > 0. As k — oo through the values ko + rl,
Theorem 2.16 implies irreducibility.

If [U4| = 1 then A is clearly irreducible, and Theorem 2.16 shows that A is aperiodic.

Conversely, if A is irreducible and aperiodic, then
1=ged{k>1]p®(z,2) >0} =ged{k > 1| u" =1 for all ug € Uy},
and so Uy = {1}. O
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Remark 2.18. It is possible to explicitly compute the constant K3 from (2.23) (at least
in most cases). We refer the reader to [11, Section 8.4] for details. A key step in the
calculation is to observe that there is a number b > 0 such that b, = (a;, )b for all
1<j,k<n,andso K3 = b=I1B31=n/2 | where

J = / e Ziw=ilnen00 TT (0¥, 60)% o, . .. 6,
8 a€RY
and 0 = 011 + - - - + 0,,,. The integral J depends only on the underlying root system.
We have computed this integral using Gram’s identity in the cases when R = B,,, C,, D,,
or BC,,. We have

/2= T (2i)! if R= B, or R = BC,
J = g2l (20)! if R=C,
g2 =g T2 (20)! if R = D,,.
When R = A, the integral J may be written as

/ 67(:’3%+"'+‘T?L+1) H (xl _ x])2 dxl N dxn
Rn

1<i<j<n+1
(up to some constant factors), where x,,1 = —(x; + -+ + x,). We have been unable to
compute this integral. In principle the integrals for the E, F' and G cases could be explicitly
computed using a computer package.

Remark 2.19. Let us briefly discuss some applications of our local limit theorem to
probability measures on groups acting on 2Z°. An automorphism v of 2 is called type
rotating if there exists a type rotating automorphism o of the Coxeter graph of W (in
the sense of [12, §4.8]) such that 7(¢(z)) = o(7(z)) for all x € V. Suppose that G is
a locally compact group acting on V' such that G acts transitively on Vp and such that
for each x € Vp and g € G the automorphism = +— gx is type rotating. Assume that
K = {g € G | go = o} acts transitively on each set V\(0), A € P*, where o € Vp is some
fixed vertex. Let ¢ be the density function of a bi- K-invariant probability measure on G.
Then, exactly as in [4, Lemma 8.1], setting p(go, ho) = p(g~'h) for g,h € G defines an
(%) (g) i simply p®) (0, go),
Theorem 2.16 may immediately be interpreted as a local limit theorem for bi- K-invariant

isotropic random walk on Vp. Since the k-th convolution power ¢

probability measures on G (the assumption that ay > 0 for some A # 0 simply means that
¢ is not the indicator function on K).

As an important modification, suppose now that G is a group of type preserving sim-
plicial complex automorphisms acting strongly transitively on 2, meaning that G acts
transitively on pairs (A, c) of apartments A and chambers ¢ C A. Fix an apartment A,
and a chamber ¢y C Ap. The subgroups B = stabg(cg) and N = stabg(Ap) form a BN-
pair in G with associated Weyl group N/(B N N) isomorphic to W [14, Theorem 5.2].
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Indeed the set of left cosets {gB | g € G} defines an affine building (as a chamber system)
isomorphic to 2", where gB ~; hB if and only if g~'h € B(s;)B (where wB means nB
for any n € N with image w € W). Let o be the type 0 vertex of ¢o. The subgroup
K = stabg(o) of G equals BWyB = ¢y, BwB (see [14, Theorem 5.4(iii)]), and since G
acts strongly transitively and BN N is transitive on the chambers of Ag, it follows that K
is transitive on each set V) (0), A € QN P*.

Let ¢ be the density function of a bi-K-invariant probability measure on G. To study
convolution powers p**)(g), g € G, it is natural to study an associated random walk on
Vo = {z € Vp | 7(x) = 0} C Vp, where we define p(go, ho) = p(g'h) for g,h € G.
To apply our local limit theorem we consider these random walks as reducible isotropic
random walks on Vp by setting p(z,y) = ©(g'h) if y € Vi(z) and go € Vi (ho) for some
A € PT (necessarily A € QN PT), and p(x,y) = 0 otherwise. These random walks have
the property that p(x,y) = 0 if 7(x) # 7(y), and it is simple to see that they are indeed
isotropic. Theorem 2.16 is now applicable, and in particular, by taking 2 to be the
Bruhat-Tits building of a group of p-adic type (see Remark 1.6(ii)) we have a local limit
theorem for these groups.

