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This treatment of the general unitary groups is modelled on the reports ‘Conjugacy Classes
in Finite Special and General Linear Groups’ and ‘Conjugacy Classes in Finite Symplectic
Groups'. It also uses ideas from the preprint [2] and the C code of Sergei Haller implementing
conjugacy classes for the conformal unitary groups (see the file classes_classical.c).
The conjugacy classes are obtained by first computing a complete collection of invariants,
determining a representative matrix for each invariant and then computing the order of its
centraliser directly from the invariant. This construction is based on the work of Wall [4].

1 Finite unitary groups

For a prime power ¢, let k = GF(¢?) and leto : k — k : x > X _denote the automorphism of
k defined by x = x?. If f(t) = ao + ait + -+ ayt" € klt], let f(t) = do + ait +--- + a,t".

The general unitary group

The general unitary group GU(n, q) considered here is the set of n x n matrices A over the

field k such that AANA" = A, where A is the transpose of A4 and A is the ‘standard” hermitian
form

00 0 1

00 1 0
Ay =

0 1 00

10 .- 00

The description of the conjugacy classes of GU(n, g) closely parallels the description of
the conjugacy classes of GL(n, ¢) and Sp(2n, g).

The group GU(n,q) acts on V = k™ and for g € GU(n, q), the space V becomes a k|t]-
module Vg by defining vf () = vf(g) forallv € V and all f(¢) € k[t]. The hermitian form
on V preserved by GU(n, q) is defined by B(u, v) = uAv".

The conformal unitary group

The conformal unitary group CGU(n, q) is the group of linear transformations g such that
B(ug,vg) = A(g)B(u,v) forsome A(g) € k> andallu, v € V. In matrix terms this is equivalent
to ANA" = A(g)A. On applying the automorphism o we see that A(g) € ko, the fixed field
ofo.



If we identify 6 € k with the corresponding scalar matrix we have B(u0, vf) = 06 and
since the norm map is onto we see that CGU(n,q) = Z GU(n, q), where Z is the centre of
CGU(n, q).

Therefore, if g1, g2, ..., gr represent the conjugacy classes of GU(n, q), the conjugacy
classes of CGU(n, q) are represented by the elements ¢’ g;, where ¢ is a primitive element of
k,1<i <gand1 < j <r. Thus from now on we restrict our attention to the general unitary

group.
import “common .m” : centralJoin, convert;
import “Classes/translate/translateU.m”: tagTloNameGU, tagToNameSU ;

2 Polynomials and partitions

If P is the set of all partitions and & is the set of all monic irreducible polynomials (other
than t), then for g € GL(n, ¢?) there is a function u : ® — P such that

Ve = €D kltl/ (£ (2.1)

fed,i

and u(f) = (u1(f), u2(f)..... ) is a partition such that

> " deg(f)lu(f)l =n.

fed

If g € GU(n, q) there are restrictions—to be determined in the sections which follow—on
the polynomials that can occur in this decomposition.

Polynomials

Definition 2.1.

(i) Let f(¢) € k[t] be a monic polynomial of degree d such that f(0) # 0. The twisted dual
of f(t) is the polynomial

F) =70 4T a.
(ii) The polynomial f(t) is ~symmetric if f(1) = f(t).

(iii) A polynomial f(¢) is ~irreducible if it is ~symmetric and has no proper ~symmetric
factors.

The monic polynomial f(t) = ag +ait +---+ag_1t?~! + 1% is ~symmetric if and only if

apap =1 and ay_; =apa; for0<i <d. (2.2)

It is clear that for monic polynomials f and g we have f: = f and (]f’?g/) = fg.

intrinsic TILDEDUALPOLYNOMIAL( f :: RNGUPOLELT ) — RNGUPOLELT
{ The twisted dual of the polynomial f }

eseq := COEFFICIENTS(f);

ap := eseq[1];



require ag ne 0 : “Polynomial must have non-zero constant term’;
K := COEFFICIENTRING(f);
flag, q := ISSQUARE(#K);
require flag : “Field size must be a square”;
cseq :=[e9:eineseq];
return cseq[1] ™" * PARENT(f) | REVERSE(cseq);
end intrinsic;

If g preserves the hermitian form B, then for all u, v € V we have

Blug,v) = (u,vg™")

and thus for f(¢) € k[t] B
Buf(g),v) = B, vf(g™h). (2.3)
In particular, if m(¢) is the minimal polynomial of g, then vini(g~!) = 0 for all v and therefore

g%m(g~") = 0, where d is the degree of m(t). Thus m(g) = 0 and it follows that m(¢t) = m(z);
that is, the minimal polynomial of g is ~symmetric.

