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Abstract I have been collaborating with Gavin Brown since 1990. Our research mainly
concerns the positivity of trigonometric sums and Jacobi polynomial sums. It also con-
cerns multiple trigonometric sums and the convergence of the linear means of multiple
Fourier series and Fourier-Laplace series. The present report is a survey on our joint

results.

81  Positivity of trigonometric sums

In 1990, we considered the sine sums

o " sin k6
T2(09) = 2 rra " e N;.
We define three constants Ao, pg, ap as follows. The constant \g is the solution of the
equation
(1+ M7 = tan(Ar) 0< A< %
It is easy to see that A\g = 0.4302967 - - - is the point at which the function % attains

its maximum on the interval (0, %) The constant gy = 0.8128252 - - - is defined to be the

solution of the equation
sinpm  sin A

s (1+ Xo)7’
and ap = 2.1--- is the solution of the equation

i 2k sin \g7
(2k—1+a)2k+a)2k+1+a) 2(1+ )7

k=1

Our results are the following four theorems which were published in [1].
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Theorem 1 If —1 < a < «g then

Ty 1(0)>0, 0<0<m neN,.

Theorem 2 If —1 < a < o then

HoT

TS (6 0 <m— 0
(0) >0, 0<f<m—grtm,

TLGN+

Theorem 3 If a > «q then there exists an infinite subset N C N, such that

o (1 + )\0)71'
T2n71<ﬂ'—m)<o, n € N.

Theorem 4 If 0 < v < o then there exists an o near to but strictly smaller than

g such that

T
Ta( _
2n ™ 2

—> < 0, for an infinite number of n.
n+ 0.5

Theorem 3 shows that «q is best possible in Theorem 1. Theorem 4 shows that pg is

best possible in Theorem 2.
The particular case & = 1 has been considered by Brown and Wilson [2]. They obtained

the following conclusion:

Ty, 1(0)>0,0<6<m Ty () >0, 0<0<7r—2l.
n

These extended the Fejér-Jackson-Gronwall inequality [3],

" sin k6
k

>0, 0<fd<m,
k=1

Later, in 1991 we considered basic cosine sums with Dr. D.Wilson together. The sums

we considered are

S0) =1+ kcoskf, n€ Ny, B>0, 6 €R.

k=1

Define 3 to be the unique root in (0, 1) of the equation

T cosu
/ du = 0.
0 uf

It is easy to check that 0.308443 < By < 0.308444. Our main result is

Njw
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Theorem 5[4] For all § € R and n > 1 we have S%(#) > 0.0376908.

It is know (see [5], V.2, 29) that for 8 < 3, the sums S?(6) are not uniformly bounded

below.

An immediate corollary to Theorem 5 is

Theorem 6[4] Let 8 > [y and suppose {a;};, is a non-increasing sequence of

non-negative numbers satisfying k%a;, > (k + 1)%ay; for all k> 1. Then

n

Za;wosk@}()

k=0

foralld € Rand n > 0.

These results extend the Young’s inequality [6] which is a particular case of Theorem
6 when S =1and ay = 1,a, = k! for all k£ > 1.

Remark There is no analogue of Theorem 5 for sine sums. Indeed, for any § < 1,

oo OER

- 1
lim sup min n? Z kP sinkd < —3
k=1

L. Vietoris [7] proved in 1958 that if a9 > a3 > -+ > a, > 0 and ay < (1 —
ﬁ)agk_l, k > 1, then for n > 1 and 6 € (0, 7),

Zaksinkﬁ >0 and Zakcoskﬁ > 0.

k=1 k=0
These inequalities of Vietoris extend both the above mentioned Fejér-Jackson-Gronwall
inequality and W. H. Young’s inequality. Moreover it was shown by Askey and Steinig
[8] in 1974 that these inequalities can be applied to yield various new results, including
improved estimates for the localization of zeros of a class of trigonometric polynomials and
new positive sums of ultraspherical polynomials. The significance of Vietoris’s inequalities
was illustrated once again by Askey in his report [9], where he discussed some problems
suggested by these inequalities and showed how one of them leaded to the derivation of

the hypergeometric summation formula and to other summation formulas.

As shown by Vietoris himself, his result is actually equivalent to the following



Theorem A If ap = a1 = 1, gk = Agky1 = (1 — 2—1k)a2k_1 = %, k € N,

then for any n € Ny and 6 € (0,7),

n n

Zaksink‘@ > 0, Zakcosk:e > 0.
k=1 k=0

One extension of Theorem A was proved by Brown and Hewitt [10]:

Theorem B If qp = a; = 1,09, = agxy1 = (1 — ﬁ)agk_l, k € N,, then the

Vietoris’ cosine inequality )", _, ax cos k6 > 0 remains true.
Additional interest of such an extension was noted by Askey [11].

