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ABSTRACT. Let X be a quasiprojective manifold given by the complement of
a divisor D with normal crossings in a smooth projective manifold X. Using a
natural compactification of X by a manifold with corners )27 we describe the
full asymptotic behavior at infinity of certain complete Kahler metrics of finite
volume on X. When these metrics evolve according to the Ricci flow, we prove
that such asymptotic behaviors persist at later time by showing the associated
potential function is smooth up to the boundary on the compactification X.
However, when the divisor D is smooth with K+ + [D] > 0 so that the Ricci
flow converges to a Kéhler-Einstein metric, we show that this K&hler-Einstein
metric has a rather different asymptotic behavior at infinity, since its associated
potential function is polyhomogeneous with in general some logarithmic terms
occurring in its expansion at the boundary.

CONTENTS
Introduction 1
1. The logarithmic compactification of a quasiprojective manifold 6
2. Polyfibred cusp metrics on quasiprojective manifolds 10
3. Decay estimates for linear uniformly parabolic equations 23
4. Evolution of spatial asymptotics along the Ricci flow 30
5.  Asymptotics of Kahler-Einstein metrics on quasiprojective manifolds 38
6. Boundary regularity for linear uniformly elliptic equations 43
7. Full asymptotics of Kahler-Einstein metrics on quasiprojective manifolds 52
References 58
INTRODUCTION

On non-compact complete Riemannian manifolds, the study of the spectral prop-
erties of the associated Laplacian usually requires a very good understanding of the
asymptotic behavior of the metric at infinity, for instance on conformally compact
manifolds [19] or on manifolds with infinite cylindrical ends [23]. In complex geom-
etry, an important example of this phenomenon is given by strictly pseudoconvex
domains [7], where the natural complete metrics to consider are the Bergman met-
ric and the Kéhler-Einstein metric of Cheng and Yau [6]. Indeed, the potential
functions used to define these metrics are typically not smooth up to the boundary,
as their expansions there also involve logarithmic terms, see [8] in the case of the
Bergman metric and [9], [6], [14] in the case of the K&hler-Einstein metric of Cheng
and Yau. The detailed description of the possible terms occurring in the expansion
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2 FREDERIC ROCHON AND ZHOU ZHANG

at the boundary is crucial in the resolvent construction of the associated Laplacian
given in [7].

The focus of the present paper is on the asymptotic behavior at infinity of com-
plete Kéhler metrics on another important class of non-compact complex manifolds:
quasiprojective manifolds. We will restrict our attention to quasiprojective man-
ifolds X taking the form X = X \ D, where X is a smooth projective manifold
of dimension n and D is a divisor with normal crossings, that is, the irreducible
components D1, ..., D, of D are smooth and intersect transversely. Let L — X be
a positive holomorphic line bundle and hy, be a choice of Hermitian metric inducing
a positive curvature form. For i = 1,..., ¢, let also s; € H°(X;[D;]) be a choice of
section such that s;'(0) = D; and let | - |5, be a choice of Hermitian metric for

[D;]. From an idea of Carlson and Griffiths [4, Proposition 2.1], we then know that
for € > 0 sufficiently small, the (1, 1)-form

¢
w=+v-10 + v-1 801log (H(—logesiQDif)

=1

(1) —F®L+2FZ (bg?w>

(Ologelsi|13,) A @log esi]%)
T Z( (log 515 )?

is the Kahler form of a complete Kéhler metric g, of finite volume on X. The
metric g, is the prototypical example of an asymptotically tame polyfibred cusp
metric, a notion introduced in Definition 2.11 below. When dim¢ X = 1 and
D = {p1,...,pe} is a set of distinct points, the metric g, asymptotically looks

like the Poincaré metric \Cléi‘? in local holomorphic coordinates near p;, that

[} _
is, the metric g, asymptotically looks like a cusp near each point of D. When

dim¢ X > 1, a similar phenomenon occurs, the metric g, approaching the Poincaré
metric in the direction transversal to the irreducible component D;. When the
divisor D is smooth, polyfibred cusp metrics correspond to a special example of
d-metrics, a notion introduced in [28]. In general, asymptotically tame polyfibred
cusp metrics descends well to the divisors to give metrics of the same type, a feature
that allows to proceed by induction to study their properties.

When K+ + [D] > 0, we can take L = K+ + [D] to be our positive holomorphic
line bundle. From the work of Yau [30], Cheng and Yau [6], Kobayashi [12], Tsuji
[27], Tian and Yau [25] and Bando [3], we know that there exists a Kéhler-Einstein
metric ggg bi-Lipschitz to g,,. The Kéhler form of the Kahler-Einstein metric gkg
is of the form wkg = w + v/—1 d0u with the function u obtained by solving the
complex Monge-Ampeére equation

((w + \/;aau)n>

(2) log —u=F,

for some appropriate function F. Alternatively, the Kéhler-Einstein metric can be
obtained by using the Ricci flow. Indeed, as shown in [5] or [15, Example 6.18],
the Ricci flow with initial metric g, exists for all time and converges to the Kéhler-
Einstein metric gxg.-
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Given its explicit description, the asymptotic behavior at infinity of the pro-
totypical Kéhler metric g, is certainly well-understood. Studying the asymptotic
behavior at infinity of the K&hler-Einstein metric gkg is thus reduced to under-
standing the asymptotic behavior of the potential function w. The first result in
that direction was obtained by Schumacher, who showed in [24] (see also the sub-
sequent work [29]) that when the divisor D is smooth, the Kihler-Einstein metric
gkE asymptotically approaches the corresponding Kéhler-Einstein metric on D in
the directions tangent to D, while it approaches the Poincaré metric in the direc-
tions transversal to D. In [15], Lott and the second author introduced the notion of
standard spatial asymptotics for complete Kéhler metrics on X of finite volume and
showed via the use of étale groupoids that such metrics continue to have standard
spatial asymptotics at later time when they evolve according to the Ricci flow.
These results can be understood as giving the Oth order term of the asymptotic
behavior of the metric at infinity.

By analogy with what happens for the Bergman metric or the Kéhler-Einstein
metric of Cheng and Yau on strictly pseudoconvex domains, a compactification of X
by a manifold with boundary, or more generally, by a manifold with corners, would
be needed to give a proper description of higher order terms in the asymptotic
behavior of the metric. This is the starting point of this paper. When the divisor
D is smooth, we obtain such a compactification by blowing up D in X in the sense
of Melrose [23],

(3) X =[X;D|=X\D| |S(ND),

where S(ND) is the unit normal bundle of D in X. The set X is naturally a
manifold with boundary X = S(ND). In particular, its boundary has an induced
circle fibration ® : X — D. If p € C>(X) is a choice of boundary defining
function for 8X, that is, p~H0) = 0X, p is positive on X \ dX and the differential
dp is nowhere zero on af( then the compactification we are looking for, which
we call the logarlthmlc compactification X of X, is obtained by declarmg it
homeomorphic to X with ring of smooth functions C°°( X) generated by C>(X)

and the function x = Togp =1 assumlng without loss of generality that p is always less
g p

than 1. The function x € C*(X ) is then a boundary defining function for X. The
reason for considering X instead of X is that the works of Schumacher [24] and
Wu [29] strongly suggest it is with respect to the function z that the asymptotic
behavior of the Kéhler-Einstein metric gk should be described.

When D has normal crossings, we proceed in a similar way by successively blow-
ing up in the sense of Melrose each irreducible component of D,

(4) X =[X;Ds,...,Dy.

The space X is then naturally a manifold with corners with a boundary hypersurface
ﬁ]i associated to each irreducible component D; of D. The logarithmic compactifi-
cation X of X is then obtained by suitably enlarging the ring of smooth functions of
X. Similarly, when D; = D; \ (Uj# D; N Ej) is non-compact, we can consider its
logarithmic compactification D;. Tt is such that the boundary hypersurface H,cX
associated to D; comes with a natural circle fibration CT% : I;TZ — 51
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On X, we can consider two natural spaces of smooth functions, one being the
restriction of C*°(X) to X, and the other being the Cheng-Yau Hélder ring Ce2(X)
of bounded smooth functions having their covariant derivatives with respect to the
metric g, bounded on X. Since neither of them is contained in the other, we can
also consider the space given by their intersection,

(5) C(X) = C*(X) N C2(X).

Since a function in Cfoco()? ) is in particular in C>(X), it has a Taylor series at each
boundary hypersurface H; of X. The key fact motivating the introduction of the

space Cg2(X) is that requiring the function to be in Cg2(X) forces the Taylor series
of f at H; to be of the form

(6) f~ Y @f(an)al, a; € CF(D),
k=0

where z; is choice of boundary defining function for H;in X. As a consequence,
a function f € Cg?° ()? ) has a well-defined restriction to D; and its full asymptotic
behavior at infinity is completely described by its Taylor series at each boundary
hypersurface of X. The space Cg2(X) provides the right framework to describe the
asymptotic behavior of complete Kahler metrics on X bi-Lipschitz to g,.

Using the logarithmic compactification X and the space Cfco()? ), our first result
concerns the evolution of the asymptotic behavior of Kéhler metrics under the
Ricci flow, answering a question of [15] (see Theorem 4.2 below for a more precise
statement).

Theorem 1. If g, is an asymptotically tame polyfibred cusp Kdihler metric on X
and @y = wy +/—100u(t, ), with w; = — Ric(w) + e *(w + Ric(w)), is the solution
to the normalized Ricci flow for t € [0,T) with

9 —190u)"
S —tog (LI 0
ot W

then gz, is an asymptotically tame polyfibred cusp Kdihler metric and u(t,-) €
2(X) forallt €]0,T).

When dime X = 1, this result was obtained in [1]. We refer also to [2] for a
related result for conformally compact metrics. Our general strategy to prove the
result when dim¢ X > 1 is similar to the one of [1], namely, we restrict the evolution
equation of the potential function to 152 and solve it to get a candidate u; for what
should be the restriction of u to 51 Using a suitable decay estimate proved using
a barrier function and the maximum principle (see Proposition 3.6 below), we then
check u; is indeed the restriction of u to u;. We can then procged recursively in
the same fashion to build up the whole Taylor series of u at D; for each ¢ and
show u(t, ) € C2(X). At first, we can only show this is the case for ¢ < 7 for
some small 7. However, since we can get a uniform lower bound on 7 for each
compact subinterval of [0,T), we can repeat the argument finitely many times for
the theorem to be true on any compact subinterval of [0, T'), establishing the result.

Our second result consists in generalizing the work of Schumacher [24] to the
case where D has normal crossings, namely, we show that near each irreducible
component D; of D, the Kihler-Einstein metric gxg approaches the Poincaré metric
in the directions transversal to D; and the corresponding Kéhler-Einstein metric

:0’
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gKE,; on D; in the directions tangent to D;. This can be formulated in terms of the
potential function solving the Monge-Ampere equation (2) (see Theorem 5.1 below
for a more precise statement).

Theorem 2. Suppose Kx + [D] > 0 and let w be the Kdhler form of (1) with
L = K+ + [D]. Let u be the solution to the complex Monge-Ampére equation (2)
so that wkg = w 4+ /—100u is the Kahler form of the Kahler-FEinstein metric gkg
bi-Lipschitz to g,. If w has standard spatial asymptotics associated to {wr} and
{¢;} with ¢; =1 for alli € {1,...,L}, then there exists v > 0 such that for each
ie{l,..., 0},
u— B} (u;) € TVCR(X)

in a collar neighborhood of I:Q, where x; is a boundary defining function for H; and
u; 15 such that w; +/—100u; is the Kdhler form of the Kdhler-Einstein metric on
D; bi-Lipschitz to g.,,.

From Theorem 1, we would naively expect the Kahler-Einstein metric to be also
an asymptotically tame polyfibred cusp Kahler metric. When dim¢ X = 1, this is
indeed the case as described in [1]. However, when dim¢ X > 1 and the divisor
D is smooth, this is no longer the case as our next result shows (see Theorem 7.4
below for a more precise statement). The same phenomenon occurs for the Ricci
flow of conformally compact metrics, see [10] and [2] in that context.

Theorem 3. Suppose the divisor D is smooth and K+ + [D] > 0. Let u be the
solution to the complex Monge-Ampeére equation (2) so that wxg = w + v/ —190u is
the Kdhler form of the Kdhler-Einstein metric gxg bi-Lipschitz to g,,. Then there
exists an index set E C [0,00) x Ny such that u has an asymptotic expansion at 0X
of the form
U~ Z 5*(az7k)xz(logx)k, a. € C®(D).
(z,k)eE

Moreover, the index set E is such that

(zk)€E, 2<1 = (2 k) € {(0,0),(1,0),(1,1)}

This result refines the asymptotic expansion of [29]. Notice that the asymptotic
expansion in [29] predicts no zlogz term. We were informed by Damin Wu that
this will be addressed in an erratum to [29] that should appear soon.

In [14], the main ingredient is a boundary regularity result for a corresponding
linear elliptic equation. For edge singularities, the approach of Lee and Melrose
was subsequently systematized by Mazzeo in [16], [17] and this was used recently in
[11] to establish the polyhomogeneity of incomplete Kéhler-Einstein metrics with
an edge singularity along a divisor. In our case, we use a boundary regularity result
which is adapted to the geometry of the problem (see Theorem 6.7 below). Our
strategy to obtain the latter relies on an observation (Lemma 6.1) that allows us to
deduce the result from a corresponding boundary regularity for elliptic b-operators
[23].

In contrast to the result of Lee and Melrose [14], notice that non-integer powers
of the boundary defining function might also occur in the asymptotic expansion of
the potential function. The first possible logarithmic term is of the form xlogzx.
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Unless such a term does not occur, the optimal Holder regularity of the potential
function on the logarithmic compactification X is therefore easily seen to be

uweC™(X), forall0<d<l.

In Theorem 7.6, we provide a topological criterion determining when such loga-
rithmic term actually occurs. In complex dimension 2, this criterion is particularly
simple to describe: there is a term x log x in the asymptotic expansion of u if and
only if the (complex) normal bundle of D in X is non-trivial. Thus, an easy exam-
ple of a Kéhler-Einstein metric with such a logarithmic term is obtained by taking
X = CP; with D C CPy a smooth curve of degree at least 4 (see Example 7.7 be-
low). This can also be used to construct an example where D has normal crossings
and the solution u to the complex Monge-Ampere equation is not in Cg° ()? ) (see
Example 7.8). Tt seems natural to expect such solutions to be polyhomogeneous in
some reasonable sense and we hope to investigate this matter in a future work.

The paper is organized as follows. In § 1, we introduce the logarithmic compact-
ification of the quasiprojective manifold X. It is followed in § 2 by a description of
the type of complete metrics of finite volume we will consider on X. At the same
time, we take the opportunity to introduce various spaces of functions, notably
C ()~( ) and its corresponding polyhomogeneous version. As a prelude to the study
of the Ricci flow, we obtain in § 3 some decay estimates and regularity results for
linear (uniformly) parabolic equations on X. This is used in § 4 to prove Theo-
rem 1. We prove the generalization of Schumacher’s result in § 5. We then focus
on the case where the divisor D is smooth and obtain in § 6 a boundary regularity
result for solutions of linear (uniformly) elliptic equations on X. This is used in § 7
to obtain our boundary regularity result for the Kahler-Einstein metric gxg.

Acknowledgement. The first author would like to thank the University of Syd-
ney of its hospitality. The second author was partially supported by ARC Discovery
grant DP110102654 and is grateful to Xujia Wang for inviting him to visit the Aus-
tralian National University. The authors are grateful to Rafe Mazzeo and Richard
Melrose for helpful discussions.

1. THE LOGARITHMIC COMPACTIFICATION OF A QUASIPROJECTIVE MANIFOLD

Let X be a smooth projective manifold and D be a divisor on X with normal
crossings, that is, each irreducible component of D is smooth and the irreducible
components of D intersect transversely. We denote by X = X\ D the corresponding
quasiprojective manifold. Write

4
(1.1) D=> D,

where the sum runs over irreducible components of D. For each irreducible com-

ponent D;, let s; : X — [D;] be a holomorphic section defining D;, namely
571(0) = D;. Let also || - |5, be a choice of Hermitian metric for the holomor-
phic line bundle [D;] and consider on X the real-valued function p; = [|s]|5, . This
function is smooth away from D; and such that p;° 1(0) = D;. Denote by

= |

<)

(1.2)

>
5
5
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the manifold with corners obtained from X by successively blowing up Dy, ..., Dy
in the sense of Melrose [21]. We denote by 3 : X — X the corresponding blow-
down map. Since the various irreducible components of D intersect transversely,
the diffeomorphism type of the manifold X does not depend on the order in which
the blow-ups are performed. In fact, if X' is obtained from X by blowing up the
irreducible components of D in a different order, then the natural identification
X’ \ 0X'=X =X \ 0X extends uniquely to give a diffeomorphism X' ~X , see
Proposition 5.8.2 in [21] or [20, p.21].
The manifold with corners X has ¢ distinct boundary hypersurfaces,

(1.3) H,=p3'Dy), ie{l,....0}.