Lemma 2.2. Let f(t) be a monic ~irreducible polynomial.

() If f(t) is reducible, there exists an irreducible polynomial h(t) such that f(t) = h(t)h(t) and
h(t) # h(t).

(i) If f(¢) is irreducible, the degree d of f(t) is odd and Eqd“ = 1 for all & such that f(§) = 0.

Proof. (i) Suppose that i(t) is an irreducible factor of f(¢). Then g(¢) divides F(t) = f(r)and
since f(¢) is ~irreducible f(¢) = h(t)ﬁ(t) and E(z) £ h(t).

(ii) (Ennola [1, Lemma 2]) Let & be a root of f and let ¢ be the order of §&. Then f = f
implies f(EH =0and so f(§79) = 0. The Galois group Gal(k[£], k) is generated by

2
x> x4

and therefore £~ = i (£) = £9°”' for some i such that 0 < i < d. Since |k[£]| = ¢?¢ we also
have £9° = £. Thus ¢% 1 = —1 (mod e) and ¢2¢ = 1 (mod e).
Let s = gcd(2i — 1,2d). There exist integers a and b such that

s =a(2i — 1)+ 2bd

and it follows that g% = ¢?@—D+2bd = (_1)@ (mod e). But s is odd, hence s divides d and
since a is odd, ¢* = —1 (mod e). Thus if 4 is even, ¢¢ = 1 (mod e). But then t9/2(¢) = &,
which is a contradiction. Therefore d is odd, ¢¢ = —1 and so £4°+! = 1. |

intrinsic TILDEIRREDUCIBLEPOLYNOMIALS( @ :: RNGINTELT, d :: RNGINTELT ) — SEQENUM
{All monic polynomials of degree d with no proper
tilde-symmetric factors}
K := GF(q?);
P := POLYNOMIALRING(K) ;

¢ is a generator of the group of field elements of norm 1.

& := PRIMITIVEELEMENT(K) (‘7_1);



if d eq 1 thenreturn [P| P.1—£' ;i in[0..q] ]; end if;
m:=d div 2;
if ISEVEN(d) then
pols := (meq1)select [P| P.1—a:ainK |ane0]
else ALLIRREDUCIBLEPOLYNOMIALS(K, m);
pols := SETSEQ({ hxhh : h in pols | h ne hh where hh is TILDEDUALPOLYNOMIAL(h) });
else /disodd
pols := [P| ];
V := VECTORSPACE(K, m);

Construct all ~symmetric polynomials of degree d.

forj:=0to g do
ao = £';
forvinV do
eseq := [ag] cat ELTSEQ(V);
eseq cat:= [agxeseq[m+1—j]9 :jin[0..m—1]] cat [K ! 1];
f:=Pleseq;
if ISIRREDUCIBLE(f) then APPEND(~pols, f); end if;
end for;
end for;
end if;
return pols;
end intrinsic;

Conjugacy class invariants

Proof We shall see that elements g1,g> € GU(n,q) are conjugate in GU(n, g) if and only if
required!  they are conjugate in GL(n,¢?) and the conjugacy classes in GU(n, ¢) are parametrised by
sequences [ ( f,A) | f € D, AeP ], where @ is the set of ~irreducible polynomials.
The class invariants can be constructed in several steps. Firstly, choose a partition v =
[n1,n2,...,ng] of d. If v has m parts of size n, choose m polynomials of degree n (with
repetition) represented as a list £ of pairs, where ( f,r) indicates that the polynomial f* of
degree n has been chosen r times.
Secondly, refine £ by replacing each pair ( f,r) by ( f, 1), where A is a partition of r. This
refinement step is carried out by the following function.