In 1998 we investigated some extensions of Vietoris’s cosine inequalities. For 5 € (0,1)

we define ¢;(3), j > 0, inductively, by

T(k+1-p)

B
= = 1’ = _= (]_ —_ —> _ = 9 k > 1
co(B) = ca(B) cok(3) = cary1(8) )2k 1(5) T = ATk + 1)
and for n > 1, define
VA(9) = Z cx () cos k0.
k=0
Our main results are following two theorems which have been announced in [12].
Theorem 7[12] For 0 < # < 7 and n > 1, the inequality,
VA(0) = cx(B) coskf > 0
k=0
is true whenever Gy < G < 1, where By = 0.30844 - -- is the same number as in

Theorem 5. Furthermore, the number (3, is best possible in the sense that for any
B € (0, 5) we have

lim min V?(0) = —oo.

n—o0 e (0,m)

As a direct corollary we get

Theorem 8[12] Let {ax}}_, be a sequence of real numbers satisfying ap > a; >
v >a, > 0and ag, < (1 — %)agk_l, k > 1. Then for 6 € (0,7) we have

n

Zak cos k) > 0.

k=0



In 2003, we extended Vietoris’s inequality in another way. For « > —1 and k > 0, we
define

)
24a

5 k +
do () = dogy1(a) = D) (k + fa)

and define for n > 1,

n

Us(z) = Z di(«) cos(kx).

k=0

It can be shown that the equation

Y(a) ;== min U§(x)=0

z€(0,m)
has a unique solution &g in (—1, 00). And mechanical computation shows &y € (2.3308, 2.3309).

Our main results are the following two theorems which were announced in [13]

Theorem 9[13] If —1 < o < @y, then
Ur(x) >0

for all x € (0,7) and n € N, where the equality holds for some = € (0,7) if and

only if n = 6 and a = &. Moreover, for o > @y, H(l(i)n) Ug'(x) < 0.
ze(0,m

It is clear that Theorem 9 for o = 0 corresponds to Vietoris’s cosine inequality. We
remark that Theorem 9 for & = 1 is due to Brown and Hewitt [10] while for o = 2 is due

to a recent paper [14] by Brown and Yin.

As an immediate consequence of Theorem 9, we obtain, by Abel’s transform,

Theorem 10[13] Let {ax}32, be a sequence of real numbers satisfying ag > a1 >
- > a, >0 and (2k 4+ ap)agk, < (2k — 1+ &gp)agk—1, k= 1. Then we have

Zakcosk:x >0, ze€(0,m), neN,,
k=0
where the equality holds for some x € (0, 7) if and only if n = 6 and
14+ g

ap =ay =1, a2:a3=—2+d7
0




Also, we have proved the following theorem as well.

Theorem 11[13] For any o > —1 there’s an M = M («a) depending only on « such
that for n > M and all z € (0,7), U¥(z) > 0. Furthermore, given an integer n > 2
there is a number v = v(n) depending only on n such that for o > 7y(n),

min U (z) < 0.
z€(0,m)
For a > —1, we denote by N(«) the smallest positive integer for which U%(x) > 0
holds for all € (0,7) whenever n > N(«). Theorem 11 means that for each av > —1,

N(a) is finite and that
lim N(«a) = cc.

a—00
It would be interesting if one could find a better upper estimate of N(«a) for each specific

«. However, this seems to be quite difficult.

In 2005, we considered cosine sums of another type with Dr. Dai together. This

investigation relates also to the extension of Young’s inequality.

Given 0 < 8 < 1, we set

T(k+1-p)

“wB) = T Akt 1

k=1,2,--

and define .
Sp(z,p) =1+ Zak(ﬁ)coska:, re 0], n=1,2---.
k=1

We remember that 3y = 0.308443 - - - is the number defined in Theorem 5. Define 5* to
be the unique solution g € (0, 1) of the equation

min} S7(z, B) = 0.

z€[0,m

Numerical evaluation shows that 8* = 0.33542 - - - . For convenience, we set, for 5 € (0, 1),

M(() := inf {N >0: min S,(z,5) >0 whenever n > N},

z€[0,7]

where it is agreed that inf ) = co.