A useful way of measuring the complexity of the manifold with corners X is via its
depth,

(1.4) depth(X) = max{ |I| | T c {1,...,¢}, H; = () H; #0}.
il

It is the highest possible codimension of a boundary face of X.

Under the blow-down map, the function p; lifts naturally to a smooth function
pi € Coo()/f) which is a boundary defining function of H;, that is, p; H0) = H;
pi > 0 on X \ I/i\'l and the differential dp; is nowhere zero on I;Q

Consider the intersection Dy = (;c; D; for a subset I C {1,...,¢}. When D;
is non-empty, it is a complex submanifold of X of codimension |I|. It comes with
a natural divisor given by

(15) 012251 ﬂﬁj.
J¢l
By transversality of the irreducible components of D, the divisor D; N D; is a

disjoint union of smooth irreducible divisors of D;. Moreover, for distinct j, k ¢ 1,
we have that Dy N D; and Dy N Dy, intersect transversely in Dy. Thus, if we write

133
(1.6) Cr :Zcfjv
j=1

where the sum runs over the irreducible components of Cj, we can consider the
manifold with corners

(17) ﬁI:[ﬁI;CIh""CI@I]

obtained by successively blowing up the submanifolds Crq, ..., Cre, in the sense of
Melrose. As for X , the diffeomorphism type of D 7 does not depend on the order in
which the blow-ups are performed. When I = {i} consists of one element, we will
use the notation 131 = ﬁ{i}.

Let U; — X be the unit circle bundle associated to the Hermitian line bundle
([Dil, I - I5,)- Let Uilp, be its restriction to D; and consider its pull-back

(1.8) U, = 37 (Uilp,)

under the blow-down map 3; : D; — D;. More generally, for I C {1,...,¢}, let
U; — X be the torus bundle obtained by taking the fibre product of the circle
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bundles U; for i € I. Let U1|51 be the restriction of U; to D; and consider its
pull-back

(1.9) Ur =37(Uil5,)
under the blow-down map By : D; — Dj.

Lemma 1.1. When non-empty, the boundary face fI[ =Nier I;Q c X is naturally
diffeomorphic to the total space of the torus bundle ﬁ] — ]5[. In particular, there

exists an induced torus fibration ®;: Hy — Dy.

Proof. Changing the order in which we blow up if needed, we can assume I =
{1,...,k} c {1,...,¢}. For p € Dy, let us choose for each i € I a local holo-
morphic trivialization of [D;] in a small neighborhood U of p. The section s; can
then be seen as a local holomorphic function ¢; on U vanishing on D;. Taking
U smaller if needed, we can complete ¢ = ({3,...,(x) by holomorphic functions
z = (Zk+41,---,2n) such that (¢, z) form holomorphic coordinates on . In these
coordinates, blowing up D; amounts to introduce polar coordinates (p/,6;) such
that ¢; = pge\/?wi. Thus, if we denote by @y the blow-down map for the manifold
with corners X; = [X;Di,...,Dy], then on the open set @; *(U), we can use the
coordinates (p},601,...,p}, 0k, %), in which case the blow-down map &; is locally
given by:

(1.10) (P, 01,y Py Ok, 2) — (ple‘/jwl,. . 7p?ce‘/j‘g’f,z).

On the boundary face &;1(31), we can use the coordinates (01, ..., 60, z). In these
coordinates, the restriction of the blow-down map ar to a; *(Dy) is given by

(1.11) (61,...,0k,2) — 2.

If we choose different local holomorphic trivializations of [D;] for i € I on an open
set V with VND; # 0, then the sections s; will give a different tuple ¢’ = (¢1,...,¢})
of holomorphic functions. On the intersection & NV, we can assume, taking the
support of U and V to be closer to Dy if needed, that (¢’, z) still form holomorphic
coordinates. In particular, this will induce coordinates (87, ...,0;,z) on a;*(Dy)
with the restriction of the blow-down map ay taking the form

(1.12) 01,...,04,2) — 2.

If ¢ = ¢;fi(¢,2), for f; a non-vanishing holomorphic function, is the change of
coordinates from (¢, 2) to (¢’,z), then on a;'(Dy), the corresponding change of
coordinates is given by

(1.13) VA1 vmie fi02)

|f1(07 Z)| ’
f,i(O,z)

The function i (02)] takes value on the unit circle and can be interpreted as the

transition function between local trivializations of the circle bundle U;|5 . This
means the fibration a; : @;* (D) — Dr is a torus bundle isomorphic to the torus
bundle U[|5I — D].

Now, when we blow up the lifts of Dy 1,..., D, in )A(I to obtain )A(, the boundary
face a;l(ﬁf) C )?I lifts to give the boundary face I/i\'[ C X. Since the lifts of
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Dii1,..., Dy to X are transversal to a7 (D), we see using local coordinates as
in (1.10) that that the torus bundle a; : a;l(DI) — Dy lifts to a fibration

(/I\)] : ft\[[ — ﬁ[
which is just the pull-back of the torus bundle a; ' (D;) — Dy under the blow-down
map B : Dy — Dy. O

Recall from § 5.14 in [21] that the logarithmic blow-up [X; H; iJ1og Of a boundary
hypersurface H with boundary deﬁnlng function p; is is the manifold with corners
X with C*®-structure generated by C>(X ) and the new boundary defining function

1
1 9
log (E)
where we assume without loss of generality that p; < 1 everywhere on X. As
shown in [21], the definition of [X; H;]iog does not depend on the choice of the

(1.14) Ty =

boundary defining function p; and is such that the identity map [)/(\’ ; ﬁi]log - X
is smooth. More generally, we can perform such a logarithmic blow-up at each
boundary hypersurface with the different blow-ups commuting. We get in this way
the total logarithmic blow-up

(115) Xlog = )?Zv Wlth X() = X and Xj = [Xjfl;ﬁjhog, j € {1, e ,é},

whose diffeomorphism type is independent of the order in which the logarithmic
blow ups are performed The identity map plays the role of a blow-down map
ﬂlog Xlog — X. Under this map, the pull-back of polynomially decaying functions
on X gives rapidly decaying functions on Xlog Moreover, the boundary face H 1=
Efogl (ﬁ 1) of Xlog is canonically diffeomorphic to the total logarithmic blow-up of

the boundary hypersurface H 7. The smooth torus fibration > I CH I — D 1 induces
a corresponding smooth torus fibration ) I - H 7 — DI, where DI (D[)]Og

Definition 1.2. The logarithmic compactzﬁcatzon of the quasiprojective mani-
fold X = X \ D is the manifold with corners X = Xlog It has a natural blow-down
map

B:BOB]OgZXHY.
For each boundary hypersurface IA{Q = Bﬁl(ﬁi), a choice of boundary defining func-
tion is given by

1 -1

log (i) B log ||SZ||51

€ C®(X).

xTr; =

The boundary defining function x; induces a non-vanishing section dz;]| g, of the

conormal bundle of IAL in X. As the next lemma shows, this section, which induces
a trivialization of the conormal bundle, is canonical in the sense that it does not
depend on the choice of the boundary defining function p; € C*°(X).

Lemma 1.3. Let || || be another choice of Hermitian metric for the bundle [D;]
and suppose that the correspondmg boundary defining function p} = ||si||f for the
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boundary hypersurface ﬁi is such that 0 < p; < 1. Then the new boundary function
1

- log%

/
€Ty

€ C™(X)

for the boundary hypersurface H; in X is such that vt = x;(1 + 2;b; + xfgl) for
some smooth functions b; € C>(X) and b; € C*(X). In particular,

d.%‘”ﬁL = dl‘ﬂﬁi .

Proof. By assumption, we have that p; = p;¢; for some function ¢; € C>(X) such
that 0 < ¢; everywhere on X. Since 0 < p; < 1 and 0 < p} < 1, notice that

log¢; _logpi +logg; _ logp;
log p; log p; log pi

1—z;logg; =1+ > 0.

Thus, we have,

-1 1
L . -
xiilogpi+10g¢i xl<1_$i10g¢i>

x; log ¢;
=i (14 )
. ( +1—milog¢>i>

1 — z;log ¢; + x; log b
= (Hmlog@ ( 1 - x;log ¢

= <1+xilog¢i+x§ (a(’g@)z)>’

(1.16)

1—w;log¢;
and the result follows by taking b; = log ¢; and Ei = %. (I

2. POLYFIBRED CUSP METRICS ON QUASIPROJECTIVE MANIFOLDS

On X , consider the subspace of smooth vector fields
(2.1) Vi(X)={€eC®(X;TX) | &z €22C™(X)
and (0;).(&5) =0 Vie{l,...,0}}.

When the divisor D is smooth, this is a special case of the Lie algebra of vector fields
introduced by Mazzeo and Melrose in [18]. As can be checked directly, the sub-

space Vg (X) is closed under Lie bracket, so forms a Lie subalgebra of C"O()} :TX ).
Thanks to Lemma 1.3, the condition

;€ 22C°(X)

does not depend on the choice of the boundary defining function p; € C>(X) used
to define x;. This means the Lie subalgebra Vg ()N( ) is canonically associated to the
logarithmic compactification X.
To describe VE)()?) in local coordinates, let I C {1,...,¢} be a non-empty subset
such that the boundary face
(2.2) H; = N H,
iel
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is non-empty. Relabelling the boundary hypersurfaces if needed, we can assume
I={1,...,k} for some k < ¢. Given a point p € Hy, consider the image ﬁ( ) of p
in X. By con51der1ng a local trivialization of [D;] near ﬂ( ) for i € I, we can regard

the section s; as a holomorphic function (; near 5(p). We complete these functions
by holomorphic functions zx41, ..., 2, to get holomorphic coordinates

(2.3) (€,2) = (Cuy vy Gy 2l 15+ -+ Zn)

near E(p) Without loss of generality, we will assume that the open set &/ where
these coordinates are defined only intersects with D; for ¢ € I. In terms of the
polar coordinates

(24) pi=1Gil, 6= arg(G), G = ple¥ 17,
we can consider p; = |(;| instead of p; = ||si[|p5, as a (local) boundary defining
function for H in X. Writing z; = u; + V-1 v; where u; and v; are real-valued
functions, and setting

w=(wi,...,Waq) = (Uk1, Vkt1,. -, Un,Vn), ¢=n—Kk,
we obtain in this way real coordinates near p

(25) (x/laela"'7x;ca9k7w17'--;w2q)7

with z} = logp for i € {1,...,k}. Let U = B~*(U) C X be the open set where

these coordinates are defined. By our choice of 17, we have that H; N U = () unless
1€l

The open set U is such that for each ¢ € {1,...,k}, the fibration ®; : H; — D;
restricts to be trivial on U N H;. In fact, for each ¢ € I,

’ i ’ 0.
(xhy o aly o xg, 01,0, 0h 00 O, W)

(2

forms a coordinate system on 51 such that the projection 51 is given by

(2.6) (2,...2k ... 2,01, .., 0k, w) — (2, .2k . ), 01,0 Ok, w).

3 3

Here, the notation ~ above a variable means it is omitted. By Lemma 1.3, the
coordinate z is also a valid choice of local boundary deﬁning function for H;.
Thus, in the coordinate system (2.5), a vector field £ € Vz(X) is of the form

bZZL'/I 8 2 ’ 5‘
(2.7) &= Z(axlxlglJr 7 89i>+;cjx18wj’

where 2 = HZGI x} and al,bi,cj € C™(X).

Since V(X X) is a C°°(X)-module, there exists a smooth vector bundle STX — X
and a natural map ¢z : ®TX — TX which restricts to an isomorphism on X \ 0X
with the property that

(2.8) V3(X) = 15(C>(X:%TX)).

At a point p € )N(, the fibre of ®TX above p can be defined by
(29) YT, X = V5(X)/L,V5(X),

where 7, C C*° (X) is the ideal of all smooth functions vanishing at p.
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Definition 2.1. A polyfibred boundary metric on X is a smooth metric g5 for
the real vector bundle ®TX — X. Under the canonical identification between TX
and ®*TX over X = X \ 85(, a polyfibred boundary metric induces a Riemannian
metric on X = X \ X which we also refer to as a polyfibred boundary metric.

In the local coordinates (2.5), an example of polyfibred boundary metric is given
by

k 29 2q

d(z] bi(x dwa ® dw

(2.10) 95 = (ai(( )) T d92) > D cap——rg
i=1 a=1p=1

where a;,b; € C*(X) are positive smooth functions and Cag € C°°()~( ) gives the
coefficients of a positive definite symmetric matrix. If gz is any choice of polyfibred

boundary metric, then notice that the Lie algebra V;I;()N( ) admits the following
alternative description,
(2.11) Vz(X) ={£€C®(X,TX) | 3Jc> 0such that gz(£,, &) < cVpe X}

The Riemannian metrics we are interested in are not polyfibred boundary met-
rics, but metrics conformal to them.
Definition 2.2. A polyfibred cusp metric on X is a Riemannian metric of the
form

Gfc = ‘T29<f>

where x = Hle x; and gg is a polyfibred boundary metric.

When the divisor D is smooth so that the logarithmic compactification X isa
manifold with fibred boundary, polyfibred cusp metrics constitute a special kind of
d-metrics, a notion introduced by Vaillant in [28]. In the local coordinates (2.5),
an example of polyfibred cusp metric is given by

k d(x,_)g 2q 2q
(2.12) Jfc = Z (ai (x{Z)Z + bl($;)2d912) + Z Z Caﬁdwa ® dw,g.

i=1 a=18=1

More generally, a polyfibred cusp metric may also involve mixed terms of the form
dr)  dx) , , dzx!, , dz ,

(213) SL‘; ® LL’; 5 IZdQZ ® deaj, 7{ ® ijdej, ?j ® dwl, xjdﬁj ® dwl.

However, there is an unambiguous way to say that a polyfibred cusp metric does

not asymptotically involve such mixed terms.

Definition 2.3. An exwact polyfibred cusp metric is a_polyfibred cusp metric g
such that for any I C {1,...,£} and for any p € H; \ 0Hj,

k

(2.14) gie =) (aW +bi(2))%d0? | +prihr+ > E;
i=1 i i€l

in local coordinates as in (2.5), where a; and b; are positive constants, E; €

x; C‘”( X;©T*X @©T*X), hy is a metric on Dy NU (i.e. in the coordinates w) and
Iy :U — Dy NU is the projection

/ !
(z1,01,...,2, Ok, w) — w.
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For this definition to be sensible, we need a polyfibred cusp metric locally of the
form (2.14) to stay of this form under changes of coordinates as in (2.5). This is
indeed the case.

Lemma 2.4. Let (61, ceey ék, Zkt1, .-+, 2n) be another choice of coordinates near
ﬂ( ) € X with Q' =0. Let (&},... ,i;,él, s W) be the corresponding real

coordinates as in (2 5). Then a metric g, of the form (2.14) in the coordinates
(2',0,1) is also of this form in the coordinates (z',6,w).

Proof. By Lemma 1.3, we have &; = ’( 1+ b;! +E( )2) for some b; € C*>*(X)

and b; € C°°(X). Since db; € C>(X;T*X) C C®(X;*T*X), a direct computation
shows that

! !/
(2.15) o _dny p, (X7 X).

Ly 7

0

1
Since we have ¢; = ¢ f;(¢, z) for some local non-vanishing holomorphic function f;,
we have

2.16) o= s <|Z|> = e () + e (i)

o 5
‘“Fl"g(w)

Writing % = agp + p;a1 with ap and a; smooth local functions on X with ag
non-vanishing and independent of ¢;, (;, we see that
A pia1
(2.17) df; = db; + dlogagy + dlog <1 + > ,
ao

so that :fc;déi = z}df; modulo z;C*® ()Z', fCT*)A(:). Finally, from the change of coordi-
nates Z = gi((, z) for a holomorphic function g, we see that

n

0 0
(2.18) Az = Z aggk i+ 3 %dzj.
¢ j=k+1 I

Since
d¢; = eV~ Yidp, + /—1pleV 10 dp;

€T
:p; V=16 ((x/)zg -1 i7>7

_a
it follows from the fact that p, = e i decays exponentially fast as x} tends to 0

that

(2.20) prihy =prih;+ Y Gy Gy €2, C(X;*T" X @ *T"X),
el

(2.19)

where pr; is the projection (Z’,0,w) + . Thus, combining (2.15), (2.17) and
(2.20), the result follows. O

As for polyfibred boundary metrics, there is a natural subspace of smooth vector
fields associated to a polyfibred cusp metric gg,

(2.21) Vi(X) ={€ €C=(X,TX) | 3> 0such that g (£, &) < ¢ Vp € X}
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Clearly, we have that

~ 1 ~
(2.22) Vie(X) = —Vg (X)),
so that the definition of Vi.(X ) does not depend on the choice of gg.. In contrast to
Vs (X ), notice however that Vi (X ) is not closed under the Lie bracket. Neverthe-
less, since it is a C*°(X)-module, there exists a smooth vector bundle ©TX — X

and a natural map ¢ : fePX - TX restricting to an isomorphism on X \ OX with
the property that

(2.23) Vie(X) = 14(C(X; T X)).
The fibre of T X above a point p € X is defined by
(2.24) T, X = Vie(X) /T, Vie (X),

where Z,, € C*°(X) is the ideal of all smooth functions vanishing at p. In terms of
the bundle *TX, a polyfibred cusp metric can be seen as a Euclidean structure for
the real vector bundle ©7X.

