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Abstract

A partial transformation a on the finite set {1,...,n} moves an element i of its
domain a distance of |i — ia| units. The work w(«) performed by « is defined to be
the sum of all of these distances. In this article we derive a formula for the total work
w(S) = > eq w(a) performed by a subset S of the partial transformation semigroup
PT,. We then obtain explicit formulae for w(S) when S is one of seven important
subsemigroups of P7,: the partial transformation semigroup, the (full) transforma-
tion semigroup, the symmetric group, and the symmetric inverse semigroup, as well
as their order-preserving submonoids. Each of these formulae gives rise to a formula
for the average work w(S) = |—3q‘w(S ) performed by an element of S.
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1 Introduction

Fix a positive integer n and write n = {1,...,n}. The partial transformation semigroup
on n, denoted P7,, is the semigroup of all functions (transformations) between subsets
of n. Such a function is called a partial transformation on n. If a € P7,, we will write
dom(«) and im(«) for the domain and image of « (respectively). The semigroup operation
in P7,, is composition, although the semigroup structure of P7,, will not play any role in
our investigations.

Let o € P7, and i € n. We define the work performed by a to move i to be

(a) = li —ia|  if i € dom(«)
Wil = 0 otherwise,

and we define the (total) work performed by « to be

w(a) = Zwi(a).

i€En
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If S C P7, then we define the (total) work performed by S to be

We also write 1

w(S) = Ew(S)

for the average work performed by an element of S. The purpose of this article is to derive
explicit formulae for w(S) and w(S) when S is either P7,, or one of its subsemigroups

e 7, ={a Gpﬂ}dom(a) =n},

7, = {a e P17, } o is injective},

S, = {a cT, ‘ o is injective},

0, = {oz e 7, } o is order-preserving},

PO, = {a e PT, } « s order—preserving}, or
o POIL, = {a cZ, } « s order—preserving}.

The subsemigroups 7,,, Z,,, and §,, are known as the transformation semigroup, the sym-
metric inverse semigroup, and the symmetric group on n (respectively). A (partial) trans-
formation a € P7, is said to be order-preserving if ia < ja whenever i,j € dom(«)
and 7 < j.

All numbers in this article are assumed to be integers. Thus a statement such as
“let 1 < < 5” should be read as “let i be an integer such that 1 <¢ < 5”. It will also be
convenient to interpret a binomial coefficient (2 ) to be 0 if p < q.

2 Example Calculations
Before moving on, let us calculate w(S) and w(S) for a selection of semigroups S C P7;.
Example 1 (The symmetric group S;) The elements of the symmetric group Sz are

pictured in Figure 1 below. For the moment, the reader should not be concerned with our
use of colours.
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Figure 1: The elements of Ss.



The pictures should be interpreted so that, for example, the right-most diagram represents
the permutation which fixes 1 and interchanges 2 and 3. Adding up the work performed
by each permutation (from left to right as arranged in Figure 1) gives

w(Ss) =0+4+4+2+4+2=16.

The average work performed by a permutation in S; is wW(S3) = % 2%.

Example 2 (The transformation semigroup 73) The transformation semigroup 73
consists of the six permutations pictured in Figure 1 together with the 21 non-invertible
maps pictured in Figure 2 below. (The maps are arranged in an egg-boz diagram; elements
in the same row or column of a box have the same domain or image respectively.)

/.| N | v/

| N AN |V

Figure 2: The remaining elements of 73.

One may then calculate that the total work performed by these 21 maps is 56 so that

w(T3) =16+56 =72 and W(T) = 2 =22

The observant reader will have noticed that w(S3) = w(73). In fact, this is not a coninci-
dence, but rather an special case of a more general phenomenon; in Section 4 we will see
that w(S,) = w(7,) for all n.

Example 3 (The semigroup O3) The semigroup Oz consists of all order-preserving
transformations on {1, 2, 3}; these maps appear as the black diagrams in Figures 1 and 2.
One may compute that

w(O3) =16 and  wW(05) = 1 =12,



Example 4 (The semigroup POZ;3;) The elements of the semigroup POZ; are pictured
in Figure 3 below.

Figure 3: The elements of POZj;.

One calculates that

w(POI3) =16 and w(0;) =12 =1

20 57

illustrating another general phenomenon: w(0,,) = w(POZ,) for all n.