Our main result is



Theorem 12[15] (i) If p* < 3 < 1 then
Sp(z,8) 20, z€0,n], n=1,2,---,

with equality being true for some = € [0, 7] if and only if = f* and n = 7.
(ii) If By < B < B* then

8< M(B) < My- (8- ﬁo)_m = Ny - (8= Bo) 4081,

where M is a positive absolute constant.

(iii) If B = f then

lim sup (min{Sn(x,ﬁo) S [O,W]}> -

— = —0.446014 - - - .
n—oo 1- 60

(iv) If 0 < B < fy then

n—oo

lim inf (min{Sn(x,ﬁ) tx € [0,77]}) = —00.



82  Positivity of Jacobi sums

In 1993 we investigates some Jacobi sums with Koumandos together.

Let Pk(aﬁ)’ a>—-1,0>-1,k=0,1,2,--- denote Jacobi polynomials (see [16]) which
are orthogonal on [—1, 1] with the weight function w®®(z) = (1 — 2)*(1 4+ x)® and are

normalized by
Fn+1+ «)

(a.8) _
PO = F ot 1 1)

In the special case a« = = 0, P,EO’O) are written as P, and called Legendre polynomials.
Define

n

1 < VIE < 1
Sn(0) = 5T ZP%(COS 0), T,.(0) = v + Z Py _1(cosb), U,(0) = 5t Z Py (cos )
k=1 k=1 k=1

for € [0,7] and n =1,2,--- . We have proved
Theorem 13[17]

S (0) =0 VOe[0,7], n=1,2,---; Th(0) >0 vee[o,g], n=1,2 -

Theorem 14[17]
U,0) >0 VOe0,n], n=1,2,---.

Our another work is on the Cotes numbers at Jacobi abscissas. Expand
(1—2)7(14+2)"° ~ Zakpéa’ﬁ)(x) -l<z<l.
k=0
The values of the partial sum of the above expansion, i.e.

Y aB™ () (+)

at zeros of P (x) are (positive multiples) of the Cotes numbers for integration with

respect to (1 — z)*77(1 + 2)?7° dz. Our main results are

Theorem 15[18] Let § = 0,08 = —%. Ifa>0and 0 <y < % then all the partial

sums in () are strictly positive for z € [—1,1].

Theorem 16[18] If a =0,6 = —3,7=1,6 = 1 then all the partial sums in () are
strictly positive for z € [—1,1].



Theorem 17[18] Suppose a+(+1>0,—1 <~y < 0,5 =0. All the partial sums in
(%) are strictly positive for € [—1,1] when o > 3. Moreover, they are decreasing
when (i)a > S or (ii)|a] < f+1,-1 <y < $(a—F—1).

Theorem 18[18] When —f —1<a < f3,-1 <y < i(aw—3—1) and § =0 all the

partial sums in (%) are strictly positive for z € [—1,1].

If « = 3, Jacobi polynomial P,(la’ﬁ ) is called an ultraspherical polynomial or Gegenbauer

polynomial. The customary notation by [16] is

PA+1) T(n+2)) _o-1a-2 1
PMzx) = 2 A A>——.
w (@) IF'(2\) D(n+A+1) (@) 2
Define R
—~ Py(z)
SMNx) = n ~1 1 N,.
n(‘r) p Pé‘(l)’ <z <l nely

It has long been known that for A > 3 all the sums are positive (see [19], for example) but
determination of the best lower for A has been a recurring source of speculation. Szego
commented in [20] that “there exists a critical value X, 0 < X < £, such that S} > 0 for
A > )X but S}(x) takes negative values for appropriate x and n when A\ < X.” He noted
that “ evaluation of this number (viz. \’) seems to be difficult.” We solved this problem

posed by Szego forty six years ago.

Define o' to be the solution of the equation

Jo,2
/ £ (8) dt = 0
0

where j, 2 is the second positive root of the Bessel function J, of the first kind of order

«. Our result is

Theorem 19[21] Let X' = o’ + . Then

inf{SMz): -1 <z <1, neN}=—c0 when A\ < \;
SMNz) >0, Voe(-1,1) when A > ).

Numerical calculation shows that M = 0.23061297 - - - .

Our another result is



Theorem 20[22] Let 5y = 0.308443--- be the number defined in Theorem 5. If
A = B then

= Py (cos 0)

k4 ok
E (—=1) PA) >0, neN,, 0<60<
k=0

SE

The only cases of equality are when § = 0 and n is odd.