Lemma 2.5. If gt and g;, are two polyfibred cusp metrics, then there exists a

constant C > 0 such that

It
66 < gt < Cse,

that is to say, gic and g;, are bi-Lipschitz equivalent.
Proof. Seen as Euclidean structures on the real vector bundle fep X , wWe can cer-

tainly find such a constant C' > 0 since X is compact. We get the corresponding
result for the Riemannian metrics by restricting to X = X \ 0X. O

Polyfibred cusp metrics also satisfy the following properties.

Proposition 2.6. Any polyfibred cusp metric g is complete and has finite volume.

Proof. Let gg. be a polyfibred cusp metric. For each i € {1,...,¢}, we can find a
small positive constant ¢; such that

odzr;  dz;
® -
xZ; xZ;

seen as sections of C(X;®TX @ *TX). If dg,.(+,-) denote the distance function
on X defined by gs., then this implies that for any points p,q € X,

(@) . )
/ i i log <x1(q)> ’ :

wi(p) i i(p)
Thus, for p fixed, this distance tends to infinity as ¢ is approaching IA{Q More
precisely, for any point p € X and any r > 0, the ball

Bdgfc (p,?”) = {q €X | dgfc (pa (J) S 7“}

is a compact subset of X \ X, which shows that the metric space (X, dg,.) is
complete. To see that the metric g¢. has finite volume, it suffices to notice that in

ng>C

— &

dgfc (p7 Q) Z

the local coordinates (2.5), the z! factors of df,; and of x/df; cancel, so that the

i

volume form of g is canonically an element of C*°(X; |(X)|), where |Q(X)| is the
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density bundle of TX. In particular, the integral over X , and hence, over X, is
finite.
O

There are natural spaces of functions associated to polyfibred cusp metrics. To
describe them, fix a polyfibred cusp metric g¢. and let V be its Levi-Civita con-
nection. This induces a corresponding Euclidean metric and Euclidean connection
(also denoted gf. and V) on the vector bundle

(2.25) T'X=TX® - @TXT*'X® - 0T*X

r times s times

of (r,s)-tensors. More generally, if V' — X is a smooth Euclidean vector bundle
with a Euclidean connection, then we have a corresponding Euclidean metric and
Euclidean connection on the vector bundle 77 X ® V for all r,s € Ny. For such a
vector bundle V and for k € Ny, we denote by CE(X;V) the space of continuous
sections f of V such that V7 f CO(X;T]OX ® V) with

(2.26) sup [V f(p)] < 00, Vj € {0,...,k},
peX
where | - | is the fibrewise norm given by the Euclidean metric on 77 X ® V. The

space C}fs(X ; V) is naturally a Banach space with norm given by

k
(2.27) 1flle = ngglvjf(p)\-

j=0"
The intersection of these spaces for k € N,
(2:28) CE (X5 V) = (1) CE(X; V),
keN

is a Fréchet space with semi-norms given by (2.27) for & € N. In the local coordi-
nates (2.5), a function f € C2(X) is a function such that

(2.29)
k ; Bi 2q i
9\ (Lo 9\ k 2
51;1)3( H((xlax; o/ 96, H P, fl<oo, Va,8eNg, ve N
i=1 j=1

When V' = T7 X, it is tacitly assumed that the Euclidean metric and connec-
tion taken on 7T, X are those induced by ¢i. and its Levi-Civita connection. By
Lemma 2.5, the definition of CF(X;T7"X) does not depend on the choice of the
polyfibred cusp metric gg.. For the trivial real line bundle 7{ X = R, we obtain a
corresponding space of functions

(2.30) CE(X) =CF(X;TYX).
In the notation of [29], the Fréchet space Cf2(X) corresponds to the Cheng-Yau
Holder ring R(X). For k € Ny and o € (0,1), one can also consider the Hélder
space kac’a(X) of [12] using good quasi-coordinates (see also [29]).

To study the asymptotic behavior of solutions to the Ricci flow, it is also useful
to introduce the parabolic version of the space CF.(X; V). Denoting also by V the

k

pull-back of V under the projection [0,7] x X — X, we define Cﬁ’z ([0, 7] x X;V)
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to be the space of sections f of V' such that for all 5,1 € Ny with 25 +1 < k,

(2.31) &V ec(0,T)x X;TPX ®V) and  sup sup |8/ Vif(tp)| < .
te[0,T] peX

The space Cfc’% ([0,T] x X;V) is naturally a Banach space with norm given by
_ ol
(2.32) Iflls = > sup sup |9 V'f(t,p)|.

2 +i<k te[0,T) peX
The intersection of these spaces,

(2.33) C2((0,T) x X;V) = () CE2(10,T) x X;V),
keN
is a Fréchet space with semi-norms given by (2.32).

Suppose now that the bundle V' — X is the restriction of a smooth vector
bundle V — X. An example to keep in mind is V' = Ty X, in which case we can
take V = ferrX. Equip V with a Euclidean metric and a Euclidean connection
V. Similarly, choose a Euclidean metric on TX — X and let also V denote its
Levi-Civita connection. We can then define C* ()~( ; ‘7) to be the space of continuous
sections f € CO(X; V) such that

(2.34) Vifel(X;T/X V), Vje{o,... k)
The space Ck()?; ‘7) is a Banach space with norm given by
k
(2.35) Iflle = sup [V £(p)],
j=0peX
where | - | is the pointwise norm of the corresponding Euclidean metric. The space

CH(X; V) also has a parabolic version C*2 ([0, T] x X; V) which consists of sections

feC0,T) x X;V) such that for all 2j +1 < k,

(2.36) IV ec(0,T) x X;TPX @ V).

We are interested in the subspace given by

(2.37) CE(X;V) =CF(X; V) NCE(X3V),

as well as its parabolic counterpart

(238) CMR(0,T) x X;V) = CHE([0,T] x X; V) nel 3 ([0, 1] x X3 V).

They are Banach spaces with norms respectively given by the sum of the norms

of C¥(X;V) and CE(X;V) and the sum of the norms of ck5(]0,T) x X;V) and

Cﬁ’g([O, T] x X;V). We have also the corresponding Fréchet spaces

(2:39) CR(X;V) = (CL(X:V) and C([0,T] x X;V) = () CE % (X; 7).
keN keN

For the trivial line bundle V = R over X, we will use the notation Cg°(X) =
Cfoco(f(;K). A function f € Cfco()?) is in particular in C*(X), so it has a Taylor
series at the boundary hypersurface }7,-. However, the fact that the function f is
also in C£2(X) imposes some restrictions on the coefficients of its Taylor series.
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Proposition 2.7. If f € Ci? (X), then in the local coordinates (2.5), it has a Taylor
series at H; of the form

(2.40) Z (Drar)(x)*,  ar € CZ(Dy).

Proof. From the fact f € C* ()~( ), we know it has a Taylor series at H; of the form

=1 ( OFf
kZ:O kLA O(x))* H;

Since f is also in CfC ( ), we have uniform control on its derivatives with respect

to the vector field —,W This means that
1 o\ okf 1 ok+l kg
(3«”&391) Ak (a))k+1 gphtt O(af)k

is uniformly bounded, which implies that

ak—H 6kf

o6FT A

must be constant in 6; in order

Integrating k& + 1 times in ;, we find that 3G /;k

to be globally defined on each circle of the fibration ®,. Thus, the coefficients of
the Taylor series are constant on the fibres of the fibration ®; and are therefore
given by the pull-back of functions ay on D;. From the fact fecX(X ), we then
conclude that each aj; must be in C2(D z). O

We infer from this proposition that there is a well-defined restriction map
(2.41) ri s C(X) — Cf2(D;) such that f|z = @ (ri(f))-

In fact, more generally, for I C {1,...,¢} with H; # (), we have a well-defined
restriction map

(2.42) rr:C(X) — CR2(Dy) such that f|g = ®3(ri(f)).

Conversely, it is also possible to construct an extension map, that is, a right inverse
for the restriction map r;. We will construct one by proceeding locally with the help
of a partition of unity. First, in X, cover D; by finitely many open sets U, ..., Uy,
such that on each of them, we have holomorphic coordinates as in (2.3). On D;,
let ¢, € C*°(D;) be a partition of unity subordinate to the cover V, = U, 4|5, We
can lift these to obtain an open cover v, = ﬂi Y(V;) of D; with partition of unity
gq = ﬁfaq. Since each <Zq is the pull-back of a smooth function on D;, we have
automatically that &1 € C?g’(f)i). Similarly, the cover U, can be lifted to an open
cover qu of IA{Q in X with each open set having coordinates as in (2.5). In particular,
the fibration ®; restricts to give a circle fibration

(2.43) ®; : U,
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There is also a natural projection

(2.44) pry Uy — Uy|

obtained by removing the coordinate z}. Finally, for ¢; > 0, let x; € C2°([0, 00)) be
a cut-off function such that x;(t) = 1 for t < § and x;(t) = 0 for t > ¢;. Provided
we choose ¢€; small enough, we can insure that

(2.45) Xi(x:) pri B o, € C°(U,), V.

With all this data, we can define an extension map

(2.46) i O (D) = C(X), by Eilf) =D xilwi) pri 7 (. f)-
q

Proposition 2.7 has also some implications on the restrictions to H 1 of the deriva-
tives of a function f in Cg2 (X ) We will in particular be interested in the restriction
of 0f to each of the boundary faces of X.

Proposition 2.8. Given f € Cf7 (X ) the restriction of 90f € C(X; A2(*T*X)®
C) to Hy, seen as section of A2(*T*X) @ C, is
®%(0r;(f)) € C®°(Hyp; A2(*T*X)® C|_ ).

Hy

Proof. Let p € Dy be given. Relabelling the boundary hypersurfaces if necessary,
we can assume I = {1,...,k}. Let (C1,...,Ck, 2k+1,- -+, 2n) be holomorphic coor-
dinates near p as in (2.3). In the corresponding real coordinates (2.5) on X, we
have,

247 3¢ =3 o7, g o6,) "2 \Tae o o,

7

8_1Gwﬁma_v4fﬁma> aﬁ@ﬁ9 fa>

Thus, for a function f € C§? (X), we have
O e, (0 V=101 alds

Now, from Proposition 2.7, we see that

(2.48)

‘ozt a2 06, ’
Since L(igg = df,l X,
this shows that, as a section of fer X ,
of
d¢g;| =0.
26|z,
Similarly, we have that ng‘ ‘ = 0. Repeating this argument, we find that as
local sections of A2(*T*X) ® C, the forms
*f *f >*f =
d¢; NdC;, ———d(; A dz; and —dz; A d(;
aclac Cl Cj 8(1(9 Ct <l 8218CJ l Cj
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all restrict to zero on Hj. Thus, the restriction of 90 f to Hj is given locally by the
restriction of

82
dz; NdzZ;,
izj (’)ziazj * %
from which the result follows. O

For certain applications, notably the study of the asymptotic behavior of Kahler-
Einstein metrics on quasiprojective manifolds, the space of functions CECO(JN( ) is too
small and need to be enlarged to a suitable space of polyhomogeneous functions.
To introduce this space, recall from [22] that an index set is a countable discrete
subset E of C x Ny such that

(2.49) (zj,kj) € B, |(2,kj)| =00 = Rez; — o0,
(2.50) (z,k)e E = (z+pk)€e EVpeN, and
(2.51) (z2,k) e E = (z,p) € EVpe Ny withp <k.

For us, an index set will prescribe the type of asymptotic behavior a function should
have near a boundary hypersurface. Suppose first that D is smooth so that X is
a smooth manifold with boundary. Suppose also that D has only one irreducible
component D1, so that dX is connected. Then given an index set F, recall from
[23] that we define the associated space Afhg()? ) of polyhomogeneous functions to
consist of functions f € C*°(X) having an asymptotic expansion near dX of the
form

(2.52) fr~ > agwmei(oga)k, agp € C=(X),
(z,k)EE

where the symbol ~ means that for all N € N, we have that

(253) f - Z a’(z,k)xf(log xl)k € CN()?)v

(z,k)EE

Rez<N
where CV ()N( ) is the space of functions which are N times differentiable on X with
all their derivatives vanishing up to order N along 0X. An important example is

when E = Ny x {0}, in which case Afhg(f() is simply the space C>°(X). Another
important example is when E = (), in which case Afhg()?) = (> ()?) is the space
of smooth functions on X vanishing on 90X together with all their derivatives.

In our context, we will particularly be interested in the subspace of polyho-
mogeneous functions AfEC (X)) consisting of smooth functions having an asymptotic

expansion near X of the form

(2.54) fr~ Y agwaillogz)®,  aer € CR(X),
(z,k)EE)
which means that for all N € N, we have that
(2.55) f- Z a(%k)xf(logxl)k e zNel (X).
(z,k)EE
Rez<N

When D is not smooth, so that X is a manifold with corners, the space of

polyhomogeneous functions AE(X ) can be generalized as follows. First, recall from
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22] that an index family & = (E1,..., E) for the compact manifold with corners
X is the assignment of an index set F; to each boundary hypersurface H; of X.
Notice that if £ is an index family for X then it naturally induces an index family &;
for D; which to a non- empty boundary hypersurface of the form D, (H NH, ) c D;
associate the index set F;. Thus, proceeding by induction on the depth of X , we

can define the space A‘f";()N() associated to the index family £ = (E1,..., Ey) to
consist of functions f such that for all ¢ € {1,...,¢},

(2.56) f~ Z Ei(a(z)k))xf(logxi)k, Q(k,z) € Afgg (51-),

(z,k)EE;

which means that for all N € N,

(2.57) f- Z Ei(a(z,k)z] (log z)F e Vel (X).
(z,k)EE;
Rez<N

Here, the map E; is defined as in (2.46) by

(2.58) Z Xi(zi) ¢qa(z k)

In that more general sense, notice that this defines a map
(2.59)

—_ o~ S . Ej, ' i,
Z A(D) — ALNX), Fi=(Fi,...,F) WlthFj:{ Nf)x{()}, iil

Notice that thanks to property (2 50) of index sets, the space Af ( X) is naturally
a CP (X ) module. When V — X is a smooth vector bundle on X for which the
space CgY (X ; V) has been defined, this means we can more generally define the
space of polyhomogeneous sections of V associated to the index family £ by

(2.60) AR (X V) = AR (X) @ (5 O (X5 V).

We are interested in polyfibred cusp metrics that are Kahler with respect to
the complex structure of X. Examples of such metrics are not hard to construct.
Indeed, let L — X be a positive holomorphic Hermitian line bundle with Hermitian
metric || - || Locally, the curvature of its Chern connection is given by

(2.61) O = ddlog||A[7

where A is any local holomorphic section of L. Since L is positive, the curvature
form /—10 is a K&hler form on X. To obtain a Kéhler form on the quasiprojective
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manifold X, we consider instead for € > 0 the closed 2-form

(2.62)
¢
w=+-101 +v/~1 ddlog (H(—loge”siﬂ%i)z)
i=1
(Ologellsill% ) A (Dlogelsil|%; ) 90 logellssl%
=+/—10} +2v/— Z s D/ 2D1
(log e[ ) log el [13,

Op
_W6L+2rz <log65,2 >

(Ologellsil%) A (@logelsill2,)
L Z( (log [s.]% 2

Since the middle term can be made arbitrarily small by taking e > 0 sufficiently
small, we see that the form w is a Kéahler form provided e is chosen small enough.

Proposition 2.9. The Kdhler metric g, associated to the Kahler form w in (2.62)
is an exact polyfibred cusp metric on X with g, € Cf2(X fCT*X ® fCT*X)

Proof. Away from 0X , there is nothing to prove. Thus, let p € 09X be given.
Near ((p), choose complex coordinates ({1, ..., Ck, 2k+1,---,2n) as in (2.3) and let
as’ 01, ..., 2, O, Upt1, Vka1, - .., Un, Uy) be the corresponding coordinates on X as
1 k + + g
n (2.5). In these coordinates we see by direct computation that multiplication by
v—1 sends z/ and a to ==—. Since p € 0X is arbitrary, this shows
lax x) 60 Ov;
that complex multlphcatlon 1nduces a smooth map

(2.63) V=1:C2(X;*TX @ C) — C2(X;*TX ® C).
Thus, to show g, is a polyfibred cusp metric with g., € C§° (X; e+ X ® fCT*)Z'), it

suffices to show that
(2.64) w e Cx(X; A2(*T*X) ® C)

and that the restriction of w to X as a section of A2 (feT* X )®(C is positive definite.
This can be checked by writing (2.62) in the local holomorphic coordinates (2.3).
Indeed, notice first that

(2.65) Isill%, = hilGil®

for some positive smooth function h; in the holomorphic coordinates (2.3). Thus,
1 1 z

3

log e||si||%_ " loge + logh; + log <i]? - x}(loge + log h;) —

(2.66)

is clearly smooth as a function on X. Since O, and O©p, are smooth forms on X,
1

it follows from (2.19) and the fact that p} = e " decays exponentially fast as x}
tends to 0 that the first two terms in (2.62) are in Cg? (X; A2(*T*X) © C). For the
last term in (2.62), notice that

Olog e||sl||% = Ologh; + dlog ||

2.67 /
(2.67) = dlog h; + CCZ = dlogh; + Ci)pf +v/—1d6;.