Finally we remark that the methods here can be extended to deal with groups acting
(in a type rotating fashion) on subsets V, of Vp. Here L is a lattice in F with Q C L C P,
and Vy, = {x € Vp | 7(x) € I}, where I, = {7(\) | A € L} C Ip. Thus Vo C V, C Vp,
and our discussion above deals with the extreme cases of L = P and L = Q.

3. THE RATE OF ESCAPE THEOREM

Let X be any set, and let P = (p(z,y))syex be a transition probability matrix. Let
X = U,e; Xi be a partition of X. We call P factorisable over I if for each i, j € I, the sum

> p(x,y)
YeX;
has the same value for all + € X;. In this case we write p(i,7) for this value, and let
P = (p(4,7))ijer. Clearly B(i,5) > 0 for all 4,5 € I, and for each i € I,
> B =YY play) = pl,y) =1
jel Jjel yeX; yeX

where » € X;. Thus P is a transition probability matrix (on I). Furthermore, if (Z;)ren
is a Markov chain on X with transition probability matrix P, then (Zk) wen, where Z, = i
if Z,, € X;, defines a Markov chain on I with transition probability matrix P.

In our setting, consider the partition (for fixed o € Vp and w € Q) Vp = |J,p Vi, where

Vi={x € Vp | h(o,z;w) = A}

Proposition 3.1. The matrices (operators) Ay = (pA(%,Y))zyeve, A € P, are factorisable
over P. Moreover, py(u,v) does not depend on o or w, and p,(u,v) = py(0,v — ).
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Proof. Let p,v € P and x € V,,. By the cocycle relations we have h(o,y;w) = h(z,y;w)+pu
for all y € Vp, and so

> paley) = -y € Vala) | hlo.yiw) = v}
yeVy (31)

1
=~ [ €W@) [ Mz, y;w) = v — u}].
A
It follows from [13, Lemma 3.19] that A, is factorisable, and the final claims are clear. [

Corollary 3.2. Let A = (p(2,Y))zyevy be as in (0.1). Then A is factorisable over P.
Moreover, for each u,v € P we have p(u,v) = p(0,v — ), and this value does not depend

on o and w. Finally, if (Zy)ken s a Markov chain with transition probability matriz A,
then Zk: = h(O, Zk;w)z so that p(/l’v V) = P(h(O, ZkJrl;w) =V | h(07 Zk; w) = M)

Proof. The first statements follow easily from Proposition 3.1 and the elementary fact
that a (finite or infinite) convex combination of factorisable transition matrices is again
factorisable. The final claim is immediate from the definition of Z. O

Remark 3.3. We note that the random walk (Z;)ren on P from Corollary 3.2 can be
explicitly studied using classical methods, since P = Z". In the notation of (A.1), by (3.1)
and [13, Lemma 3.19 and Theorem 6.2] we have p,(0,u) = r~*ay,. Assuming that
> uep 111 P(0, ) < oo, a simple calculation using (A.1) and (3.2) shows that the mean
m = > puD(0,p) of the random walk (Zj)ren is m = 37, 9;-A;, where 7; is as in
Theorem 3.9, and j* is as described before Corollary 3.5. A similar calculation shows that

the characteristic function for the walk is
> B0, pet ) = A(rte”).
neP

By Corollary 3.2 this walk is transitionally invariant, and so the usual Fourier inversion
(as in [16, §I1.6, Proposition 3]) gives
1 T L ] E ]
5 (0. 1) = Alr—Le)) o=t do, ... do..
P00 = s [ [ (@) e oy,

The asymptotic behaviour may now be extracted using the methods in [17, §I11.13] and

the calculations in Lemma 4.4.

Let {T}}jes be a partition of Ry according to root length (so |J| =1 or 2). For j € J,
let T;" = Ry NTj, and B; = BNTj (so B = Ujcs Bj» as B C Ry). For each j € J, let

1
n=iY
ozETjJr

Finally, for each j € J fix some 3; € T}'.
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Proposition 3.4. With the above definitions:
(i) Fori,j € J, if a € By, then (aV, p;) = 6; ;. Thus, for each j € J, p; € Sp.
(ii) Let A € P. Then
=T (75,735 ).
jeJ
(iii) rwor = r=* for all X € P (here wy is the longest element of Wy ).
(iv) If \ € P and p =\, then v* < >, with equality if and only if u = \.
(v) Forw € Wy, we have c(wr) = 6,1 Wo(q™").