3 General Calculations

Let S C P71, and i € n. Write
wi(S) = wi(a)

a€eS

for the total work performed by S in moving ?. We then have

w(S) =Y wla) =Y > wila) =Y > wia)=Y wl(S).

a€eS a€eS ien i€n aesS i€n



For i,7 € n let
Myy(S) = {a € Sia = j}

be the set of all elements of S which move i to j, and write
mi;(S) = | Mis(5)].
Note that w;(a) = |i — j| for all & € M;;(S) and so
wi(S) =) li — jlmi;(S).
Jj€n
Thus we have the following.

Lemma 1 Let S € PT,. Then w(S) =Y _ |i — jmy;(S).

h,jEn

4 Specific Calculations

We now consider the cases in which S is one of the semigroups P7,,, 7., Z,, Sp, On, PO,
or POZ,. For each such S we calculate an explicit formula for the numbers m;;(.5),
and then apply Lemma 1 to obtain formulae for w(S) and w(S). We consider each case
separately, covering them roughly in order of difficulty.

It is a well-known fact that
. (n+1Y
> li-i=("3"):

1<i<j<n

Sli-al=2("3 ) = ()

i,jEN

It then follows that

a fact which will prove useful in several of the calculations performed below.

Before moving on we remark that although some of the combinatorial results of this
section (particularly Lemmas 2, 4, and 6) may be well-known, the proofs given here are
believed to be original. The reader is refered to the introduction of [2] for an excellent
review of related articles.

4.1 The Symmetric Group S,

For any 7,j € n we have M;;(S,) = {a € S, |ia = j}, and it follows immediately that
mi;(S,) = (n—1)!. Thus, by Lemma 1 and (%), the total work performed by the symmetric
group S, is
. n® —n n+1)ln—-1
w(S,) = Y li=illn =1t = T (-t = )

i,jEN

'The number ("f') is sometimes referred to as the (n — 1)th tetrahedral number; see for example [4]
(Sequence A000292). The reader is reminded that we interpret (";'1) =0ifn=1.
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The average work performed by an element of S, is

_ Cw(S,)  (n+Dl(n—-1) n*-1,
N I P e T

4.2 The Transformation Semigroup 7,

For any 4,7 € n we have M;;(7,) = {«a € 7,, | ic = j}, and it follows that m;(7,) = n""'.
Thus, by Lemma 1 and (%), we have

3 _ n 2__1
— Z |'l _j|nn71 — n n _nnfl — n (n )
3 3

i,jEN

We also have (7) ( ) ) -
w n"(n* — n* —
mn T,',L p— n p— pr—

which, rather curiously, is the same as the average work performed by a permutation.

4.3 The Partial Transformation Semigroup
For any i,j € n we have M;;(PT,) = {a € PT, |ia = j}, so that m;;(PT,) = (n+1)"!
Thus, by Lemma 1 and (x), we have

_ o ne1 . MP—m w1 (n+1)"(n* —n)
= Yl gl 1y = gyt = ),

i,J€EN

and

w(PT,) (n+1)"*(n*—n) n*-n
PZ.)  3-(n+1)m 3
Although wW(P7,) # w(S,) = w(7,), all three sequences are of course assymptotic to %3

W(PT,) =

4.4 The Symmetric Inverse Semigroup Z,

For all i, j € n we have M;;(Z,) = {« € Z,, | ia = j}, and it follows that m;;(PT,) = |Z,_1|.
Thus, by Lemma 1 and (x), we have

n—1 2
. . n+1 —n n—1
wan):}j\z—mu:z( )|In g=" }j( 5 )k'
k=0

1,j€EN

The average work performed by an element of Z,, is
BT, = w(Z,) _ (n + 1) |Z, 1] _ (n® —n) ||
YT |Zn| 3|2y

However, it does not seem easy to obtain a formula for w(Z,,) as simple as those obtained
above for wW(S,,), w(7,), and W(PT,).

2This result may be found in [1] (in a slightly different form).
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4.5 The Semigroup POZ,

For 0 < p,q < nlet POZ,, denote the set of all order-preserving injective partial maps
from p to q.

Lemma 2 Let 0 < p,q <n. Then |POZ,,| = (P;;Q) _ (p-(l]—q).

Proof Let ' = {1',...,¢'} be a set in one-one correspondence with q, and put
Q={ACpUd|[A]l=q}.
For Aec Qput A, =AnNpand A, = {i € q| € A}, and define ¢4 € POZ,, by

dom(¢a) = Ap  and  im(¢a) = q\ Aq,

noting that |Ap| = |q \ Aql, and that an element of POZ,, is completely determined by
its domain and image. It is then easy to check that A — ¢4 (A € ) defines a bijection
Q — POZ,, and the result follows since Q| = (¥ +q) O

Lemma 3 Leti,j € n. Then m;;(POL,) = (/%) (> 7).