¢ 4
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Since 0 log h; is a smooth form on X, we see from (2.19) and (2.67) that the last term
of (2.62) is also in C¥ (X; A2(T*X) @ C), so that (2.64) holds. On the boundary

face H; near the point p, the restriction of w, as a section of A2(*T* X )®(C is given
by

(2.68)

(Ologelsill3; ) A (Dlogelsill%; )
V=13, [0 +2 - o =
I1*Dy L Z ]ogeHslHD (IOgGHSiH%)Q

oy (5) 0

2
i

where ¢p, : Dy — X is the natural inclusion of D = ﬂiel D; in X. In particular,
this restriction is clearly positive definite, which shows that g, is a polyfibred cusp
metric. It is also clear from (2.68) that g, is an exact polyfibred cusp metric. O

This proposition suggests the following reformulation of the notion of standard
spatial asymptotics introduced in [15]. As in [15], to lighten the presentation, we
will often not distinguish between a Kéahler metric g, and its Kahler form w.

Definition 2.10. Let {wr} be exact polyfibred cusp Kdihler metrics on {ﬁ[} forI C
{1,...,0} such that (\;c; D; # 0 and let {c;}:_, be positive numbers. Then an ezact
polyfibred cusp Kdhler metric w has standard spatial asymptotics associated to
{wI} and {c;Y¢_, if for every p € OX, the restriction of w at p seen as a section of
C(X; A2(*T*X) @ C) is given by

F czdcz Ad¢;
Z |Gi2(log [Gi[)?”

(I)PUI

where I = {iy,...,ix} C {1,...,€} is the largest subset such that p is contained
mn H] = ﬂ

ser Hi and (Giys -+, Giys 2415 - - -, 2n) are holomorphic coordinates near

B(p) € X as in (2.3).

The other property of the Kéahler metric of Proposition 2.9, namely that g, €
C(X X;fe*X @ feT* X ), will play a predominant role in our study of the K&hler-
Ricci ﬂow.

Definition 2.11. An asymptotically tame polyfibred cusp metric on the quasipro-
jective manifold X is an exact polyfibred cusp metric gs. such that

gre € C2 (X ToT* X @ foT* X).

Thus, the Kéhler metric of Proposition 2.9 is an example of asymptotically tame
polyfibred cusp Kahler metric.

We conclude this section by describing the asymptotic behavior of the Ricci form
of an asymptotically tame polyfibred cusp Kahler metric.

Proposition 2.12. Let w be an asymptotically tame polyfibred cusp Kdhler metric
with standard spatial asymptotic associated to {wr} and {c;}. Then its Ricci form
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o0 is an element of Cg2 (X; A2(feT* X )® C). Furthermore, in the holomorphic coor-
dinates (2.3), the restriction of ¢ at Hy seen as a section of C>°(X; A2(*T*X) @ C)
is given by

Xk \/7 dCz /\dC
ror - Z REEIR)E

where oy is the Ricci form of wy.

Proof. Let us work in the local holomorphic coordinates ({1, ..., ky 2kt1y-- -5 2n)
of (2.3). In these coordinates, we have a standard asymptotically tame polyfibred
cusp Kéhler metric,

(2.69) Wet FZ| QdQAdC */2?1 > dz Az,

2
2o [G:)? 2

with Ricci form

k
(2.70) ost = Y V=109 1log (1¢;|* (log|¢;])?) = r Z ‘

i=1

dg; A dG;
*(log [Gil)*

Then the Ricci form of w is given by
(2.71) 0 = 0w — v/~10010g (z) .
st

w

Since wnt is locally in C&O()N() and does not vanish, we see that f = log (Si) is

locally an element of Cg°(X). Furthermore, a straightforward computation shows
that the restriction of f to Hj is given

n—k
w
(2.72) flg, =log I — | T Z logc;.
( F 3k A2 A dzj) =

The result then follows from (2.71), (2.72) and Proposition 2.8.

O

Remark 2.13. Actually, the Riemannian curvature tensor of the above metric
has a similar splitting form at Hy. The easiest way to see that is to introduce
the local (in 0;) holomorphic coordinates {log(log (1), -+ ,1log(log Ck), 2k+1, " s 2n},
where log ¢; = —(x}) ™1 ++/=16; and ({, ) are holomorphic coordinates as in (2.3).
The corresponding holomorphic vector fields are bounded with respect to the metric.
Hence one can make use of the standard form of the Riemannian curvature tensor
for a Kahler metric (in Section 1.2 of [26] for example) to obtain the splitting. This
coordinate system represents the bounded geometry for this metric as discussed in
[12] (see also [29]). The classic Cheng-Yau’s function spaces considered there are
equivalent to the space Cf(X) considered here.

3. DECAY ESTIMATES FOR LINEAR UNIFORMLY PARABOLIC EQUATIONS
A natural class of differential operators of order m acting on C2(X; V) is given

by the space Difff (X; V') of differential operators P of the form

(31)  Pf=> a;-Vf, a; €CF(X;TJX ®End(V)), feCr(X;V),
Jj=0
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where a; - V7 f is seen as an element of Cf°(X; V') after the natural contractions are
performed and V is the Levi-Civita connection of some polyfibred cusp metric. We
can also consider the subspace Difff"(X; V) C Difff*(X; V) of operators which can
be written as in (3.1), but with a; € Cf:()?; fe7d X @ End(V)) for all j € {0, ..., m}.

Definition 3.1. An operator L € Diffz.(X; V) is said to be uniformly elliptic if
there exist a positive constant ¢ and a polyfibred cusp metric gs. such that for all
peX,
| det(o2(L)(€,€))] > clg[) Ve e T, X\ {0},

where oo(L) € C®°(X;TX @ TX @ End(V)) is the principal symbol of L and rk(V)
is the dimension of the fibres of V . In particular, an operator L € Diff?c(X) with
negative principal symbol (e.g. the negative Laplacian) is uniformly elliptic if there
exists a positive constant ¢ such that

UQ(L) < 709;03
where g, is the metric dual to gi. on the cotangent bundle.

Definition 3.2. For t € [0,T), let t — L, € Diff2,(X;V) be a smooth family of
operators. Then the operator

0
2L
ot !

acting on CX ([0, T x X) is said to be uniformly parabolic if there exists a constant
c> 0 and a polyfibred cusp metric gg. such that for allp € X,

| det(oa(Le) (&, €))| > g2V, Ve [0,T], VEeTrx\ {0}

g
Alternatively, we will say the family L; is uniformly elliptic.

To study the asymptotic behavior of solutions to a uniformly parabolic equation,
we need some preparation.

Proposition 3.3. Fort € [0,T], let t — L, € Diff;.(X) be a smooth family of
operators with negative principal symbols such that 0y — Ly is uniformly parabolic.
Suppose that u € Ci* ([0, T] x X) is a a solution to the initial value problem

0
S —Liu< B u(0,0) = ("),
with ug € xC2(X) and E € :L’A’C?C’O([O,T] x X)), where x7 = Hle z]" and v =
(Y1y- - ,7e) with ; > 0. Then there exist positive constants K and ¢ such that for
all t € (0,71,

u < Kez?,

Proof. The result will follow by applying the maximum principle. Consider the new
function

Z/f = U,
where we recall that z = Hle x;. Its evolution equation is given by
oY~
(3:2) 2 Lip <zE, 4(0,-) = zuo(-),

where ¢ — L; € Diff2,(X) is the smooth family of operators defined by

Li=xo0L,ox "
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Since oo (Et) = 09(L4), the family L, is also uniformly elliptic. For some positive
constants K and ¢, consider then the barrier function

(3.3) v=Ke“xa?.
Provided the constants K and ¢ are large enough, we will have that for all ¢ € [0, T,
ov _ ~
(3.4) e > Lw+azE, v(0,:)>¢(0,).
This means that
) -
(35) &(’U_’L/}) ZLt(U_w)7 (U—W(O,) > 0.

Since, thanks to the factor z, (v — 1) tends to zero as one approaches 0X , We can
apply the maximum principle to (3.5) to conclude that

L
P <wv=Ke“ xx?,

from which the result follows.
O

Corollary 3.4. Fort € [0,T], let t — L; € Diff;.(X) be a smooth family of
operators with negative principal symbols such that 0y — Ly is uniformly parabolic.
Suppose that u € Cf2c’1([0, T)| x X) is a solution to the initial value problem

o
8%‘ —Liu=E, u(0,")=uo(),

with ug € 27CE(X) and E € x“’C?C’O([O,T] x X) for some v = (7y1,...,7) with
vi = 0. Then we have that

w e 27C%0(0,T] x X).

Proof. Tt suffices to apply Proposition 3.3 to u and —u. ]

To get a similar estimate on the derivatives of u, we need to know their corre-
sponding evolution equations.

Lemma 3.5. Let V — X be a smooth Euclidean vector bundle and let t — L; €
Diﬁ"?c(X; V) be a uniformly elliptic smooth family of operators. Let VV be a choice

k
of Euclidean connection for the bundle V. — X. If a section u € C?C’z ([0, T x X;V)
satisfies the evolution equation

0 o k_
%;Lth, Eccy >371(0,T) x X;V),
then the evolution equation of VVu is given by

%Vvu =L,VYu+VVE + fu,
wheret — Ly € Diff%C(X; T*X®V) is a uniformly elliptic smooth family of operators
and f € C2(X; T*X @ End(V)).
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Proof. Let gg. be a choice of polyfibred cusp metric. Using its Levi-Civita connec-
tion and the connection VV of V, we have an induced connection on any tensor
product of copies of V, T X and their duals. To simplify the notation, we will de-
note all these induced connections by V. In terms of these connections, the family
of operators L; is of the form

(3.6) Liu=a-VVu+b-Vu+cu

where a € C2(X;TX ® TX @ End(V)), b € CX(X;TX @ End(V)) and ¢ €
Ce2(X;End(V)). From that perspective, the operator L; not only acts on sec-
tions of V', but also on sections of any bundle given by the tensor product of copies
of V, TX and their duals. It suffices then to notice that

VLt’LL = LtVu + [V, Lt]u,

and consequently that

%VU = LiVu+ [V, Liu+ VE.

Since in local coordinates where the various bundles are trivialized, the covariant
derivative V; is the same as 0; (the trivial covariant derivative) modulo terms of
order zero, we see from the identity [0;,0;] = 0 that the term [V, L;]Ju involves at
most two derivatives of u. On the other hand, L;, seen as an element of Diff;.(X; V®
T*X), is still uniformly elliptic, so the result follows. O

With this lemma, we can now obtain the following decay estimate.

Proposition 3.6. Fort € [0,T], let t — L, € Diff2.(X) be a smooth family of
operators with negative principal symbols such that Oy — Ly is uniformly parabolic.

k
Suppose that u € Cﬁj’z ([0,T] x X) is a solution to the initial value problem

i Liu=F, u(0,-)=ug(-),

ok
with ug € x7CE(X) and E € mVCfC 23 1([O,T} x X) for some k > 2 and v =
(Y1, - y7e) with ~; > 0. Then it follows that

ok
uEx'YC?C 23 1([O,T]XX).

Proof. We need to show that

AV
(3.7) sup 19 V7u] < 00
07xx X7

for all 7,1 € Ny such that 25 +1 < k — 2. We will proceed in two steps.
Step 1: The estimate (3.7) holds for j =0 and | < k — 2.
Our strategy is to proceed by induction on k using Proposition 3.3 and Lemma 3.5.

The case k = 2 is given by Corollary 3.4. Thus, assume the result is true for k = m.
We need to prove it holds for k£ = m + 1.
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Fix a polyfibred cusp metric g¢. and let V denote the corresponding Levi-Civita
connection. Proceeding by recurrence using Lemma 3.5, we know that the evolution
equation of the (m — 1)th covariant derivative of u,

Vv lu= V.-V u,
——
m—1 times
is given by
o m—2
(3.8) Evm—lu =Ly VLR 4 Z b;Viu,
7=0
where L™} is a uniformly elliptic family of operators and
b; € C2(X; End(T] X, T X)).

Thus, we have

9 m— 9 m— m—
&'V Lu? = 2<av L, V)
(3.9 m—2 _
= 2L VT A VITIE 4+ b VIu, VT ),
j=0

where the symbol (-,-) denote the inner product between tensors induced by the
polyfibred cusp metric gg.. Writing the operator L"~* as in (3.6),

(3.10) L' =a" - V,Vs0+ b Vau + cv,

where the sum is taken over repeated indices, we see using the ellipticity of L;"fl
that,
(3.11)
LVl = 207 (Vo V™, Ve V™ ) + 2(L7 7V , V)
> 2LV Ty, V),

Combining (3.9) with (3.11) and using the Cauchy-Schwarz inequality, we obtain

8 m—2 )
a\V’Hu\“' < LRV 2V E + ) b VIu, VT )
j=0
(3.12) < LV 4 VLR 4 (VT )?
m—2
+ 3 (b Viul? + [V uf?)
j=0

Since we assume by induction that the estimate (3.7) holds for j = 0 and I < m —2,
we conclude that [V 1u|? satisfies an evolution equation of the form

(3.13) %W’HUF < LYV 2 | VT2 4 EmTY

with E™~1 € 227C2 ([0, T] x X ). By Proposition 3.3, this means there exist positive
constants K and c¢ such that

(3.14) 0< |V > < Kes®, Vtelo,T],

which completes Step 1.
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Step 2: For fixed j € Ny with 25 < k — 2, the estimate (3.7) holds for all I € Ny
such that | < k — 2 — 2j.

We will proceed by induction on j. The case j = 0 is Step 1. From the evolution
equation of u, we see that

1 ou
3.15 sup — |Vi=—
(3.13) [0,T)xx T ot

ViLwu+E
= sup M<O® Vi<Fk—4,
[0,T]x X 7

which is the case 7 = 1. More generally, since aj u satisfies the evolution equation

0

(316) 2 (0fu) = L) + HE + Z ( ) @t

G —q)!
we see from this equation that if (3.7) holds for2j=2m <k—4andl < k—2-2m,
then it also holds for j = m + 1 and | < k — 4 — 2m. This shows that (3.7) holds
for all j,1 € Ny with 2j +1 < k — 2. O

As a prelude to our study of the Ricci flow asymptotics, we can use Proposi-
tion 3.6 to describe the asymptotic behavior of solutions to linear uniformly para-
bolic equations.

Theorem 3.7. Fort € [0,T], let t — L; € Diff2,(X) be a smooth family of uni-
formly elliptic operators with negative principal symbols. Then for E € C2([0,T] x

)~(), the equation

?;; =Liu+E, u(0,:)=ug€ ngo()?)’

has a unique solution u in C£2([0,T] x X).

(3.17)

Proof. Replacing u by u — ug if needed, we can assume ug = 0. Proceeding by
induction on the depth of X we can assume the theorem holds on D for all ¢ €
{1,...,¢}. Indeed, when the depth of X is zero, that is, when X is a closed manifold,
the theorem is a standard result. Using Schauder theory, the differential equation
(3.17) has a solution u € C¢2(X). More precisely, let {€2;} be an exhaustion of X
by compact subdomains and let ¢; € C*°([0,T] x ;) be the unique solution to the
equation
0p;

Sp = Lt H B 65000 =0, 4ilpg, =0.

By the maximum principle, we can find a constant K > 0 depending on T,
supp 77x x || and Ly, but not on j, such that
sup |¢,] < K.
(0,T]x9;

Combining this with the interior parabolic Schauder estimate (see for instance [13])
in good quasi-coordinates as in [12] or [29] gives uniform control on the Cf-norms
of ¢;, so that by Arzela-Ascoli, there exists a function u € Cg2(X) such that ¢; — u
in CF(X) uniformly on each compact subset and for each k € Ny. In particular,
u € C(X) is a solution to (3.17).

We need to show that it is in fact in Cg°(X). This amounts to show that for all
v € N§, there exists v, € C2([0, 7] x X) such that

(3.18) u—vy €27C([0,T] x X).
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Clearly, for |y| = 0, it suffices to take v, = 0 for (3.18) to hold. To find v, for all
v € N§, we can proceed by induction on k = |7|.

Thus, assume that for some k € Ny and for all v € N§ with |y| < k, we can find
vy € C2([0,T) x X) such that (3.18) holds. Let a € N§ with |a| = k + 1 be given.
We need to show that we can find v, € CZ2([0, 7] % X) such that

u—vy € 2%CeL ([0, T x X).