Proof. (i) Since o € B, s,, permutes Rj \{a}, and since the sets T}, j € .J, are Wy-invariant,
we have s, (T;"7) =T, if j € J\{i}. Thus for any j € J we have

sa(pj) = pj — 6i 0,

and so (aV, p;) = d; ;. Then (", p;) > 0 for all « € B, and so p; € S, for all j € J.
(i) By (1.4) and the fact that R \Ry = 2(R$\Rj) we calculate

1o 1
o ()T o)

a€RT BERI\RT

Since Ty, = 1 if @ € R3, and since 75 = 73, if B € T}, it follows that

1 ;
= ] Gom5)2 ™7 = [ (7,755,) .

ﬁeR; jeJ

(iii) Since wop; = —p; for j € J, by (ii) we have r*°* = r= for all X € P.

(iv) Observe that 7,72, = q, if @ € Rz, and 7,73, = qoqa if @ € Ry\R3. Thus, by
thickness, 7,72, > 1 for all @ € Ry. Since p; € Sy for j € J, and since u < X implies that
A —p € Q7F, it follows from (ii) that r*~# > 1, with equality if and only if u = X (for if
p# A, then (A — p, p;) > 0 for at least one j € J).

(v) Observe that if w # 1, then wRy N (=B) # (. To see this, if « € Ry, and if
—a ¢ wRY, then —w™la ¢ Ry, and so w™a € Ry. It follows that if wRy N (=B) = 0,
then w™'B C R, and so w™ 'R = RS. Thus w = 1 (for by [1, VI, §1, No.6, Corollary 2]
we have ((w) = [{a € Ry | wa € Ry }| for all w € Wy).

Suppose that w # 1, and take o € Ry such that wa = — € —B. Then by (i) and (ii),

prwe = B = 7—57_226 = TaTay,
and so 1 — 7'2_0{17'51/27“*”&/2 = 0. Thus ¢(wr) =0 by (2.10).
Since h, : o/ — C is an algebra homomorphism we have

1= hy(Ag) = m > c(wu)

for all nonsingular u € Hom(P, C*), and so ¢(r) = Wy(¢™'). O
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For each j € Iy, let j* € Iy be defined by —woo; = oj». Note that (j*)* = j.

Corollary 3.5. Let x € Vp, A € Pt, and y € V().
(i) We have

P)\ (Teie) — / ei(h(x,y;w),woe) dl/x (w)
Q

where wy is the longest element of W.

(ii) For each j € Iy the integral

W = /Q hj=(y, T; w)dvy(w)

is independent of the particular pair x,y € Vp with y € Vy(x) (this index reversal
makes the statements of the main theorems simpler).

Proof. By Proposition 3.4(iii) (and the fact that wy' = wy) we have
Py (re®) = Py(wo(re™®)) = Py(r~two(e”?)) = / et M@ yiw)wod) gy, (1),
Q

proving (i).
Since wof) = — Y7, 0+, by (i) we have
0

8—013,\ re }9 0

proving (ii). O

The following proposition gives a symmetry property of the numbers fy](»’\)

=i\, (3.2)

generalising

[4, Proposition 3.5(iii)]. We will not use this result in this paper.
Proposition 3.6. Let j € Iy and \ € PT. We have 7()‘ ) = 7]( )

Proof. Observe that for v € Hom(P,C*) and A € P*, Py.(u) = P\(u™'). To prove
this note that for A € PT, using Proposition 3.4 and the fact that \* = —wg\ we have
rA = r7wA = pA Furthermore, if u € Hom(P,C*) is nonsingular then