refine := function(§)
A =[{@ @}];
for n in &£ do
L=l
f, r := EXPLODE(7);
for A in PARTITIONS(r) do
B = convert(A);
for 7 in A do APPEND(~T", INCLUDE(7, <f, 8> )); end for;
end for;
A =T;
end for;



return A ;
end function;

intrinsic INTERNALCLASSINVARIANTSGU( d :: RNGINTELT, g :: RNGINTELT : SUBSET := “A11")
— SEQENUM
{The sequence of conjugacy class invariants for the general
unitary group GU(d,q) }
if SUBSET eq “Unipotent” then
t := POLYNOMIALRING(GF(g?)).1;
return [ {@ <t — 1, convert(part)> @} : part in PARTITIONS(d)];
end if;
pols := [TILDEIRREDUCIBLEPOLYNOMIALS(q, k) : k in[1..d]];
polsz := [{1..#pols[k] } : k in[1..d]];
ptnz :=[convert(L) : A in PARTITIONS(d)];
inv :=1];
for § in ptnz do
prev := [{@ @}];

for term in § do

ss:=[];
n, m := EXPLODE(term);
pp := pols[n];

for S in MuLTISETS(polsz[n], m) do
if SUBSET eq “Semisimple” then
E = [{@ @}];
fori — rinSdo
E := [ INCLUDE(m, <pp[i],[<1,r>]>) : mwin E];
end for;
else
E:=[<pplil,r>:i - rinS];
B := refine(§);
end if;
for stub in prev do
for 7 in E do APPEND(~ss, stub join rr); end for;

end for;
end for;
prev := ss;
end for;
inv cat:= ss;
end for;
return inv;

end intrinsic;
Given the sequence pif of primary invariant factors ( f,m) of a unitary matrix, for each
polynomial f combine the multiplicities m into a partition and replace f by f f if f # f.
primaryTildeFactors := function(pif)
P := PARENT(pif[1][1]);
pols := [P| [;



parts :=[];
duals = [P] ];
j=1;
for i := 1 to #pif do
f = pif[i][1]; ndx := pif[i][2];
h := TILDEDUALPOLYNOMIAL(f);
if f eq h then
if j eq 1 or pols[j—1] ne f then
pols[j] :=f;
parts[j] := [I;
j+=1;
end if;
APPEND(~parts[j—1], ndx);
elif f notin duals then  / skip if in duals
if ISEMPTY(duals) or h ne duals[#duals] then
APPEND(~duals, h);

pols[j] := hxf;
parts[j] := [I;
j+=1;
end if;
APPEND(~parts[j—1], ndx);
end if;

end for;
return pols, parts;
end function;

3 An orthogonal decomposition

In this section we show that for g € GU(n,q) = GU(V) and the corresponding function
pn: ® — P, the direct sum decomposition (2.1)

Ve = @ klr/ ()1 (3.1)
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can be converted to an orthogonal decomposition and the calculation of the conjugacy class
of g can be reduced to studying the restriction of g to each component.

Definition 3.1. For each irreducible polynomial f(t), the f-primary component of (3.1) is

Vigy = @k[t]/(f)"“i(f) = {v | vf(g)" = 0 for sufficiently large i }.

i>1
Lemma 3.2. V() is orthogonal to V(y unless h(t) = ().

Proof. Choose i large enough so that uf(g)’ = 0 for allu € V(). Then for all u € V() and
veV

B, vf(g™h)) = Buf(g),v) =0,



whence V| ry is orthogonal to V f(g).

It f (1) # h(z), then by irreducibility there are polynomials r(7) and s(¢) such that 1 =
r(t)h(t) + s(t) f(¢). It follows that for large i and v € V() we have v = vs(g) f(g) and
therefore the map )

Viny = Vi : v > vf(g)

is a bijection. Hence V| r) is orthogonal to Vy,. m]

Corollary 3.3. Vy = | , V( #), Where f ranges over all ~irreducible polynomials and where

Vay ® Vi [ = hh and h # h;

Vin = 5 ‘
Vi f = f isirreducible.
Corollary 3.4. If h(1) is irreducible but not ~symmetric, then Vyy and Vg, are totally isotropic and
Viny @ V5, is non-degenerate.

Proof. It follows from the lemma that V() and V;, are totally isotropic and from the previous
corollary Vi) @ V) is non-degenerate. m|

Lemma 3.5. If f is ~symmetric, V{ sy splits as an orthogonal sum V(sy = V1 L V2 L ... L V',
where each V' is annihilated by f(g)' and is free as a module over k[t]/(f?).

Proof. (Milnor [3]) The primary rational decomposition of Vi syis Vi sy = W1 @ Wo @ --- @ W,
with W; free as a k[t]/(f*)-module but where the decomposition may not be orthogonal.
Suppose that W, N W= # 0. Since W, N W;t is g-invariant we may choose u € W, N W,- such
thatu # 0and uf(g) = 0. But thenu = vf(g)" ! for some v € W,. Fori < r and w € W; we
have

Blu,w) = Buf(e) " w) =B, wf(g™) =0

because f = f and i < r. Thus u is in the radical of 8, which is a contradiction. It follows
that V) = WX L W, and the proof is complete by induction. m|

The polynomials f such that x( f) isnon-trivial are divisors of the minimal polynomial of
g, which is ~symmetric. Therefore we may restrict . to the set ® of ~irreducible polynomials.