Choose v, 3 € N§ such that o = v + 3 with |y| = k and || = 1. By our inductive

hypothesis, we can find vy, € C2([0,T] x X) such that (3.18) holds. This means

the function

U — Uy

w = —
x

is in Cg2([0,T] x X). From the evolution equation of u, we see that the function w

satisfies the evolution equation

ow up — v4(0, )

(3.19) e Llw+E", w(0,)=wy= - € CR(X),
with L] =2 7o L;0oz” and E7 = 277 (E + L — Bg;). Since o2(L]) = o2(L¢),

the family L] € Diff2,(X) is also uniformly elliptic. Moreover, since 9w and Ljw

are in C£ ([0, T] x X), we infer from (3.19) that E7 € C¢2([0,T] x X). On the other

hand, since F, ng and L;v,, are in CZ°([0,T] x X), this means that in fact

EY e C([0,T] x X).
Now, because |3| = 1, there exists ¢ such that 8; = 1 and 8; = 0 for j # i. For
this i, we can look at the restriction of (3.19) to D;, which is given by
811}1'
ot

where B = E7|5 and L}, € Diff2,(D;) is the family of differential operators such
that

(3.20)

= thwi + E?, wi(O, ) = Wo,; € C?Co(ﬁl),

L} (flp,) = Liflp,, Yfe€CF(X).

When dim D; > 0, this family is uniformly elliptic, while when dim D; = 0, the
operator L], is of order zero and the evolution equation (3.20) is an ordinary
differential equation. N
In any case, by our inductive hypothesis on the depth of X, we know that the
evolution equation (3.20) has a unique solution w; € Cg2([0,T] x D;). This suggests
to consider the function wz, = =Z;(w;) € C2([0,T] x X), where Z; is the map
introduced in (2.46). Since it satisfies the evolution equation
ows, _
= S (L + B,
we see that
0
(3.21) E(w—wgi) =L/ (w—ws,) +F
with
F = Lyws, — 5i(L] w;) + BY — E4(E]) € ([0, T] x X).
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From the definition of the operator L],, we see that the restriction of F' to D;
vanishes, so that in fact F € x,C82([0,T] x )N() Applying Proposition 3.6 to the
evolution equation (3.21), we therefore conclude that

w —ws, € ;C2([0,T] x X).
Consequently, if we pick v, = vy +2 wg, € C2([0,T] x )A(:), we have as desired that
U—vq =2V (w —ws,) € 2°C2([0,T] x X).

Finally, to show the solution is unique, we can simply apply Yau’s generalized
maximum principle. Alternatively, suppose v’ € Cg?° ()A(: ) is another solution. Then
its restriction to lN)i satisfies the same parabolic equation as the one of u. Since the
theorem holds on 51 by our inductive assumption, this means v = u — v’ vanishes
on 0X. Moreover, it satisfies the evolution equation

v

_— = L ’U’ v 07 -) = O

= L, 00,

Applying the maximum principle on an exhaustion of X by compact sets, we thus
conclude v = 0, establishing uniqueness.

O

4. EVOLUTION OF SPATIAL ASYMPTOTICS ALONG THE RICCI FLOW

Let wo be the Kéhler form of an asymptotically tame polyfibred cusp Kahler
metric on the quasiprojective manifold X = X \ D with standard spatial asymp-
totics {wy 0} and {¢;}. Consider the normalized Kéahler-Ricci flow associated to this
metric,

(4.1) % = —Ric(&) — By, Do = wo.
As in [15], consider the ansatz &; = w; + /—190u with
(4.2) w = — Ric(wp) + e H(wo + Ric(wp)).

Then the evolution equation of the potential function w is given by

o log ((Wt + Jflaau)") —w, u(0,-) = 0.

ot wg
Remark 4.1. When n = 1, it is more effective to describe the evolution of the
metric in terms of a conformal factor, since the evolution equation is then quasi-
linear instead of fully nonlinear. However, to keep a uniform treatment independent
of the dimension of X, we will refrain from doing so and refer to [1] for a study of
the spatial asymptotics along the Ricci flow in complex dimension 1 using conformal
factors.

(4.3)

In this section, we will prove the following result about the asymptotic behavior
of a solution to (4.3).

Theorem 4.2. Suppose that wq is the Kdhler form of an asymptotically tame poly-
fibred cusp Kdihler metric. If uw € CX([0,T] x X) is a solution to the evolution

equation (4.3), then in fact u € Cg2([0,T] x X).

It has the following immediate consequence.
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Corollary 4.3. Suppose that wg is the Kahler form of an asymptotically tame
polyfibred cusp Kdahler metric. If w; is the solution to the normalized Kdhler-Ricci
flow (4.1) on the time interval [0,T], then for all t € [0,T], @ is the Kdhler form
of an asymptotically tame polyfibred cusp Kdhler metric on X.

To indicate the main idea in the proof of this result, suppose first that we have
a solution u € C2([0,7] x X) to (4.3) with the desired regularity. In that case,
the restriction of u to the boundary hypersurface PNIZ makes sense. In fact, it will
be constant along the fibres of the fibration &% : f[z — l~?i7 S0 its restriction to [N)i
is also well-defined. On the other hand, by Proposition 2.12, w; is asymptotically
tame, so it makes sense to restrict the evolution equation (4.3) to D;. If u; denotes
the restriction of u to Bi, a simple computation shows that (4.3) restricts on D; to
give

(4.4)
% i V_liinil 1 -t i_]-
Ou = log (w ! - —?au ) —Uu; + IOg (—’—6(6)> 9 ul(07 ) = 07
ot szfO C;
where w; = — Ric(w;0) + € (w0 + Ric(wi)). Thus, except for the last term in

this equation, this is basically (4.3) on the quasiprojective manifold D; \851 More
generally, for I C {1,...,¢}, the restriction of u to H; and Dy are well-defined, as
well as the restriction of (4.3), which gives,

(4.5)

) V=100u )"~ I+e (e —1

ﬂ :log (wl,t+ - UI) _uI+ZIOg w , UI(O,') :07
ot wig! il Ci

where wy; = — Ric(wr ) + e H(wr o + Ric(wrp)). When Dy is zero dimensional,

notice the evolution equation (4.5) is really just an ordinary differential equation,

dur 1+e (e —1)
(4.6) 5 =W + Zlog (Q ,  ur(0,) =0.

iel
Using Proposition 2.12, we can also consider the restriction of (4.1) to 151 and
the normal directions, which gives

ow . - ~
(4~7) ai’t = - RIC(wz,t) —Wrt, Wro=wr,o,
oc;
(48) ;tyt = 1 — Ci,tv Ci70 = G4,
where {w;,} and {c; .} are the spatial asymptotics of &;. Solving for ¢; ; we find
(4.9) cir=1+e(c;—1).

To summarize, if the restriction of u to 51 exists, it has to be the solution to
(4.5). Thus, if we are given a solution u € C£°([0,7] x X) to (4.3) with a priori no
known regularity at the boundary 0X , then the solution to (4.5) is necessarily the
natural candidate for what should be the restriction of u to 51. This observation
is the starting point of our proof. Our strategy will be to use a barrier function,
that is, Proposition 3.6 for a suitable linear parabolic equation, to show that u
does indeed restrict to give the solution to (4.4) on D;. This argument can then
be repeated to give the full asymptotics of the solution at each of the boundary
hypersurfaces.
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Initially however, we will only be able to establish such a result for a small
time interval. Provided we can control the size of this time interval in a uniform
way, we will then be able to apply this argument a finite number of times to cover
the full interval [0,T]. This requires to consider a shifted version of the evolution
equation (4.3). Namely, fix ¢ty € [0,7") and consider the new function

(4.10) u(t, ) = u(t +to, ) — ulto, ),
satisfying the evolution equation
(4.11)
u t+to,- V—=190u(t + to,-))"
@ _ 8u( + to, ) _ log (Wt—‘rto + aau( + to, )) 7u(t+to, .)’ a(o’ ) —0.
ot ot wg

This can be rewritten in the more suggestive form

ou ((@t +/—1000)"
— =log

ot w

(4.12) ) — G —ulty,”), @(0,-) =0,

where @; = wiy g, + v/ —1900u(to, ). In particular, notice that by assumption,
O +V—1001 = By 44,

is a Kéhler form, so that the logarithmic term in (4.12) is well-defined.
Suppose now that wu(tp,-) € C2(X) and that &y, is an asymptotically tame
polyfibred cusp metric. Our goal will be to show that under this assumption, the

function u(t, -) will also be in Cg2(X) provided ¢ is small enough. This will require
a few steps. First, consider the restriction of the evolution equation (4.12) to Dy,

dir <(@I,t + \ﬁ—laam)n%)
= log

ot

~n—|I|
w

(4.13)

— ﬁ; — 'LL[(t(), 0) + Zlog

<1 +e (e, — 1)
il

Ci ) , ur (O, ) =0.
Even if we do not know if @ is in Cg2([0, T — to] x X), the evolution equation (4.13)
still makes sense and we know that a solution exists for a short period of time. We
will in fact assume that it has a solution @y € C¢2([0,T — to] x Dy) on the time
interval [0,T — tg]. As we will see, this can be justified a posteriori. Since we will
proceed by induction on the depth of X to prove Theorem 4.2, we might as well
assume Uy is in fact a solution in Cg2([0, T — to] x Dy).
Using the extension map =; of (2.46), consider the function

(4.14) Gz, = Zi(@).

i

Since the extension map =; does not depend on time, the evolution equation of ug,
is given by

o -~ /— 1297 . \n—1
(4.15) s _ =H <log <(wz’t s n}?&uz) ) — u; — ui(to, '))

ot Wi o

1 —t=to i — 1 ~
+Ei(log( te (c )>), uz=,(0,-) = 0.

&
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By construction, the restriction of the function uz, to D; is ;. Thus, if © has the

same restriction on INDi, then we expect the function
(4.16) V; = u— ﬂgi

to vanish on H;. From the evolution equations of © and U=
of v; can be seen to be

(“)vi (@t + —1(95@)” (@t =+ —185ﬁ5)”
= log — log :
ot wy wy

with E; given by

. /_1AA37.\n—1
E; = -E; <log (Mt * n}?aul) ) — ui(to, ~)>

Wi o

(4.18) _g (10g (1 + e‘t_:(ci —1) ))

+ (log (@t + \/—Taaaai)n> ~ult, -)) .

n
Wo

,, the evolution equation

(4.17)

>_U1+Ez

For the logarithmic term involving %z, to make sense, the 2-form &; + v/—199uz,
must be non-degenerate. To insure this is the case, notice first that there exist
positive constants ¢ and C' depending on the solution @; € C52([0,T] x X; A%(T* X))
of (4.1) such that

0wy

4.19 < wp < Cuwy,
( ) cwo < W wo H 5

<C, Vtel0,T)].
CO(X;A2(T* X))
Taking the constant C' > 0 bigger if necessary and depending also on the solutions
ur € C2(Dy) to (4.5), we can also assume that it is such that

g&@u]

(4.20) 5

<,

o _

<C, Vtelo,T)].

Co(X;A2(T* X)) Co(X;A2(T* X))

Recalling that &g = @y, we see that, in view of (4.19), we can find 7 > 0 depending
only on ¢ and C, so in particular independent of ¢y, such that

(4.21) W > %7 Vit € [0, 7], T, = min{7,T —to}.

From (4.20), we see that choosing 7 > 0 smaller if needed, but still only depending
on the constants ¢ and C, so independent of the choice of ¢y, we can assume 00uz,
is sufficiently small so that

(4.22) B, + v/ —109u=, > %, Vi€ [0,7,], 7, = min{r,T — to}.
Thus, at least for ¢ € [0, 7¢,], we can write the evolution equation of v; as in (4.17).

Lemma 4.4. If@; is in C22([0,74,] x D;) and Qo is an asymptotically tame polyfibred
cusp Kdhler metric, then the term E; in (4.18) is in x;C2 ([0, 7, x X).
Proof. Since E; € C([0,7,] % )~(), it suffices to verify that its restriction to H;

vanishes. By the definition of the extension map Z;, the restriction of the first two
terms in (4.18) is given by

(4.23) —log (Qi’t * ﬁaaam—l) + u;(to, ) — log (1 +e (e — 1)) '

n—1 .
W0 C;
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For the third term, since Gz, € C2(X x [0,7,]), we know from Proposition 2.8
that the restriction of 9duz, to H; is given by 5?(85@) From the standard spatial
asymptotics of &;, we thus see that, as a section of A2 (fCT*X'), the restriction of
Oy + v/ —1001uz=, to ﬁz is given by
V=1 (1+e "7 (c; —1))d¢; A d;

2 |Gil*(log [¢:])? '

One can then conclude from this that the restriction of the third term in (4.18)
exactly cancels the restriction (4.23) of the first two terms. Thus, the restriction

FE; to H; is zero. O

(4.24) (B4 + V—1000;) +

To show that v; vanishes on ﬁi, we want to rewrite the difference of the two
logarithmic terms in (4.17) as a linear expression in v; which would allow us to use
Proposition 3.6. From (4.21), we see that for ¢ € [0,7¢,], we can rewrite the first
logarithmic term in (4.17) as

(W + \/:llaau) > ~ log <(wt + \/;Llaau) > 4 log (wz)
Wo Wy 0

o

(4.25) ~n

= log (1 + Al + F(001, fut)) + log (%) ,

Wo

where ﬁt is the @-Laplacian associated to @; and the function F is a polynomial of

degree n in the first variable with no constant and linear terms. Let G(z) be the
smooth function such that

log(1+z) = 2+ 22G(z), Va € (—1,00).

Applying this relation to (4.25), we obtain
(4.26) -

((@t +v—190u)™
log

n
wo

) = Ai + F(00u, &)
+ (Al + F (001, 3,))2G(Avti + F(000,3y)) + log (Z;)
0
- _ or
= Ayu+ H(00U,w;) +log | — |,
wo
with H a smooth function which vanishes at least quadratically in the first variable.
For the other logarithmic term, we have similarly

((?ut +v/—100uz, )"
log

n
wo

(4.27) ) = Az, + H(99z,,,) + log (:ﬂ) :
0

Because H vanishes quadratically in the first variable, we can rewrite the difference
of the two logarithmic terms as

@+ \/Tlaaa)n) o ((at + ﬁaa%ﬂ”) _

n n
Wo wo

(4.28) log (

At’l}i + K(@ga, 85175L , 0¢, 851%),
where K is a smooth function defined in terms of the function H that can be

chosen to be linear in the last variable and vanishing at least linearly in the first
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two variables. Notice that the definitions of K and H only depend on the function

(Q+ /—100 f)”)

(7.9 - tog (VT

and not on the particular solutions @, uz, and @;. In light of (4.19) and (4.20), this
means that taking the constant 7 > 0 smaller if needed, and still only depending

on ¢ and C, we can assume that for each i € {1,...,¢}, the family of operators
t+s L;, € Difff.(X) defined by
(4.29) Litf = Ao f + K(800, 00z, , By, 0O f)

is uniformly elliptic for ¢ € [0, 74, ], say

(4.30) o2(Lig) < =22, Ve [m), T, =min{r,T —to}.

In terms of the family of operators L;;, the evolution equation of the function v;
can be rewritten

ov;
ot
Lemma 4.5. Let u € C2([0,T] x X) be a solution to (4.3) and assume that the
assoctated evolution equations (4.5) have solutions uy in Cg2([0,T] x D;). Then
there exists a constant T > 0 depending on u, {u;} and wy, but not on ty € [0,T),
such that if u(to,-) € Cﬁf’()z), then on the time interval [to,to + T¢,] and for each
ie{l,..., 0},

(4.31) = Liyvi —vi+ Ei, v;(0,-) =0, E;€x;C2([0,7,] x X).

u € z:.C2 ([t to + 7] X X) + C2([to, to + 7¢,] X X), 74, = min{r,T — to},
with restriction to D; given by u;.

Proof. Take 7 > 0 as above so that (4.21) and (4.30) hold. The evolution equation
(4.31) is then a uniformly parabolic equation for ¢ € [0,7,]. Applying Proposi-
tion 3.6, we conclude that

v; € 2;Ce ([0, 7, ] X X),
and the result follows by noticing that
u(t +to,-) = vi(t, ") + uz, (¢, ) + u(to, 0)
with the last two terms in C£2([0, 7¢,] x X) by assumption. O

The previous lemma gives us, for ¢ € [0, 7], the first term in the Taylor series of
u(t, -) at each boundary hypersurface. Proceeding recursively, we will now construct
all the higher order terms in the Taylor series of & at each boundary hypersurface.
To this end, we need to consider the family t — L], € Diff2, (X) defined for v =

(71, -, 7e) € Nj to be
(4.32) thf = (x"/)—lLi’t (@) f), fecs(X), o = Hx;yj

As can be seen by a direct computation,

(433) O'Q(th) = Ug(Li,t),
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so that the family L], is uniformly elliptic for ¢ € [0,7,]. Another important
feature for our proof by induction is that the family of operators th has the same
regularity at the boundary as the one of %, namely, for any 3 € N§, we have that

(4.34)  a(t,) € °CE(X) +C2(X) = L], € 2’ Difff,(X) + Difff.(X).

In particular, Lemma 4.5 also implies that

(4.35) L], € x; Difff.(X) + Difff,(X)

for t € [0,7,] and j € {1,...,¢}, and consequently, that the restriction of L], to
Dy is well-defined, namely, there exists a unique family of operators ¢ — LZ 1t €

Diff2,(D;) such that for f € Cfoco()?) with restriction f; to Dy, we have (cf. Propo-
sition 2.8),

(4.36) (L1 5, = Ll

In the particular case where dim 5[ = 0, the operator L], is just multiplication
by a function, but otherwise, the family of operators ¢ — LZ 1. 18 clearly uniformly
elliptic.