( ) H 1— T 1 /12/2u7w0a H 1 — T 1 /12/2ua ( _1>
c(wou) = SYZ— = oz = ),
a€ERt L - Ta/2 oor” a€Rt L- a/2 u®
where we have used the facts that woR* = R~ and 7, = 73 if § € Wya. Thus
T_A* wA* ’I"_)\ wwoA* -1
P)\* (U) = m Z C(’IUU)U = m Z C(U)’U)(]U)U = PA(U ),
0 q weWy 0 q weWy
and so by (3.2) we have
(A) 9 -1 fw .0 —iwol .0 ip
v = —i—P\(r = —i— Py\(wo(re ")) |,_, = —1i Py(re®)| |
j 06, ’9 =0 06, ’9_0 D, }Lp—O
and so fij) = ’yj(»f). O
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Lemma 3.7. Let A € P and j € Iy. Then
A
W=\ ag) +0(1).
Proof. Let us temporarily write pg in place of re¢®. Then for w € W,
0 , W \ 0
a0, c(wpg)pg™ = i{w, aj)e(wpg) ™ + pg™ o, = c(wpo).

It follows from Proposition 3.4 that for w € Wy,

9 o i\ o) +0(1) fw=1
c(wpe)p =
Wolg ™) 06; oo =0 o(1) if w # 1.
The result follows from (3.2). O

Lemma 3.8. If (Z)ken is a Markov chain in Vp with Zy = x and transition operator Ay,
then for any w € Q, E(h;(Zy,z;w)) = 7]()\)

Proof. Since Z; € Vj(z) with probability 1, we have [, h;(Z1, z;w)dv,(w) = ’y](i‘). As in
4, Proposition 3 5(ii)] we see that we may take expectations under the integral sign, and
SO 'y] = [ E(h;j(Z1, 7;w))dv,(w). By Corollary 3.2, the distribution of h;(Z, z;w), and
hence E(h;(Z;, z;w)), is independent of w € Q. The result follows. O

We now prove our rate of escape theorem.

Theorem 3.9. Let A be as in (0.1), and suppose that ), p. [N ay < 0o. Let (Zy)ren be
the corresponding Markov chain, and for each k € N let v, € Pt be such that Z, € V,, (z),
where x = Zy. Then for each j € Iy, with probability 1
1
7

Vg, 05) — 7y as k — 0o,

A
where v; = >\ cp+ a,\fyj( ).

Proof. Observe first that v; < oo by Lemma 2.5 and the finite first moment assumption.
By Lemma 3.7 we have (v, o) = llﬂj(yk + O(k™1), and so it suffices to prove that

(7 .
/hj ( M’w)d’/w(w) =
Q k

with probability 1.

By Corollary 3.2 we see that for each fixed w € Q, hj»(Zy, z;w) is a random variable
distributed like a sum of £ independent real random variables, each with the distribution
of hj«(Zy,x;w). Now E(hj-(Z1,z;w)) = 75, and so by the classical law of large numbers
we have -

J*( Z?xaw) —
with probability 1
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By Remark 2.6 and the second part of [17, Proposition 8.8(a)] we see that h;-(Zy, z;w)/k
is bounded with probability 1. Thus by the Bounded Convergence Theorem we have

hi(Zy, x; hj«(Z, ;
lim J ( k’x7w)dV$(W) _ / lim —2 ( k’x7w)dV$(W) =,

with probability 1, completing the proof. 0]
4. THE CENTRAL LiMIT THEOREM
Lemma 4.1. Let A € P*. There exists a constant C, independent of 0 and X\, such that
| hpeio (Ay) — €] < €.

Proof. Recall that r* < r* and c(wr) = 6,,1Wo(g™?) for all w € W) (see Proposition 3.4).
Thus

i(, 1 0y _
’hreiG(A)\) — e 9>} < Wola D) w%;VO ’c(w(re o) c(wr)’.

The result follows since each c(w(re)) is a smooth function in 0y, ..., 6,. O

For 1 <j,k<nand A € PT, let
MK = / he (y, 33 0) hyee (y, 73 w) duvg (w) (4.1)
Q

where z,y € Vp are any vertices with y € V)(z) (as in Corollary 3.5(ii) this is easily seen
to be independent of the particular pair z,y € Vp with y € V) (z) chosen).

If we suppose a finite second moment assumption:

> MPax < oo, (4.2)

AepP+

then for all 1 < j, & < n we have ), _p+ a)\yj(i) < 00, and we denote this value by v, k.

Lemma 4.2. (See Theorem A.3) The homomorphisms h,.e : &/ — C, 0 € E, are bounded.