Represent 1 as asequence [ ( f,A) | f € D)= w(f) # @], where @ denotes the trivial
partition.

intrinsic INTERNALCONJUGACYINVARIANTGU( g :: GRPMATELT ) — SEQENUM
{The conjugacy class invariant of the unitary matrix A}

F := BASERING(9);

std, _ := STANDARDHERMITIANFORM(NROWS(g), F);

e := DEGREE(F) div 2;

require g*std*FROBENIUSIMAGE(TRANSPOSE(g), €) eq std :

‘matrix is not in the standard unitary group”’;

pif := PRIMARYINVARIANTFACTORS(g) ;

pols, parts := primaryTildeFactors(pif);

return {@ <pols[i], convert(parts[i])> : i in [1..#pols] @} ;
end intrinsic;



4 Unitary companion matrices
Given g € GU(V), suppose V = V(3,) & V(ﬁ) where h(t) # fz(t) and A (t) is irreducible. Choose
abasis vy, v2, ..., v, for V(z) and a basis wy, wa, . .., w, for V(};) such that B(vi, wr—j+1) = 6;;.
The matrices of B and g with respect to this basis of I are

0 A L[4 o
A o) 0 AA TA)

The minimal polynomial of 4 is A(¢)* for some s and the minimal polynomial of A lish (2)°.
If w(h) = (@1, 2, ... ) is the partition determined by A (in the general linear group), the
conjugacy class of g is completely determined by the pair ( f, u(h)), where f(¢) = h(l)h~ ().
Note that A™! = AT = A.
splitCompanion := function(h)
d := DEGREE(h);
A := COMPANIONMATRIX(h) ;
F := BASERING(h);
A, _ := STANDARDHERMITIANFORM(d, F);
e := DEGREE(F) div 2;
return GU(2xd, F) | DIAGONALJOIN(A, A xFROBENIUSIMAGE(TRANSPOSE(A ™), @)% A);
end function;

Next suppose that V is a cyclic g-module and that the characteristic polynomial /(¢) of g
is a power of a ~symmetric irreducible polynomial.

Even degree

If the degree of h(t) is 2d, then h(t) can be written as
h(t) = ap + art +azst> + - +ag_1t9 Vv aot? @y + ag_1t + agot®+ -+ a4 + agr?)

where a; = apay and agag = 1.
Let v be a generator of the g-module V. The matrix of g with respect to the basis v, vg,

.., vg?? s the ‘standard’ companion matrix
(0 1
0
1
0 1
Ch = 0 1
0 1
0 1
\—ao —ay -+ —ag_y | —aodq —aolg—y -+ —dola —dod1 )




—tr
Now set J = (2 PO ) where P is the d x d upper triangular matrix
bo by by -+ by
bo by -+ by
by by
bo
with bg chosen so that by/bg = —ag and where b; = —a;bg for 1 <i < d.

A direct calculation shows that EZJ Cj, = J and so g preserves the hermitian form whose
matrix is J 1. Furthermore J = QAzdatr, where

Q _ (1 PAd) — Qtr‘

Therefore Uj, = @Cha_l satisfies UpApq Ut = Ayyg. Consequently Uy, is the matrix of g
with respect to the basis u1, us, ..., up4 where Q = (g;;) and u; = ij-il qij vg’/ 1. Setting
Vi = Upq—j4+1 for 1 <i < d the pairs (u;, v;) are mutually orthogonal hyperbolic pairs and
we have _
l
Uu; = vg"_1 and v; = ZEi_jvngrj_l 1<i<d.
j=1

Writing Uy, with respect to thebasisuy,us, ..., ug,v4,v4-1,...,v1 and settingb; = —adzo

we have
(0 )
o .
1
0 1/bo
U, = - 4.1
" by by byt | 0 0 0 —ba/bo (1)
1 0 0 —byg_1/bo
I 0 —ba/by
K 1 —=b1/bo
This is the unitary companion matrix of h(t).
For future reference we note that
det(t] — Up) = —(bo/bo) — (b1/bo)t — -+ — (bg—1/bo)t?™" (4.2)