Proof Let a € M;;(POI,). Then since i = j and « is order-preserving, we see that
ko < j whenever k € dom(«) and k < ¢. Thus, we may define a map A\, € POZ,_;,_1 by

dom(A,) =dom(a) N{1,...,i—1} and im(\,) =im(a)N{l,...,5—1}.

Similarly, we have ka > j whenever k € dom(«) and k£ > i, and so we may also define a
map po € POZ, _;nj by

dom(ps) = {k—i|k € dom(a), k>i} and im(ps) ={k—j|k€im(a), k> j}.

It is then easy to check that the map a — (A4, pa) (@ € M;;(POZ,)) defines a bijection
M;;(POZ,) — POZ; 1 ;-1 X POZL,_;,—;. The result now follows from Lemma 2. O

It follows by Lemmas 1 and 3 that the total work performed by POZ, is
1+ — 2n—1—3
w(POL,) Z|Z—j\< )( o )
1,)€EN
The average work performed by an element of POZ,, is

. POZ,) 1+ — 2n —i—j
m(poT) = ort = =) (M)

n 2,7€EN




4.6 The Semigroup O,

For 0 <p <nand q €nlet O,, denote the set of all order-preserving maps from p to q.

Lemma 4 Let 0 <p <n and g € n. Then |0, | = (p+g_1) = (ngzl)-

Proof If p = 0 then the result is trivial, so suppose that p > 1. Let p” = p\ {p},
let ' ={1,...,q¢'}, and put
Q:{Agprq”|A|:q—1}.
Let A € Q and put
Ay =(Anp)uU{p} and A,={icq|i A}
Suppose that |A,| = k. It then follows that |q \ Aq| = k also, and so we may write
Ap ={z1,...,2x} and g\ Aq={v1,--- Uk}

where 1 < --- < xp and y; < --- < yg. It will also be convenient to put zo = 0. Now
define ¢4 € O, 4, for i € p, by
ipa=ye i i€{ve+1,... 1z}

Then one may check that A — ¢4 (A € ) defines a bijection Q@ — O, ,. The result now

follows since |Q = (*791). O
q

Lemma 5 Leti,j € n. Then m;;(0,) = (“;:2) (2”7:;3)

Proof Let oo € M;;(O,,). Then since iov = j and « is order-preserving, we see that ka < j

whenever k£ € dom(a) and k < i. Thus, we may define a map A\, € O,_1; by

kAo = ka for each k€ {1,...,i—1}.
Similarly, we may also define a map p, € Op_ipn_js1 by
kpo = (k+i)a—j+1 for each k€ {1,...,n—i}.
Then one may check that the map a — (Ay,pa) (@ € M;;(O,)) defines a bijection

M;;(0,) — Oi—1j X Op_ipjt1. The result now follows from Lemma 4. O

In particular, Lemma 5 demonstrates another curious fact; namely that m;;(O,) =
m;;(POZ,) for all i,j € n. By Lemmas 1 and 5 we have

. L [i+i=2\ (2 —i—]
27_]61'1
which, of course, is the same as w(POZ,). However, since |0,| = (*".!) # [POZL,|, we
see that w(0,,) # w(POZ,). Rather, we have

w(©,) Si-a( ()

m((Qn) = =
4,J€EN

1
|On| (2nr:1)

But, since (**.') = 1(*"), we do have the interesting relation w(0,) = 2w(POZ,); that

is, an element of O,, works “twice as hard” as an element of POZ, on average.

8



4.7 The Semigroup PO,

For 0 <p <n and ¢ € nlet PO, , denote the set of all order-preserving partial transfor-
mations from p to q.

Lemma 6 Let 0 <p <n and g€ n. Then |PO, | =>7_ 0 (k) (q+2_1)'

Proof For A C p write 77(9;(1 = {a € PO, | dom(e) = A}. We then have the disjoint
union

PO,y = U PO
ACp
Now for any 0 < k < p, there are (i) subsets A C p for which |A| = k and, for each such

subset A, we have ‘77(’)
This shows that

pq‘ = |Okql = (q+k "), the last equality following by Lemma 4.

- Eronl-£()(17)

ACp k=0

and the proof is complete. O

Lemma 7 Leti,5 € n. Then

mij(POn):g:o <z;1) <j+l;—1) <n£—z) <n—i+€>.