Proof. For each A € P* we have |h,.0(Ay)| <1 by Corollary 3.5(i). O

Let € Vp. The spherical function (with respect to x) associated to h, is the function
F*:Vp — C which for each A\ € P* takes the constant value h,(A,) on the set V)(z).

Lemma 4.3. Let Zy = x, and suppose that u € Hom(P,C*) is such that h, : &/ — C is
bounded. Then B(FT(Zy)) = (A(u))*.

Proof. We have AF =%~ ., a&k)A)\ where a&k) = P(Zy € Vi(x)). Since F¥(Zy) = hu(A))
if Z, € Vi(z), we have

E(FX(Z) = Y alha(A)) = ha(AF) = (A(u))*,

AepP+



ISOTROPIC RANDOM WALKS ON AFFINE BUILDINGS 30

where we have used the continuity of A, on the closure of &7 in the space of bounded linear
operators on £}(Vp) to justify the last two equalities. O

Lemma 4.4. Suppose that (4.2) holds. Then withv;, 1 < j < n as defined in Theorem 3.9,
and Vi, 1 < 3,k < n as defined above,

- s 1 —
A(TGZG) =14+ ZZ’YJ‘QJ‘ — 5 Z ’Yj,kejek + O(|0|2)

k=1
Furthermore, if 6 # 0 then (E; 1759 ) < ij 15,6050k

Proof. Consider the case A = Ay, A # 0. Using Corollary 3.5(i), the elementary result
€% =1+ip — 1% + o(p?) implies that

- & 1 —
Ax(re?®) =1+ ZZ’V](A)Gj 5 Z "Y](',)l\g)ejek + o([Al61),
j=1

k=1
where we have used Lemma 2.5. The first claim follows.
To deduce the final claim, let By = Z;‘ ) fy] 9 and C), = E]k Y k@ 0. Then

B§_</Zh (y, & w)dvy(w ) /(Zh y,xw)dum(w):CA,
and

n 2 2 n
(52) = (L o) < X i< 3 weam 3 i
Jj=1 AepP+ AepP+ Aep+ j.k=1

To see that the inequality is strict if § # 0, recall that by hypothesis there exists A # 0
such that ay > 0. If equality holds in the inequality B3 < C), then for y € Vj(x),

(h(z,y;w), wobl) = Zh Y, z5w)0

is independent of w € ), and thus by Corollary 3.5(ii) this quantity is independent of
the particular pair x,y € Vp with y € Vi(x) too. Choosing z € Vy(z) N Vav(y) as in
Lemma 2.1(i), we have

(h(y, z;w), wel) = (h(x, z;w), wed) — (h(z,y;w), web) = 0.

By modifying the proof of Lemma 2.1(ii), it is easy to see that for each w € Wy there
exists w,, € Q such that h(y, z;w,) = wa", and thus by the above (waY, weh) = 0 for all
w € Wy. Thus 6 = 0, since Wya&" spans E' [7, Lemma 10.4.B]. O

Let I'y(0) = >_7_, 70 and [y (6) = 37, v x0;0k, and write

['(0) =y (0 Z 951050k

k=1
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By Lemma 4.4, I' = (g; )7 -, is a positive definite matrix.

Theorem 4.5. Let A be as in (0.1) and suppose that (4.2) holds. As in Theorem 3.9, for
each k € N let v, € Pt be such that Z, € V,, (v), where x = Zy. Then

<(uk,a\1/)E— %kr’ . (uk,a:L/)E— %k>

converges in distribution to the normal distribution N(0,T"), with T' as above.

Proof. Following the proof of the classical Central Limit Theorem (see [16, Proposition I1.§]
for example), it suffices to show that
lim E(ei(@kﬁ%kfl(@))/\/@) — ¢~ 3L0) (4.3)
k—o0

By Lemma 4.1 we have
ONE = P, (re®VF) 4 o(k712) = F2 e (Zi) + o(k™1),
and so by Lemmas 4.2 and 4.3 we have
E(euuk,e)/\/ﬁ) _ (g(mw/\/ﬁ))k +0(k_1/2).