It is easy to check that the inequality in Theorem 20 is equivalent to

n P(fé)‘*%)(x)
S0, <<,
= PP

10



83  Multiple trigonometric sums and trigonometric series

Let a;;,%,7 € N, be real numbers satisfying the condition
1
o0 o0 oo o 2
DRIHIHIE 0
i=1 j=1 k=i (=j
Suppose ¢ > 1 and m;, n; are positive numbers satisfying the condition
Mit1 S i1

= {q, >Q> mlznlzl' (2)
m; n;

Define (in L? sense)

f(z,y) = Z Z @; j SIN N, T SIN N,

i=1 j=1

gj(x) = Zam sinm;x, hi(y) = Z a; ;sinn;y.
i=1 j=1

F. Mdricz [22] proved in the case m; = n; = 27! 4 € N, that the condition (1) is
equivalent to

f(irz;y) € L(0,1)2, gifcx) c L(0.1), hl-l(jy) € L(0.1) i € N,. 5

He proposed that in the general case when m;, n; are positive integers satisfying con-
dition (2) then (3) is satisfied if and only if

1
Z Z log mrjjl log nj;rl {Z Z ai,g} < 00. (4)
— j / L~

Our result is

Theorem 21[23] Let a;;, m;, n; satisfy (1) and (2). Let f, g;, h; be as above. Define

S=>" laigl,

i=1 j=1
1 1
(0.0) (o] m o0 2 o (o] n (o] 2
i1 i+1
T = log — az U= log 2 a?
M k,j ) . 0,0 )
i=1 j=1 ¢ k=i+1 i=1 j=1 J =541
1
2

V:iilog%log%{ i i ail

X X n; . ;
i=1 j=1 k=i+1l=j+1

11



The condition (3) is equivalent to the condition

S+T+U+V < oo. (5)

We point out that in our theorem, m;,n; need not be integers. When m; = n;, =
2i=1 4 € N,, (4) is equivalent to (5). But in general, (4) is stronger than V < oo, and (4)

is not equivalent to (5).

We also considered the problem of strong uniform approximation of multivariate peri-
odic continuous functions by their Bochner-Riesz means of critical order. The Bochner-
Riesz means of order « of a function f € L(T")(n > 2) (T = [—7, n] ) are defined as

Sa((x) = Y en( ™ (1~ |mPr )%z e R", R>0,

|m|<R

where ¢,,(f) denotes the m—th Fourier coefficient, m € Z™, max denotes the usual inner

n—1
product of m and x. The order « has a critical value "T_l The means S;* at critical

order are regarded as analogues of partial sums of single Fourier series in some sense.

Denote by ws(f,t), (t > 0), the second modulus of continuity of f € C(T"). Our result is
Theorem 22[24] Let ¢ > 0. Then for all f € C(T")

% [ 155 ppar < § [ rtr, Hiear, m >0

where the norm is in the sense of C'(T") and C' denotes constant independent of f
and R.

12



84  Convergence of the linear means of Fourier-Laplace series

For investigating the almost everywhere convergence of the linear means of Fourier-
Laplace series, we considered Jacobi polynomials with complex indices. By the formula
([16], p.62, (4.21.2))

T(a+k+1) f: Do+ B+k+j+1) <x—1y
I'(

MNa+B+k+1) j+DMNEk—7j+ D (a+5+1)\ 2

ayﬁ

we naturally extend the definition of the Jacobi polynomials to the case of complex indices
(a, B) with Ra > —1, RG > —1.

We established the following estimates for the Jacobi polynomials with complex indices.

Theorem 23[25] Let o € [0,2n], 3 €[0,n], n € Ny and let =1 +4i7, 7 € R. The

for k € N
B,e3mkets, when 0 < 6 < 2k~
|P,£a+“’ﬂ)(cos 0)| <] Bpedllk—z201(x — )P  when 2k ' <O <7 — k%
B, 3T kB+3, when 7 — k7! <0 <.

Let ¥,,_1 denote the unit sphere of R", n > 3. Any function f € L(X,_;) corresponds

a Fourier-Laplace expansion
fe > Yalh),
k=0

where Y.(f) denotes the projection of f into the function space of spherical harmonics of

degree k. The Cesaro means of order §, (00 > —1), of f are the sums

o (f)(x) = A—lN S AL Yi(f)(e), wE T

T(6+k+1)

DI Are Cesaro numbers. The critical value of order § is 2=2. And

[
where Aj = 5

n—2

oy° is regarded as an analogue of partial sum of single Fourier series in certain sense.