Proof A similar argument to that used in the proof of Lemma 5 shows that there is a
bijection from M;;(PO,,) to PO;_1j X POy,_;pn—jt1. It then follows by Lemma 6 that

Mij(PO) = [POi14] X [POn—in—jil

SR

The upper limits on both sums may be changed to n in light of the convention regarding
binomial coefficients explained at the end of Section 1. a

Thus, by Lemmas 1 and 7, we have
_ii‘,_,|i—1 jHk—=1\(n—i\/(n—j+/{
~ Ik k i ¢ )
1,j=1 k(=0

w(POL) _ Yijmr Yo |z' —ICH AT
PO, o () () |

We also have

w(PO,) =



5 Summary of Results

We now collect the results obtained in the previous section. Tables 1 and 2 catalogue the

formulae obtained for w(S) and w(.S), respectively, for the various semigroups S considered
in Section 4.

S Formula for w(S)
S, (Dl (n=1)
T, n”(n;—l)
PT, w
Z, wen g () k!
PO, il =l (P ()
On il =l (P ()
PO | 2 kol =31 O () ()

Table 1: Formulae for the total work w(S) performed by a semigroup S C P7Z,.

Formula for w(5)
Sn n23—1
n?—1
n 3
7),2:1 n2§n
n3—n n—1 (n—1)2
Z, m k:O( kl) k!
POZ, oy L =100 ()
0, oy L= [ = A1) ()
PO | s it Sheali 102 0 ) ()

Table 2: Formulae for the average work w(S) performed by an element of a semigroup

S CP1,.

Tables 3 and 4 catalogue calculated values of w(S) and w(S) for values of n up to 10.
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n 1 2 3 4 ) 6 7 8 9 10

w(S,) [0 2 16 120 960 8400 80640 846720 9676800 119750400

w(Z,) |0 4 72 1280 25000 544320 13176688 352321536 10331213040 330000000000

w(P7Z,) |0 6 128 2500 51840 1176490 29360128 803538792 24000000000 778122738030

w(Z,) 0 4 56 680 8360 108220 1492624 21994896 346014960 5798797620

w(POI,)| 0 2 16 96 512 2560 12288 57344 262144 1179648
w(O,) |0 2 16 96 512 2560 12288 57344 262144 1179648
w(PO,) |0 4 48 424 3312 24204 169632 1155152 7702944 50550932

Table 3: Calculated values of w(S) for small values of n.

n 12 3 4 5 6 7 8 9 10
w(S,) |0 1 22 5 8 112 16 21 262 33
w(T,) |0 1 22 5 8 112 16 21 262 33

w(PT,) |0 2 2 4 62 10 14 182 24 30

w(Z,) 0 0.5714 1.6471 3.2536 5.4075 8.1204 11.4009 15.2559 19.6911 24.7112

w(POZ,) | 0 0.3333 0.8000 1.3714 2.0317 2.7706 3.5804 4.4556  5.3916  6.3848

w(0,,) 0 0.6667 1.6000 2.7429 4.0635 5.5411 7.1608 89113 10.7833 12.7697

w(PO,) | 0 0.5000 1.2632 2.2083 3.3054 4.5360 5.8871  7.3490  8.9139 10.5754

Table 4: Calculated values of w(S) for small values of n.

6 Concluding Remarks

The work presented in this article was inspired by a talk given by Tim Lavers in which
a conjecture was described; namely that w(O,) = (n — 1)2?"3. The second-last row of
Table 3 (and some modest labour) shows that this is true if n < 10. Some further values
of w(O,,) are provided in Table 5 below, giving further credibility to the conjecture. The

n 11 12 13 14 15 16 17 18

w(Oy) | 5242880 23068672 100663296 436207616 1879048192 8053063680 34359738368 146028888064

n 19 20 21 22 23 24

w(Op) | 618475290624 2611340115968  10995116277760  46179488366592  193514046488576  809240558043136

Table 5: Further values of w(QO,,).
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author believes that Lavers has also verified the conjecture for some values of n; see [3]
for more details. In light of the results of Sections 4.5 and 4.6, a verification of Lavers’
conjecture amounts to a proof of the identity

ZZI‘ B <2+] 2) (2nn—_zl—j) (= 1)2203

for all n > 1. Replacing n by n + 1, and substituting p =7 — 1 and ¢ = 5 — 1, the above
identity takes the more pleasing form

Z \p—q\(p+q) <2n_p_q) — 2?1,

n_
p,q=0 p

Finally we remark that some of the numbers w(S) have been calculated before. Indeed,
w(S,) appears as Sequence A090672 in [4]; see also [1] where the quantity fw(S,) was
investigated in relation to “turbo coding”. The numbers w(O,,) = w(POL,) as calculated
above agree with the first 23 entries of Sequence A002699 of [4] which (not surprisingly?)
is n2?"~1. At the time of writing, the other sequences in Table 3 had not been listed in [4].
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