Thus using Lemma 4.4 we compute

k
(el Ok @)/ VY = (1 - ir(e) + o(kl)) +o(k™V?) = e72"O) 4 o(k71/2),

Thus (4.3) holds, completing the proof. O

APPENDIX A. BOUNDED SPHERICAL FUNCTIONS

It is easy to see that each A € & maps ¢! (Vp) into itself. Let . denote the closure of &/
in the space Z(¢'(Vp)) of bounded linear operators on ¢*(Vp). Thus & is a commutative
unital Banach x-algebra. The algebra homomorphisms h : @/ — C are precisely the
extensions of those algebra homomorphisms h, : &/ — C which are bounded. In this
appendix we determine the v € Hom(P, C*) for which this holds.

In the notation of Remark 1.6(ii), it is shown in [9, Theorem 4.7.1] that h, : @5 — C
is bounded if and only |[u®*| < 7* for all A € Q@ N P* and all w € W,,. The proof given
in [9] requires some knowledge of the singular cases (when the denominator of a c(wu)
function vanishes). While it should be possible to generalise the proof in [9] to cover the
more general setting of homomorphisms h, : &/ — C, we will provide a different proof
which does not require any specific details of the singular cases (instead our proof uses the
Plancherel measure).

We restrict our attention to the standard case (where 7, > 1 for all & € R). In the
exceptional case (where 7, < 1 for some a € R) we have R = BC,, for some n > 1 and so
Q = P and @, = o/. Thus Macdonald’s analysis in [9] covers this specific case.
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Remark A.1. In fact in [9, Theorem 4.7.1] Macdonald proves a geometric analog of the
result stated above. For u € Hom(Q,C*), identify log |u| € Hom(Q,R) with the unique
element x, € E which satisfies (\,z,) = log |u*| for all A € Q. Let D = {z,, | w € Wy}.
Then [9, Theorem 4.7.1] says that h, : @/ — C is bounded if and only if x,, € conv(D).

For A € P* and u € Hom(P, C*), define the monomial symmetric function my(u) by
Sy
pneEWHA
By [13, (6.1)] there are numbers ay , such that
Za,\ put = Za,\ pmy (u (A.1)
pneP w=A

(where the second sum is over u € PT), and it follows (using [12, Theorem 6.11]) that for
A, v € P* there are numbers by , such that

u) =Y by Lulw). (A.2)

U=

Lemma A.2. Let \,u € P" and p < X\. In the standard case there exists a constant
K > 0 independent of X\ and p such that |by,| < Kr*. Thus there is a constant C' > 0
independent of X € Pt such that

> Jbal < CIIL[

HIA

Proof. Since we assume that we are in the standard case, by [13, Lemma 6.1] we have

br, = NH/Um,\(u)Pu(u)dﬂ(u).

Using (1.5) and the techniques used to derive [13, (5.2)] we see that

my(wu)u~"c(wu)
b d
Ap WOM |W0 / w%;/ wu |2 Y
- —h
_ WO(q 1) T./J/ m)\<u>u—du’
Woulg™) Ju c(u)
and the first claim easily follows. The final claim follows from Proposition 3.4(iv). U

Let Y = {u € Hom(P,C*) : [u®*| <7 for all A € PT and all w € Wy}.

Theorem A.3. The algebra homomorphism h, : &/ — C is bounded if and only if u € Y.
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Proof. In the exceptional case this follows from [9, Theorem 4.7.1], as remarked at the
beginning of this appendix. Suppose we are in the standard case. If u € T is nonsingular,
then by (1.6) we have

1
|ha(Ay)] < W%ZWO le(wu)| for all A € P*.

Thus h,, : &/ — C is bounded, and so by [5, Theorem 1.2.5], |h,(Ay)| < 1 for all A € PT.

If uw € T is singular, it is clear that there exists a sequence (u))ren in T such that each
(k) is nonsingular and u) — u. By the above we have |hy, (A))| < 1 for all A € P,
and since each h,,, is a Laurent polynomial (in the variables {uz\,;)}ze 1,) it follows that
|hu(Ay)] <1 for all A € PT. Thus h, is bounded for all u € T.

Suppose now that h, : &/ — C is bounded (so |h,(A))| < 1 for all A\ € P*). Then for
all A\ € PT, by (A.2) and Lemma A.2,

[ma(@)] <D Jbal < CTIL e,
U=
Thus, fixing A, for k € N,

Z (T—Auu)k

HEWHA

< p(k),

where p(k) is a polynomial. It is elementary that this implies that |r~*u#| < 1 for all
1€ Wy, hence the result. O
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