Proposition 4.6. Let u € C2([0,T]x X) be a solution to (4.3) and assume that for
each I, the associated evolution equation (4.5) has a solution ur in Cg([0,T] % D).
Then there exists a constant T > 0 depending on u, ur and wg, but not ontg € [0,T),
such that if u(to,-) € C° (X), then,

u e CF([to, to + 71,) X X), 74, = min{r, T — to},

0

with restriction to Dy given by uy.

Proof. We choose 7 > 0 to be as in Lemma 4.5. By this lemma, we then know that
U € 2;,C82([0,71] X X) + C2([0,74,] x X)

with restriction to D; given by @;. Since 4 — v; = uz, € C2([0,7,] x X), it
suffices to show that v; € C2([0,74,] x X), namely, that for all v € N§, there exists
w; 4 € Ce2([0,7,] x X) such that
¢
(4.37) (vi —w;y) € 27CE([0,74,] X X), wherez” = H x;“
j=1
To be able to proceed recursively, we will pair the statement (4.37) with the re-

quirement that the function
_ Ui T Wiy
Viyy = T
obeys an evolution equation of the form

dv;
(4.38) 617 = LZtUi,“/ — Uiy t+ E?7

with E] having its regularity at the boundary determined by the one of @ as follows.
For any o« = v + (3, we require that

(4.39) @€ z°C([0, 7] X X) +C2([0,7,] x X) =
E} € 2°C2(10,7,] x X) +C22([0, 7, % X).
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Since the evolution equation of v; is given by (4.31), the statements (4.37) and
(4.38) are trivially satisfied when |y| = 0 by taking w; , = 0. Proceeding by
induction on ||, assume therefore that (4.37) and (4.38) hold for all ¢ € {1,...,¢}
whenever |y| < k. We want to show that these statements also hold for |y| = k+ 1.
Given o € N§ with |a| = k + 1, write it as a = v + 3 for some |y| = k and |8] = 1,
say §; =1 and (3, = 0 whenever m # j. By our induction hypothesis,

€ 2"C([0, ) X X) +C2(X), V|| =k+1.
If we also fix i € {1,..., £}, then this means the term E; in the evolution equation
of v;  is such that
E] € 202 ([0, 7] x X) + C22([0, 71, x X).

Consequently, the evolution equation of v; , can be restricted to ﬁj to give
of

E:sz,tf_f+E7|5J7 f(07):O7

where sz,t is the restriction of th to 5j. By Theorem 3.7, this equation has a
unique solution f € C2([0, 7] X ﬁj) when dim ﬁj > 0. When dim 5j = 0, this is
still true since the evolution equation (4.40) is just an ordinary differential equation
and as such, it has a unique solution f € C>([0,7]x D;) = C°([0, 7] x D;). Consider
then the function

(4.40)

(4.41) f=, =Ei() € CE([0,7) x X),

defined using the extension map =; of (2.46). It satisfies the evolution equation
of,

(4.42) AT L], fz, — fz, + B} + Q]

with

(4.43) Q) =LY f =+ Ellp,) — (Ll f=z, — f=, + E])

in z,;Cg ([0, 7,] x X) having the same regularity at the boundary as E;. Consider
the function
Via = Viy — [5;

satisfying the evolution equation

851‘,01

ot

By Proposition 3.6, we have that v, o € x;C2([0, 7] x X). This suggests to define
Vi, by

T = O
=L {Via —Via — Q.

Vi,a
4.44 o = ——-
(1.44) o=
It then satisfy the evolution equation
avi70¢ « e [e% Q;Y [e’e]
(4.45) =L via —Via + B, Ef =—-——€C(g ([0, 7] x X),
ot x;

with E¢ of the claimed regularity (4.39). Thus, it suffices to take
Wi, = Wiy — fE]. z7.

Since ¢ € {1,...,¢} and |a] = k + 1 were arbitrary, this completes the proof by
induction. (]
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We can now apply this result to prove the Theorem.

Proof of Theorem 4.2. Let 0 < Ty < T be such that the evolution equation (4.5) has
a solution u; € C2([0,To] x Dy) for all I C {1,..., ¢} such that Dy = (,c; D; # 0.
Since the result is trivial when X is a closed manifold, we can proceed by induction
on the depth of X to prove Theorem 4.2 and assume that u; € Ce2 ([0, To) x 151)
Applying Proposition 4.6 with to = 0, we then know that on the time interval
[0, 7] (or [0, Tp] if T > Tp), we have u € CZ°([0, 7] x X). Repeating this argument with
to = T,27,3T, et cetera, we can extend the result to the full interval to conclude that
u € CX([0, Tp] x )Z') To complete the proof, we need to show we can take To = T.
This follows from [15, Remark 7.4]. Alternatively, we can argue by contradiction
and suppose that we cannot take Ty = T'. This means that the curvature tensor
of one of the metrics wy; blows up as ¢ tends to 77 for some 77 < T. Since for
t < Ty, Wy is in Cﬁf()N(;Az(ch*)z)) and its restriction to D; is &y, this means by
Remark 2.13 that the curvature tensor of w; also blows up as t tends to 17, a
contradiction. Thus, we can indeed take Ty = T (Il

5. ASYMPTOTICS OF KAHLER-EINSTEIN METRICS ON QUASIPROJECTIVE
MANIFOLDS

To find examples of Kéhler-Einstein metrics on the quasiprojective manifold X,
a natural condition to impose on the divisor D is that

(5.1) K+ +[D] > 0.

In this case, we can take L = K<+ [D] to be the positive line bundle used to define
the asymptotically tame polyfibred cusp Kahler metric of (2.62). A Hermitian
metric on L is specified by the Hermitian metrics || - |5, and a choice of volume

form ©Q on X. The condition (5.1) insures we can choose € such that

)

- Q
(5.2) V=10, = —V190log | ———
T il
in which case
¢

_ 0 _
w=—v—10dlog W +v—1 90log (H(—IOgGHSiHQD_)Q)
i=1 I1%ll5, '

05
(5.3) =V-10, +2FZ <bg€W>

@ogelsnly ) A Blogellsil)
e Z( (log [s.] )2

is a Kéhler form provided e is chosen small enough. A Kéhler-Einstein metric of
the form

(5.4) WKE = W + V —100u

is then obtained by solving the Monge-Ampeére equation

(5.5) log (W:aamj —u=F= log<Q> €Cx(X),
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where © is the volume form
Q

[T (Jlsil%, (~ Tog(ellsiliz; ))?)

From the work of Yau [30], Cheng and Yau [6], Kobayashi [12], Tsuji [27], Tian
and Yau [25] and Bando (3], we know the Monge-Ampere equation (5.6) has a
unique solution u € C¢2(X).

By the adjunction formula, notice that for each i € {1,...,¢},

(5.7) (Kx + D)5, = Kp, +Y_ [Dillp, > 0.
JFi

(5.6) Q= € C(X; A* (°T* X)).

If w has standard spatial asymptotics associated to {w;} and {c;}¢_;, where in
this case ¢; = 1 for all 4, this means we can repeat the same procedure to find a
complete Kéhler-Einstein metric on D;, and more generally on D;. Namely, we get
a Kéahler-Einstein metric on Dy of the form

(58) WKE,] = W] + V —18511,[

where u; € C°(Dy) is the unique solution to the Monge-Ampere equation

((w] + —18511,])n_|[|
log

(5.9) e ) —u = Fr € Ci¥(Dy),
w

where F; is the restriction of I to 5[.

When the divisor D is smooth, that is, when there is no normal crossing, Schu-
macher showed in [24] that as one approaches the irreducible component D;, the
solution u to (5.5) restricts on D; to give u;. When D has normal crossings, the
logarithmic compactification X provides the right framework to generalize Schu-
macher’s result. To formulate this generalization, notice that proceeding as in
(2.46), we can define an extension map

(510) E[’i . C{.CO(DIU{Z}) — COO(D[)
for I C {1,...,¢} with D; # () and i ¢ I with D; N Dy # 0.
Theorem 5.1. Fizx a Kdhler form w as in (5.3). Then there exists v > 0 such that
for each i € {1,... ¢},
u—Z;(u;) € 27 C (X)),

where u and u; are the solutions to the Monge-Ampére equations (5.5) and (5.9).
Moreover, the constant v > 0 can be chosen such that for all I C {1,...,¢} with
Dr # 0 and for all i ¢ I with D; N Dy # (),

ur — El,i(uIU{i}) S J}ZVC&O(DI)
In particular, for all I C {1,...,£} with Dy # 0, the restriction of u to Dy is

well-defined and is given by uy.

When X has depth zero, the theorem is trivial. Thus, to prove this theorem,
we can proceed by induction on the depth of X and assume the theorem holds on
Dy for all I. With this assumption, we can proceed recursively on i € {1,...,¢} to
define

vr =E1(w),  Ukt1 =k + Ep1(Uptr — vkl p,.,,)-
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Then v, € C(X) is such that its restriction to Dy is well-defined for all I and
given by u;. Moreover, there exists v > 0 such that

(5.11) ve—Zi(w;) € 2VCR(X) Vie{l,... ().

Thus, to show the theorem holds on X, it suffices to show that for possibly a smaller
v > 0, we have that for all : € {1,..., ¢},

(5.12) u—vp € 27 Cir (X).
To use the Monge-Ampere equation, we will replace v, with a slightly better func-
tion.

Lemma 5.2. There exists a function v € C2(X) such that:

(i) v—wp €’ CfC (X) for some m € N, where p = Hle Pi;
(ii) There emsts a constant K > 0 such that

% <w4++vV-100v < Kw onX.

Proof. Let hy, denote the Hermitian metric on L = K+ + D induced by the choice
of volume form (2 and the Hermitian metrics ||-||5.. On X, we can consider instead
a new Hermitian metric given by

¢
hy = <H(—10g€||3i||2,3i)2> h,

i=1
and (5.3) means that w = V—10; , where ©; is the curvature of the Chern

connection associated to h L.
Similarly, the form w + v/—100v, is simply given by /— @~1 where @71 is the

curvature of the Chern connection associated to the Hermitian metric h1 = e veh L
This curvature is not necessarily everywhere positive on X. However, in local
holomorphic coordinates (2.3) near Dy, we know from (5.11) that

(w+v/~190v,) — (wKE1+ FZ cfglggtfgn ) € @l (X; AT X)®C).
el

This means there is a positive constant ¢ > 0 and small open neighborhood
neighborhood U C X of D such that in & =U N X, we have that

% < w+ V=180, < Cw.

On the other hand, since the line bundle L is positive, we know there exists
m > 0 and a Hermitian metric hrm on L™ such that both L™ and L™ — [D] are
positive Hermitian line bundles. On X \ D, we can then consider the new Hermitian
metric given by

(5.13) hpm =

Its curvature is positive on X \ D, since

V — h m VvV — ®hLm V _195 =V _16L7"—[5] > 0
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If we denote by ho = (iAz m ) the induced Hermitian metric on L, we also have that
V—=10y, = %@mm is positive on X \ D. Thanks to the holomorphic section s
in (5.13), notice that

~ _ ¢
hy € "hr Hi:l(*IOgGHSiH%i)Q p%

5.14 — = € CR(X).
( ) h2 hg 72 fc ( )
For ¢ > 0, consider then on X the Hermitian metric on L given by
~ 1 h
h=5 1 = }J
R cho 1+ %
From (5.14), we have that
B
5.15 =——1 Ce(X).
( ) ]’Ll € ) fc ( )

By [24, Lemma 3], we know that

Vo165 v —105, . V=164,
E - El Ch2 .

Since /=105 > & on U and /=10, > 0 on X \ D, by taking ¢ > 0 sufficiently
small, we can insure that for some positive constant K,

< \/—1®7L < Kw.

w
5.16 —
(5.16) -
Thus, in light of (5.16), it suffices to take v = vy —log (%), for then w4 +/—100v =

2V _19}7 and

ha

h =
v —vp = —log <~> € %Cﬁf’(X)

With this lemma, we can then proceed to the proof of Theorem 5.1.

Proof of Theorem 5.1. In light of Lemma 5.2, we need to show that for some § > 0
and for all i € {1,...,¢}, w =u—v is in 2/C(X). In terms of w and the Kéhler
form w, = w + /—190v, the Monge-Ampere equation (5.5) can be rewritten as

log (wv + ﬁaaw)")

n
UJU

F,=F— (log(w”> v>.
w'll

From Lemma 5.2 and (5.12), we see that for some v > 0, we have that v — E;(u;) €
x/CX(X) for all 4 € {1,...,¢}. In particular, this means that

e o (ST ) ()

(5.17) —w=F,

with
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is in 27Cg°(X). On the other hand, writing w,; = w, + ty/—180w, the Monge-
Ampere equation (5.17) can be rewritten as

1 /199, \1
F,+w= / %log ((wq, +i 100w) > dt
0

n
w’U

_/1 nwypy ' A V=100w ”
0 W:)L,t ’

that is, it can be written as a linear equation

(5.18)

where

wv,t

U)ot A V=100 !
Auf = / <W”7t A T\ g = / A, fdt,
0 0

with A, , the O-Laplacian associated to wy . This tacitly assumes w,, ; is a Kéhler
form. Since we can find a positive constant C' such that

Wy

el < wy +V—100w < Cuw,,

this is indeed the case, as we have,

(&+0-0)en Son @410, Veeb)

In particular, the operator A, € Diﬂ"?c(X ) is uniformly elliptic. By Yau’s general-
ized maximum principle and Schauder’s theory, this means that for all k € Ny, the
operator (A, — 1) induces an isomorphism of Banach spaces

(Ap — 1) 1 CEP(X) — €% (X),

where Cﬁc’a(X) is the Holder space considered in [12] (see also [29]). Provided § > 0
is chosen small enough, we will show it also induces an isomorphism

(5.19) (A — 1) : 20CET2(X) — 2ICE*(X)

for all k € Ny. Since F, € 22C2°(X) for § > 0 small enough, this will imply that
w € 22C2(X) as desired.
To find §, consider the new operator

(5.20) 27%0 (A —1)oxd =Ay — 14z, °[Ay, 20).

?

Since the family § +— 27 °[A,,, 2°] € Difff,(X) is continuous and vanishes for § = 0,
we see that for ¢ > 0 sufficiently small and for all £ € Ny, the operator (5.20)
induces an isomorphism

2700 (Ay —1) ol 1 G (X) — CR(X),

3

which is just another way of saying the linear map (5.19) is an isomorphism. O
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6. BOUNDARY REGULARITY FOR LINEAR UNIFORMLY ELLIPTIC EQUATIONS

In this section, we will assume that the divisor D is smooth, so that its irreducible

components D1, ...,D, do not intersect. On the manifold with boundary X , We
consider for each boundary component H; a collar neighborhood
(6.1) ¢t Hyx[0,6) > X

compatible with the boundary defining function p; € COO(J? ), that is, such that
On X’, this lifts to a collar neighborhood

L= = -1
(62) C; Hi X [0,6,’) — )(7 €; = @,
compatible with the boundary defining function z; = ﬁ. Combining these, we
get a collar neighborhood
(6.3) C:0X x[0,6) > X, e=min{ey,... e}

On X , consider the space C> ()Z' ) of smooth functions on X which vanish together
with all their derivatives on the boundary 0X. In particular, we have that

Co(X) = () 2™CF(X) C C2(X).
meN

On the other hand, let ®:0X - D denote the fibration which is induced by the
fibration ®; on the boundary component H;. In the collar neighborhood (6.3), the
fibration ® : 9X — D, extends to a fibration

dxId: 09X x[0,e) — D xI0e)
(nt) = ((p)1):
With respect to this fibration, another subspace of Cf2(X) of interest is
(6.5) C=(X) ={f eCX(X) | &f= (P xId)*h for some h € C®(D x (0,¢))}.
Lemma 6.1. Any function f € Cg2(X) can be written as

f=/fi+fo forsomefi € CX(X), f2 € CP(X).

(6.4)

Proof. Let f € Cf°(X) be given. Using a cut-off function, we can assume without
loss of generality that f has its support in the collar neighborhood X x (0,€). The
fibration ® x Id is a circle bundle, which means in particular there is an underlying
smooth action of S on 4.X x (0,€). Let fay be the average of f with respect to this

group action,

1

favzi (G*f)dG, 9€S1.

2T St
By construction, f.y is constant along the fibres of ® x Id and is an element of
C*(X). Thus, if we take f1 = fav and fo = f— fay, it remains to show f, € C*>(X).
Let £ be the infinitesimal generator~0f the circle action. In terms of the Fourier
decomposition of f; in each fibre of ® x Id, we see that for all k € Ny,

1

(6.6) 2 |

0* (¥ f2)df = 0.
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Moreover, since fi and f are in Cf°(X), f» must also be an element of C2(X), so
that
‘

(6.7) eFfy € 2FCP(X) VEk €Ny, wherez = Hxi.

i=1
Integrating k times £* f using the property (6.6), we find that

f2 € 2FCE(X) V k € Ny,

which implies as desired that f, € C*(X). O

Let w be an asymptotically tame polyfibred cusp Kéahler metric with standard
spatial asymptotics {w;}¢_; and {c;}¢_,. From the previous lemma, we see that
when the d-Laplacian A, acts on Ce2(X), it is asymptotically modeled near fIZ by
the b-differential operator

2
& 0 0
6.8 A, + = i— i— |-
(6.8) [+2<Ga%>+xm)
In the terminology of [23], the corresponding indicial family is given by
(6.9) A, + %(—7‘2 ++v-17), T€eC.