Theorem 23 provides necessary estimates for investigating maximal operator S.(f)(x) =
n—2

sup{|oy® (f)(z)|: N € N} by applying Stein’s interpolation method for the analytic class

of operators (see [26]). Then we get the following convergence theorem.

Theorem 24[25] If f € Llog® L(X,_1)(n > 3) then

n—2

lim o, (f)(z) = f(z) aexeX, ;.

N—oo

13



10

11

12

References

G.Brown and K. Wang, An extension of the Fejér-Jackson inequality,
The Journal of Australian Mathematical Society, Series A, 62(1997) 1—12.

G. Brown and D. Wilson, A class of positive trigonometric sums II,
Math. Ann. 285 (1989), 57-74.

L. Fejér, Einige Satze, die sich auf das Vorzeichen einer ganzen rationalen Funktion
beziehen,

Monatsh. Math. Physik, 35(1928), 305-344.

G. Brown, K. Wang and D.Wilson, Positivity of some basic cosine sums,
Mathematical Proceedings of the Cambridge Philosophical Society, 114 (1993) No.3,
383-391.

A. Zugmund, Trigonometric Series, 2nd edn, Cambridge University Press 1959.

W.H.Young, On a certain series of Fourier,
Proc. London Math. Soc. 11 (1912), 357-366.

L. Vietoris, Uber das Vorzeichen gewisser trigonometricher Summen,
Sitzungsber, Ost. Acad. Wiss. Math.-Natur. K. S.-B. II, 167 (1958), 125-135.

R. Askey and J. Steinig, Some positive trigonometric sums,
Trans. Amer. Math. Soc. 187(1974), 295-307.

R. Askey, Vietoris’s inequalities and hypergeometric series,
Recent progress in inequalities (1996), 63-76. Math. Appl. 430, Kluwer Acad.
Publ., Dordrecht, 1998.

G. Brown and E. Hewitt, A class of positive trigometric sums,
Math. Ann. 268 (1984), 91-122.

R. Askey, Remarks on the paper: “ A class of positive trigonometric sums” by G.
Brown and E. Hewitt,
Math. Ann. 268 (1984), no. 1, 123-126.

G.Brown, F. Dai and K. Wang, Extensions of Vietoris’s Inequalities I,
Advances in Mathematics (Chinese journal), 34 (2005) No.1, 125-127.

14



13

14

15

16

17

18

19

20

21

22

23

24

G.Brown, F. Dai and K. Wang, Extensions of Vietoris’s Inequalities 11,
Advances in Mathematics , 34 (2005) No.2, 253-255.

G.Brown and Q.Yin, Positivity of a class of cosine sums,

Acta Sci. Math. (Szeged) 67(2001), 221-247.

G.Brown, F. Dai and K. Wang, On positive cosine sums,
to be appeared in Mathematical Proceedings of the Cambridge Philosophical Soci-
ety,142 (2007)No.2.

G.Szego, Orthogonal Polynomials,
AMS Colloquium Publications, Volume 23, Reprinted with corrections, 2003

G.Brown, S.Koumandos and K. Wang, On the positivity of some basic Legendre
polynomial sums,
Journal of the London Mathematical Society, (2)59 (1999), 939-954.

G.Brown, S.Koumandos and K. Wang, Positivity of Cotes numbers at more Jacobi
abscissas,
Monnatshefte fiir Mathematik, 122 (1996), 9—19.

R. Askey, Problems which interests and/or annoy me,

J. Comp. Appl. Math. 48 (1993), 3—15.
G. Szego, Collected Papers, Vol.3, Birkhauser Boston, 1982, 821—-830.

G.Brown, S.Koumandos and K. Wang, Positivity of basic sums of ultraspherical
polynomials,
Analysis 18,(1998) 313—331.

F. Moéricz, Integrability of double lacunary sine series,
Proceedings of the AMS, 110 (1990), 355—364

G.Brown and K. Wang, On a conjecture of F. Mdricz,
Proceedings of the AMS, 126 No.12, (1990), 3527—3537

G.Brown and K. Wang, Approximation by Bochner-Riesz means and Hardy sum-
mability,
Journal of Beijing Normal University (NS), 30 No.2, (1994), 163—169.

15



25 G.Brown and K. Wang, Jacobi polynomial estimates and Fourier-Laplace conver-

gence,
The journal of Fourier Analysis and Applications, 3 (1997)No.6 705—714

26 E.M.Stein, Introduction to Fourier Analysis on Euclidean Spaces,

Priceton Univ. Press, New Jersey, 1971.

16