More generally, for A € C, we will be interested to study the boundary regularity
of the operator A, — A with associated indicial family on H; given by

(6.10) Pin(r) = A, + %(—72 +V=1r) — A
The set
(6.11) Specy(Pix) = {7 € C | P, A(7) is not invertible}

will be particularly important. Following [23, p.174], for each a € R, we consider
the set

(6.12) E\(a)={(z,k) € C x Ny | P (1) has a pole at 7 = —v/—12

of order k41 and Rez > a}.
In our case, the poles are all of order 1 except possibly one pole of order 2 at
T = @ In particular, if o > —%, then all the poles are simple. The set E;S\ ()
can alternatively be described in terms of the spectrum of A,,, namely,

(618) Bfy(@)={(zh) € CxNo| (s 4 5)7 = 2%

—v € Spec(Ay,), Rez>a, k<1, and k=0if z # —1}.

2 22 1
= v +iforsome

The set E;r , () is not an index set, but we can consider the smallest index set con-
taining it. As explained in [23, p.186], to take into account accidental multiplicities,
the index set one is ultimately led to consider is slightly bigger and given by

(6.14) Efy(a)={(z,k) € CxNo|Ir €Ny, Rez > o+,

—V/=1(z — 1) € Specy (Pin), k+1< iord(—\/jl(z -t

=0
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where ord(z) is the order of the pole of Pif/\l(T) at 7 = z. To state our result, we

also need to recall from [23] the notion of extended union for two index sets F
and F,

(6.15) EUF = EUFU{(z,k) | 3 (2,01) € E, (z,£2) € F such that k = {1 +{3+1}.

Similarly, the extended union of two index families &€ = (Ey,...,Ey) and F =
(Fy,...,Fp) is given by

(6.16) EUF = (E\UR, ..., E,OF,).

In the remaining of this section, we will also make use of the b-Sobolev spaces
of [23]. If g is a b-metric with Levi-Civita connection V, recall that the b-Sobolev
space H{"(D; x [0, ¢;]) is defined to be the closure of C°(D; x (0,¢;)) with respect
to the norm

(6.17) 13 = / I 12
Hb ]:ZO BiX(O,Ei) 979

where v, is the volume density of the metric g and |- |, is the natural norm induced
by g on tensors.

Upon identifying [0, ¢;) with [0,00) via a diffeomorphism, a simple example of
b-metric on D; x (0,¢;) is given by the product metric

dz?

where g5 is a choice of Riemannian metric on D;. Making the change of variable
t = log x;, this corresponds to the complete cylindrical metric

(6.19) gp, +dt*

on D; x R. o
Besides b-Sobolev spaces, we will be interested in the space CF(D; x (0,¢;)) of
continuous functions f such that V7 f € C°(D; x (0,€); T (D; x (0,¢€;))) with

k

£l =" sup [VIf], < oc.

=0 Dix(0,€;)

It is a Banach space with norm || - ||x. There is a corresponding Fréchet space
obtained by taking the intersection over all these spaces,

C*(Di x (0,€)) = [ C(D: % (0,€)).
keN

Using the product metric (6.19) and the standard Sobolev embedding for the Eu-
clidean space, it is not hard to deduce a corresponding Sobolev embedding for
b-metrics, for instance that we have a continuous inclusion

(6.20) Hgnﬁ—n(ﬁl X [O,Gi]) C an(ﬁz X (O,Gi)), n = dimc X.
In particular, this means that

(6.21) () Hy'(Di x [0,€]) = C°(Di x (0, ).
meN
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We are now ready to state our first regularity result. Recall that the space of
polyhomogeneous functions A{: (X) associated to an index family F was introduced
in § 2. We will also use the notation R, = (0,00) and Ry = [0, 00).

Theorem 6.2. Suppose the divisor D is smooth and w is an asymptotically tame
polyfibred cusp Kdhler metric with standard spatial asymptotics {wiYe_, and {c;}e_,.
If u € 2%C2(X) for some o € (Ry)® is such that

(A, —Nu=f forsomeXeR, fe AL(X)NCE(X),
where F = (Fy,..., Fy) is an index family, then
Et (VO F , ~
we AN TR vee (R,
where gj‘(a —9) = (Ef}\(al — 1), .. 7EZ>\(W — 7))

Proof. Let x; € CX([0,00)) be a function such that x;(t) = 1 for ¢ < § and
xi(t) = 0 for t > §. Looking at the equation satisfied by x;u, we can effectively
reduce to the case where v and f are supported in the collar neighborhood a(fIL X
(0,%)) € X. Using Lemma 6.1, we can write u = u; + upz with {u; = 0 and
uy € C® ()Z' ), where £ is the infinitesimal generator of the S!-action associated to
the fibration ® x Id. This means we can rewrite the equation as,

(Aw—Nur = f,  F=F—(Dw—Nug € AL(X) NCR(X).

If we write f = fl + fg with fl = fav and fg € COO()?), then averaging on both
sides with respect to the circle action on H; x (0,¢;), we get

(6.22) (A — Nuy = f1
where
1
Aav — * A —1\*
N =g [0 Ao (67 )ae

is the S! invariant part of A,. In particular, since A? maps S'-invariant functions
to S! invariants functions, there is an operator P; such that

(6.23) A (D; x 1d)*(h) = (D; x Id)*(Ph), Y h e C(D; x (0,€)).

Using local coordinates w = (w',...,w"2) on D; over which the fibration P, is
trivial, one can check the operator P; takes the form
(6.24)

a9 \?2 ) o\ o 92 B
. — . . (o3 L Ozﬁ (e%
P=a <xl 8@) +bx; D1 +§a: b (xl 8xi> e +az;a Yo’ +§a:c EE

where a,b,a®? b* ¢ € C®(D; x [0,¢;)). In particular, the operator P; is a b-
differential operator near the boundary hypersurface D; x {0}. Since the average of
positive-definite symmetric matrices is again a positive-definite symmetric matrix,
we see the operator P; is also elliptic, in fact b-elliptic in the sense of [23], that is,
uniformly elliptic for the b-geometry. N

Thus, if we write u; = (®; x Id)*u and f; = (®; x Id)*f, then equation (6.22)
becomes

(6.25) (P, — Na=F.
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Changing the operator P; outside the region where @ and f are supported, we can
also assume that P; is a b-elliptic differential operator on D; x [0,¢;]. Now, from
the standard spatial asymptotics of w at IAL, we know that the indicial family of
P; — X at the boundary hypersurface D; x {0} is given by P, x(7) in (6.10). For
later convenience, it is also useful to choose P; so that the indicial family of P; — A
at the other boundary hypersurface D; x {¢;} is also given by (6.10).

Now, if f € Aﬁ()z), this means that f € Agﬁg(ﬁi x [0, €;]), where F; is the
index set at the boundary face D; x {0} and 0 is the index set at the boundary
face D; x {€;}. On the other hand, the fact u € z*Cg(X) certainly implies u €
2% (D, x [0, €]) for all m € N and §; > 0.

Applying the standard boundary regularity result [23, Proposition 5.61] and
using the fact 7 is supported away from D; x {¢;}, we conclude that

alf&)UFl,(Z) -

o+
ze A (Di x [0, €]).

phg
In particular, we have that

(®; x Id)*7 € Ay

from which the result follows.

j— (aifél)UFl,@ T
? (Hi x [O,Gi]),

O

To study boundary regularity for the Monge-Ampere equation, we need a more
general version of the previous theorem where less regularity is assumed for the
function f. We first need to study some of the properties of the b-differential
operator P; introduced in the proof of Theorem 6.2. From [23, Theorem 5.60], we
know that the operator P; induces a Fredholm operator

(6.26) Pi— X :adH"(D; x [0, €)) — 20 H"(Di x [0, €])

whenever —y/—1la ¢ Specb(Pi)A). Furthermore, the index of P, — X does not depend
on m € Ny, but does depend on a. When A > 0, we can compute the index
explicitly.

Lemma 6.3. For A > 0, the operator P; — X induces an isomorphism of Sobolev
spaces

(6.27) P —\: H"(D; x [0,¢]) — H™(D; x [0,€]).

Proof. Using the principal symbol of P;, we can define a b-metric g such that P;
takes the form

Pu=Agu+b-Vu, beC®(D;x[0,&];"T(D; x [0,€])),

where Ay is the (negative) Laplacian associated to the metric g and V is its Levi-
Civita connection. To show P; — X is injective, suppose that u € Hg"+2(ﬁi x [0, €])
is such that (P; — AM)u = 0. Then we know from [23, Proposition 5.61] that u €

Ef\(0),E],(0) — : . - -

Aph'g 2(D; x [0, €]). In particular, v vanishes on D; x {0} and D; x {¢;}. If
u is not identically zero, then replacing u by —u if needed, we can assume that u
attains a positive maximum at an interior point p € D; x (0,¢;). Evaluated at the

point p, the equation Pu = \u gives
Agu(p) = Au(p) > 0,
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contradicting the fact v attains a maximum at p. To avoid a contradiction, we must
admit u = 0, which establishes injectivity.

To show the map is surjective, it suffices to show its index is zero. Since the
map (6.27) is Fredholm for all A > 0, the index does not depend on the choice of
A > 0 and we can therefore assume A is as large as we want for the purpose of the
argument. Now, the formal adjoint of P; — A is of the form

(PF = Nu=Agu+b-Vu+ (c—\u,

for some b € C®(D; x [0, ¢],°T(D; x [0, ¢])) and ¢ € C>(D; x [0, ¢]). In particular,
taking A > 0 sufficiently large so that ¢ — A < 0 on D; x [0,¢;], we can use the
maximum principle as before to show that

UEH?+2(EiX[O>Ei])a (PF=XNu=0 = wu=0.

K2

This shows that P; — A has index zero in this case, and therefore for all A > 0.
O

Lemma 6.4. For A\ > 0 and o > 0 with —/—1a ¢ Specy(P;.»), the Fredholm
operator

(6.28) Pi— X :alH"(D; x [0, €)) — 2 H"(Di x [0, €])
is injective and has a cokernel of dimension
= Z dim ker(f)i’)\(T)).

TGSpecb(ﬁ’i,A)
0<—Im7<a

Proof. Since x& H;"**(D; % [0,¢;]) € H"™(D; x [0, €;]) for o > 0, we know from the
previous lemma that the map (6.28) is injective. The formula for the dimension of
the cokernel then follows from the previous lemma and the relative index theorem
of [23]. O

The following lemma will be helpful to characterize the cokernel of the map
(6.28).

Lemma 6.5. Suppose A > 0. Then for each T € Specy(P;x) and v € ker(P; z(1)),
ox(a=d). w(D x [0, &;]) with o = /=17 and § > 0 small such that

phg
(i) (P, —MNu e C°°(D x [0,€]);
(i) u— x(wsoag € A (D x [0, ),

where x € C*([0,¢;]) is a cut-off function with x(t) =1 fort < § and x(t) = 0 for
t> 3,

there exists u € .A

Proof. Consider the index set G(5) = E:“/\(B) N ((a + Ng) x Ng) for 8 € R and
fix 0 < 6 < 1. Starting with uy = x(xz)vm , we will inductively construct u; €
ACHI=09(F, [0, €]) such that

phg

(6.29) Zuj e AST™I(D; % [0, ¢])
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for all m € Ny. Using Borel lemma to take an asymptotic sum, it then suffices to
take u € .AG(Q_(S)’@(EZ- x [0, €;]) such that

phg
o0
u ~ E Uj
Jj=0

to obtain the result. First, notice that since —v/—1a is in Specb(Pm), we have that

ci 0\’ d N

Thus, this means that
(Pl - )\)UO € IE;)H_lCOO(Ei X [0, €i]),

that is, (6.29) holds for m = 0. Assume now (6.29) holds for some m € Ny. This
means we have

m k
(P =N uy = x(@)apat ™™ logzi)? + £, f e AGCTTIND; < [0, ¢,)),
j=0 p=0

for some k € Ny and ag, .. .,a; € C°(D;). If —/—1(a+m + 1) ¢ Spec,(P;.»), we
can find b, € C*°(D;) for p=0,1,...,k such that

c d\° 0 ~
bk . i E a+m+1 ap | —

p=0
k
Z apz® T (log ;)P .
p=0
In terms of the operator P;, this means that
k k

(P —A) (Z X ()b T (log xz‘)p> =Y X(@)apz{ T log )P + e,

p=0 p=0

G(at+m+1),0 4~

where ¢yq1 € Ay (D; x [0,€]). Thus, we can take

k
U1 = — > X(@:)byz T (log )P
p=0

in this case. If instead —/—1(a + m + 1) € Specy(P;.y), this means —v = A —
S((a+m+1)? + (a+m+1)) is an eigenvalue of the d-Laplacian A,,. In this
case, we can find by € C*°(D;) and ay, € ker(A,, + v) such that

(Awi + V)bk = ay — Q.
Moreover, we can find by, € ker(A,,, + ) such that

c; 9 \? 0 -
(A“i 3 ((‘”a) ”iax) B A) 2y (log ) =

xia+m+1 (dk(log xi)k + Bk(k + 1)k(logxi)k71) .
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This means that if we take

Wy = () (Bellog @) + bi(log )" )

then
k k—1
(P = Nub .y — Z x(z)apzdT ™ (log a;)P = Z X(xi)al;*le‘*'mﬂ(log )P + ¢,
p=0 p=0
where af~! € C*°(D;) and ¢ € AS&;+7H+1) Q(D % [0,¢€;]). This effectively reduces

k by one. Repeating this step k times we can thus reduce to the case k = 0. Ap-
plying this step one more time then give us the desired term u,,+1. More precisely,
proceeding recursively starting with ¢ = k and finishing with ¢ = 0, we can define

Ui = x(g)zdtmrt (b (log ;)7 + bq(logmi)q> ,

for some by, b, € C(D;) so that

q=0 p=0
with d € ApthrmH) (D( x [0,¢]). Thus, taking
k
Um+1 = — Z ufn—&-l
q=0
completes the inductive step and the proof. O

Propos1t10n 6.6. Suppose that A > 0. Then for each a > 0 with —/—1a ¢
Specy (P;.0), there exists a subspace Wy C Aphg ),@(5i x [0, €]) of dimension kg
(see Lemma 6.4) such that V& = (P; = \)W¢y C C>®(D; x [0,¢;]) and

sl Hy"(D; x [0,¢;]) = (P; = N2 H"7(D; x [0,€])) + VS ¥m € No.

Proof. For each 0 < # < « such that —/—13 € Specb( & A), choose a basis

sy 0? of ker(Pa(—v/=10)). Let ul,....ulf € Apgg*w ‘””(D % [0,¢]) be
functions as in Lemma 6.5, that is, such that

(6.30) (P, — Nuy € C(D; x [0, &1));
(6.31) ujﬁ - X(xi)véz.ﬁ € Ap};gk(ﬁ) Q)(D x [0, €]).

We define W, to be the finite dimensional subspace of Aphg( w(ﬁi x [0, ¢€])

spanned by the functions uﬁ for j € {1,...,kg} and for 0 < B < « such that
—V/=18 € Specy(P;.»). Tt is clear from condition (6.31) that the functions u]ﬁ are
linearly independent, so that W is indeed a vector space of dimension k}',. By
the injectivity of the operator P; — A, the subspace V%, C C>(D; x [0,€]) deﬁned
by

V‘a,\ = (Pi - )\)Wﬁ,\

17
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is also of dimension k{*y. From condition (6.31), we see that
3Nl (D x [0, €1]) = {0},
This means that
VAN (P = A)(@f Hy""2(D; x [0, €1]) = {0}

Since by Lemma 6.4, dim V% = k") is precisely the dimension of the cokernel of
the operator (6.28), the result follows.
O

We finally state and prove the following generalization of Theorem 6.2.
Theorem 6.7. Let F = (Fi,...,F,) be some index family and let o, 8 € (R )" be
gwen. If u € x*CZ(X) satisfies the equation

(Aw = ANu =,
for some A > 0 and with
f=htfn hea™PCEX), fre ALX)NCE(X),
then u = uy + ug for some functions uy and uy such that for all § € (Ry)%,

s
uy € 2TPOCR(X),  uy € ATV (X) naep (X).

Proof. As in the proof of Theorem 6.2, we can assume u and f are supported in the
collar neighborhood ; (H; x [0, $)) C X. By averaging over the circle action in that
collar neighborhood, we can also assume, in light of Lemma 6.1, that u = (CT)l xId)*u
and f; = (51 x Id)* f;, so that the equation becomes

(P = Nu=f, + [

Since u € z%CP(X), fi € x°TACP(X) and fo € Afg(f(), we have that @ €
2T (D, % [0,¢]) and f, € g0 (D, x [0,¢]) for all m € N and
§; > 0, while f, € AZY(D; x [0, ¢i]).

Assuming §; > 0 is chosen small enough so that

t€lai+Bi — 6, i+ B;) = —V—1t ¢ Spec, (i),
we can apply Proposition 6.6 to conclude there exists v; € gt H{,"H(Ei X

0,¢]) and 7, € ALV (D, x [0,6,]) such that

(P = \) (01 +702) = f;.

Moreover, both 77 and Ty can be chosen to be independent of the choice of §; > 0
and m. For the function w1, this implies by the Sobolev embedding for b-metrics
that
v € .’E?Hrﬁii&icgo(ﬁi X [O,EZ]) \ (51 > 0.
On the other hand, by Lemma 6.3 and Theorem 6.2, there exists a unique v3 €

Ef (=6:)UF;, B}, (=6;) —=
phe A (D; x [0, ¢]) such that

(P = A\)v3 = [,

A
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Thus, setting u; = 77 and Uy = vy + U3, we have that
(P, = AN)(@1 +u2) = f1 + fa
By the injectivity of the operator P; — X\, we conclude that
U= Uy + Us.
Since u is supported in D; x [0, %), we also have that
= x(w;)uy + x(z:)uz,

where x € C2°([0,¢;)) is a cut-off function with x(t) = 1 for t < § and x(t) = 0 for
t > 3% In other words, replacing u; by x(z;)u; if needed, we can assume both
and Uy are supported in D; x [0, 2). Since u; = v € x?ﬁﬁ"f‘;icg‘) (D; x [0, ¢]) for
all §; > 0, the theorem follows by taking u; = (®; x Id)*u; and us = (®; x Id)*u..

H(_5\OFE  ~
From the definition of us, we only know a priori that us € Afgg ( 6)UF(X ) for some

5 € (Ry)*, but since up = u—uy € z*Ce2(X), we see that us does have the claimed
regularity at the boundary.

O

7. FULL ASYMPTOTICS OF KAHLER-EINSTEIN METRICS ON QUASIPROJECTIVE
MANIFOLDS

In this section, we suppose that the divisor D is smooth and is such that K+ +
[D] > 0, in which case the regularity results of § 6 will be useful to obtain the full
asymptotics of the K&hler-Einstein metric (5.4). To do so, it will be convenient to
write the associated complex Monge-Ampere equation with respect to a background
Kéhler form slightly different than the one given in (5.3).

First, notice that if Dy,..., D, are the irreducible components of the divisor
D, then the holomorphic sections si,...,s; define a holomorphic section s =
®e s; € HY(X;[D]) such that s~1(0) = D. Moreover, the Hermitian metrics

i=1

on [D1],...,[D,] define a Hermitian metric || - |5 on the line bundle [D]. Now,
a volume form  on X induces a Hermitian metric for the canonical line bundle
K~. Thus, such a volume form together with the Hermitian metric || - |7 induce
a Hermitian metric on the line bundle K+ + [D]. By the extension theorem of
Schumacher [24, Theorem 4], we can choose the volume form 2 on X such that the
induced hermitian metric on K+ + [D] has positive curvature and restricts on each
irreducible component D; to be the Hermitian metric on (K + [D]) {E = K5, in-
duced by the volume form nwfalz on D;, where WKE,; is the Kahler-Einstein metric
of (5.8) on D;. With such a choice, the curvature form /—10 Kyt (D) 18 such that
its restriction to D; is precisely the Kihler form WKE,i-

Instead of the Kahler form (5.3), consider the form

w=—/—1 0dlog < ) + V=1 991og ((—logells||%)?)

Q
2
sl

(r1) VIO 2V (%)

log e]|s1%;

W) ((alogellsl'jg) /\(310g<5||s2D)> |

(log e]|s]|%)*



ASYMPTOTICS OF COMPLETE KAHLER METRICS OF FINITE VOLUME 53

which for € > 0 sufficiently small is Kéahler. As for the Kéhler form in (5.3), the
Kéhler form (7.1) induces an asymptotically tame polyfibred cusp Kéhler metric.
Using w as a background Kahler metric, we can then obtained a Ké&hler-Einstein
metric wkg = w+v/—100u by taking u € Ce2(X) to be the solution to the complex
Monge-Ampere equation

(7.2) log <@) —u=F=log ( Q) ecE(X),

where © is the volume form

~ 0] ~ ~
(7.3) Q= € C2(X; A (T X)),

(1151125~ tog(el1s]12))2)

As the next lemma shows, the restriction of the function F to D; vanishes.

Lemma 7.1. If the volume form Q and the Hermitian metric || - || are chosen as
above, then the function F in (7.2) is such that

F— x5 ((n 1)WKE1 (vt ®D|D )> € x?Cf%O()A(:).

n—1
WKE,i

In particular, the restriction of F to D; vanishes.
Proof. To proceed, we will use local holomorphic coordinates ((, 22, ..., 2,) as in
(2.3) with ¢ corresponding to the section s = ®§:1 s; with respect to some choice

of local trivialization of [D]. In such local coordinates, the Hermitian metric | - |5
takes the form

(7.4) Isll% = hl¢I®

for some smooth real valued function h. Similarly, in these local coordinates, the
form Q is given by

Q=vd{ NdC Ndzg NdZa A ... Ndzy N dZp,
for some smooth function . Our assumption on the form {2 is then that

Pdzeg NdzZo A ... Ndzp NdZ,

(7.5) - =gy
D;
Thus, in these local coordinates, the difference
n—1 =
Q NWKE,; d¢ A d¢
(7.6) - AvV—1
(Isl%(—logel[s[I%)?)  (—logells];)? I¢1?

is in p;C°(X; A2 (*T* X) © C) where p; = |sill5,- On the other hand, since the
restriction of v =10 55 to D; is wkg,i, we see from (7.1) and using (2.67) that

n—1

MWk ; d¢ A dC
7.7 = . -1-—
7D " = Hogelslze V1R

(”(” )(“')KEz (V—-165) A (WdCAdC) e
’ (logells]|%5)2¢[? ’
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with v € 22C°(X; A2 (“T*X) ® C)) and a2} = ﬁ By Lemma 1.3, no-
ogez||s||p
tice that at the cost of changing v, we can replace x} in (7.7) by x; = m.

Combining (7.6) and (7.7), we thus see that in the local coordinates (, z),

Q0 — Dwpps A (V-1 055
F = IOg <5}1) =T <(n )WKEJ ( DIDI)) +,U/7

n—1
WKE,;

with p € 22Cg° ()? ). The result of the lemma then easily follows from this local

description.
O

Consequently, with this choice of volume form € and Hermitian metric | - |5
described above, the induced Kihler form w € C2°(X; A2(*T*X) @ C) defined in
(5.3) has standards spatial asymptotics {w; }{_, and {¢;}{_, given by
(7.8) Wi = WKE,iy Ci = 1, Vi € {1,...,5}.

The solution of the complex Monge-Ampere equation

( (wi + V—=190u;)" !
log

(7.9) — ) —u = F; € C*(D;),

i

is thus simply u; = 0, since w; = wkg,; and the restriction F; of F' at D, vanishes.
By Theorem 5.1, which really in the case D is smooth is Schumacher’s results [24,
Theorem 2], we know that there exists v > 0 such that the solution u to the complex
Monge-Ampere equation (7.2) is in 2”Cg2(X), where z = Hle x;. Using this fact
and Theorem 6.7 we now proceed recursively to construction the full asymptotic of
u at infinity. Let us start by identifying the first term in the asymptotic expansion
of u. To this end, it will be convenient to have a cut-off function x € C2°([0, 00))
with x(¢) =1 for t < % and x(t) = 0 for t > 1, as well as its reparametrized version

xr(t) = x(%) for r > 0.

Lemma 7.2. There exist constants Bl € R and functions b; € C*(D;) such that

4

U — Cy (Z Xr(mi)xi(gi log x; + b,)) € x1+6C§C°(X)
i=1

for some 6 > 0 and r > 0, where ¢ is the collar neighborhood map introduced in

(6.3).

Proof. By our choice of w, the Monge-Ampere equation satisfied by u € 2¥C(X)
is of the form

(w + v—l@@u)”)
tog

—u=F, FeiCXX).

Taking the exponential on both sides, this can be rewritten as

(7.10) 1+ A,u+ Z GY(u) | e ™™ = el
j=2

with

G (h) = n! (w"j A (vV—100h)’

=T o > , helCZ(X).
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In particular, since u € #/C>(X), we have that G¥ (u) € 27¥C>(X). We have also
that e/ — 1 € 2Cg°(X). From (7.10), we therefore conclude that

(7.11) (Ay —Du=fi+ fo, f1€a®CX(X), freaCP(X).

This is a situation where Theorem 6.7 can be applied with A = 1. In this case, the
smallest z such that —v/—1z € Specy(P;1) is z =1 for all i € {0,...,¢}. Moreover,
in this case,

(7.12) Pii(—V-1) = A,

with kernel given by the constant functions. On the other hand, fo € 2Cg° ()? )

means that fo is a polyhomogeneous function in AZ (X) with index family F =
(F1,...,Fp) given by F; = N x {0} for all 4.
Thus, if 2v < 1, we can apply Theorem 6.7 to equation (7.11) to conclude that

u ez °CR(X), Vé>0.

Repeating this argument if necessary, we can thus assume u € 2”Cg°(X) with

v > % In this case, applying Theorem 6.7 to (7.11) gives us a function v €
&+ (0VOF , ~
Afcl (O)Uf(X) Na?=°C(X) for all § > 0 such that

u—v € OCE(X), Vi>0.

From the definition of the index set EM(O)UFi7 the only elements (z, k) with z =1
are (1,0) and (1,1). Thus, removing higher order terms in the asymptotic expansion
of the function v, we can assume that

¢
V= Cy <Z Xs(xi)xi(éi log z; + bz)>

for some b;, b; € C*° (D;). Moreover, from the proof of Theorem 6.7 and Lemma 6.5,
we know that b; has to be an element of the kernel of P; 1(—/—1) = A,,, that is,
it must be a constant.

O

We can now proceed by induction to improve this result.

Proposition 7.3. For each m € N, there are an index set E™ = (E{*,...,E}")
and a polyhomogeneous function v, € A" (5(:) Nxt=0C(X) for all § > 0 such
that

U — vy € 2"TCE(X)
for some a > 0.

Proof. We proceed by induction on m. The case m = 1 is given by Lemma 7.2.
Suppose that the statement of the proposition is true for m = k. We need to show
it is true for m = k + 1. By our induction hypothesis, there is an index family £*
and a polyhomogeneous function vy € Afck ()?) Nzt =9Ce(X) for all § > 0 such that

u — vy € 2FTUCE(X)

for some a > 0. Since v, € x%CfCO(X), by replacing v, with x (% )vy if needed,
where x € C2°([0,00)) is a cut-off function with x(¢) = 1 for ¢t < 1, we can assume,
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by taking r > 0 sufficiently small, that the norm of vy, in CZ (X) is sufficiently small
so that

% < w+ V—=100v;, < 2w.

In particular, wy = w + v/199vy, is also a Kéhler form on X.
Now, by hypothesis, the function uy, = u — vy, is in zF¥T*Cg(X) for some a > 0.
From the equation satisfied by u, we see that wuj satisfies the equation

(7.13) ((wk + V100w

w
Now, since u — vy € 2*+2Cg(X), we have that

((w + Ji@(%@”)

) e~ =ef%  where Fj, =F + vy + log (wn> .
Wi,

—Fj, =log —v — F

(w + v/—190v;)" (w+/—100u)"”
= | log — v | —(log| ———— ] —u
w w
is also in xk+aC§°(X). On the other hand, since v, and F' are polyhomogeneous,
this also implies that F} is polyhomogeneous. Thus

e =14 fr,  fr € 2"HC(X) N ALF(X),

for some index family Fj and equation (7.13) can be rewritten as

(7.14)

(7.15) L Ay up + Y G () | €7 =1+ fi,
j=2

where

G2 (h) =

! "+ A (V=100h)!
(@ A Y, necEx.
(n— 7)1 wi
Since uj, € zFT*Cp(X), this means G%*(u) € 2/¥Cpe(X). Thus, we deduce
from (7.13) that there exists a function wy, € x2¥+29C2°(X) such that

(Awk - 1)uk =wg + [-

Furthermore, since (A, — A, )ug € 22F22C°(X), we see in fact that we can write
(7.16) (Aw — Dug = g + f,
for some wy, € x%“acgf (X). We are now in a position to apply Theorem 6.7, which

stipulates that there exists a polyhomogeneous function hgy1 € Afgcl(o)U}-’“ ()~( n

zk+ea=9C2(X) for all § > 0 such that
up — hyyy € 22247002 (X)) V4 > 0.

Thus, the function vg 1 = v + hi41 satisfies the statement of the proposition for
m = k + 1, which completes the inductive step. O

This finally gives the following result.

Theorem 7.4. Suppose the divisor D is smooth and such that K+ + [D] > 0.
Suppose also that the volume form € on X used to define the Kdihler form w

in (7.1) is chosen so that induced Hermitian metric on K~ + [D] restricts on

(K% + [E])|5_ = Kp, to the Hermitian metric induced by the volume form nwﬁglz
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Then there exists an index family € such that the unique solution u to the Monge-
Ampére equation (7.2) is such that

uwe AL(X)Na'0Ce(X) Vo> 0.
Furthermore, the index family € = (E1,...,Ey) can always be chosen so that
(1,k) ¢ E; fork > 1.
Proof. This is a direct consequence of Proposition 7.3. (]

This has the following consequences for the Kahler-Einstein metric wkg of (5.4).

Corollary 7.5. Suppose the divisor D is smooth and such that K+ + [D] > 0.
Then there exists an index family € = (E1, ..., Eyp) such that

wie € AL(X; A2 (T X) @ C),
where wgg 1s the Kdhler-Einstein metric (5.4) obtained by solving the Monge-
Ampére equation (5.5). Furthermore, each index set E; can be chosen so that

(Z7k) EEia z<1 - (Z7k) € {(070)7(1a0)7(171)}
Finally, wgg has well-defined standard spatial asymptotics given by {wKE’i}le and

{1}_, where wkg; is the Kihler-Einstein metric given by (5.8).

The logarithmic terms in the asymptotic expansion of the Kéhler-Einstein metric
do not necessarily appear. For instance when n = dime X = 1, we know from [1]
that wkg is in CECO(X A2(fT*X) @ C), so that there is no logarithmic term in
that case. This is very particular to complex dimension 1. As the next criterion
indicates, logarithmic terms do appear when n > 2.

Theorem 7.6. Let u be the function of Theorem 7.4. Then the constant b; such
that

u— biz;logx; € 2,00 (X)
is given by
2(n—1) fﬁi c1(TD)" 2 Uci(ND;)
3 fﬁ- c1(TD;)n=1
where NDj is the normal bundle of D; in X.

b= —

)

Proof. Choose {2 as in Theorem 7.4. By Lemma 7.1, the coefficient of the term of
order z; in the Taylor series of ef” at D; is given by

o (”*1)WKE1 (V-16pl5 )
L n—1
WKE,i

The term b; will be nonzero provided the function ¢; is not in the image of the
O-Laplacian A, ,. This is the case provided

fD % KE 1 # 0
Di KE N
But from the definition of ¢;, we have that
fD c1(TD;)"~ 2Ucl(ND)

f5, e1(TDi)™~

I; =
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From Lemma 7.2, we know the constant b; must be such that
(A, — 1)(bz;logx;) — Liw; € x170C(X)  for some § > 0.

From the asymptotic behavior (6.8) of A, near D;, we conclude I;Z = 2;1' and the
result follows.

O
Example 7.7. Take X = CPy and D, C CPy to be a smooth curve of degree d > 4.

In that case, K+ + [D1] > 0 so that there is a Kdihler-Einstein metric on X =
CP, \ D; obtained by solving the Monge-Ampére equation (5.5). By Theorem 7.6,
the coefficient by of the term of order x1logxy in the asymptotic expansion of the
solution u € Cg2(X) to the Monge-Ampére equation is given by

~ 2d

=55

When D has normal crossings, this criterion can also be used to show in certain
cases that the Kahler-Einstein metric is not an asymptotically tame polyfibred cusp
metric. Here is a simple example.

Example 7.8. Take X = CP3 with D = D + D5, where Dy is a hyperplane and
Dy C CP3 is a smooth hypersurface of degree d > 4 intersecting Dy transversely.

In that case, K& + [D] > 0 and there is a corresponding Kdhler-Einstein metric
wkg. By Theorem 5.1, it has standard spatial asymptotics given by {wkg,;}?_, and
{1}2_,. By the previous example, the asymptotic expansion of WwKE,1 tnvolves some
logarithmic terms. In particular, the Kdahler-Finstein metric on X cannot be an
asymptotically tame polyfibred cusp metric in this case, that is, the solution u to
the Monge-Ampére equation (5.3) cannot be in Cg2(X).
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