+ (ba/bo)td (Bg—1/bo)t® Tt + - 4 (b1/bo)t?4 ™ 124,

evenCompanion := function( f )
error if f ne TILDEDUALPOLYNOMIAL(f), “polynomial must be ~symmetric”;
e := DEGREE( f ); assert ISEVEN(e);



d:=ediv?2;
F := BASERING(f);
flag, q := ISSQUARE(#F); assert flag ;

Transform the coefficients.
ap := COEFFICIENT(f,0);
flag, bo := HILBERT90(—1/a9, q); assert flag ;
bbaro = b()q
= COEFFICIENTS( f )[2..d+1];
b :=[—ali]xbbary : i in[1..d]];
C := ZEROMATRIX( BASERING(f), e, €);
fori:=1tod—1do

Cli,i+1]:=1;

Cld+1,i+1] := b[i];

Cld+i+1,d+i] :=1;

Cle—i+1,e]:= —b[i]9/bbary;
end for;

Cld,e] := 1/bbary;

Cld+1, 1] :=bg;

Cld+1,e] := —b[d]9/bbary ;
return C;

end function;

Odd degree

Suppose that the degree of h(t) is 2d + 1. Then
h(t) = ap + art + azt®> + -+ agt® + aot® @y + aGg_1t + ag_nt> + -+ + at

where agag = 1.
Taking our cue from [2, p. 16] and extending (4.1) we set

(0 1 \
0o
1
0 1/by
U, = U —E/Eo
bo by -+ bg_y | cu | 0 0 0 —by/bo
1 0 0 —bg_1/bo
1 0 —by/by
1 —bi/bo

Choose the values of ¢, u, by, ..., by so that U, preserves the standard hermitian form and

satisfies det(t/ — Uy) = h(z).
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A direct calculation shows that U;,AU;Ir = A if and only if uu = 1 and cc = by + by.
Furthermore, B
det(t] — Uy) = (t —u) p(t) + (ccu/bo)t?,

where p(t) is the polynomial defined in (4.2). Equating coefficients with %(¢) leads to the
equations

aogo = Mb()

a,@o =ub; —b;_1 forl <i<d

agbo = —uby —by_1 + ccu

aoad_,_l_iZo = —MZd_i +5d+1—i forl <i<d
which simplify to
aozo = ub()
a,~50=ub,~—b,~_1 forl <i <d.

Therefore

i
bi=boy aj/u'™/t! forl<i=<d.
Jj=0
The space V is a cyclic U,-module if and only if ¢ # 0. Therefore, in order to ensure that

V' is cyclic we choose u = 1if f(1) # 0 and otherwise choose u = £/t, wherelisa primitive
element in GF(g?).

oddCompanion := function( f )
The polynomial f should be a power of a ~symmetric irreducible but we don’t bother to
check this.
error if f ne TILDEDUALPOLYNOMIAL(f), “polynomial must be ~symmetric”;
e := DEGREE( f ); assert ISODD(e);
F := BASERING(f);
flag, q := ISSQUARE(#F); assert flag ;

ag := COEFFICIENT(f,0);
if e eq 1 then return MATRIX(F, 1,1, [—ao0]); end if;
d:=ediv2;
a := COEFFICIENTS( f );
¢ := PRIMITIVEELEMENT(F) ;
Fo = sub<F | £(a*1) >,
When f is a power of  — 1 choose u # 1.

if EVALUATE(f, 1) eq 0 then

==,

flag, bo := HILBERT90(u/ay, q) ; assert flag;

bbarg := by 9;

b :=[ &+[ bbargxal[jJuli =/ :jin[1..i+1]]: i in[1..d] ];
else
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u:=1;
flag, bo := HILBERT90(1/ay, q); assert flag ;

bbarg := by 9 ;
b :=[ &+[ bbargx*alj]:jin[1..i+1]]:iin[1..d] ];
end if;

flag, ¢ := NORMEQUATION(F, Fo ! (b[d] + b[d]9) : DETERMINISTIC) ; assert flag ;
C := ZEROMATRIX( BASERING(f), e, €);
fori:=1tod—1do
Cli,i+1]:=1;
Cld+2,i+1] := b[i];
Cld+i+2,d+i+1]:=1;
Cle—i+1,e]:= —b[i]9/bbary;
end for;
Cld,e] := 1/bbary;
Cld+1,d+1] := u;
Cld+1,e] := —cY/bbary;
Cld+2,d+1] := cxu;

C[d+2, 1] = by ;
Cld+2,e] := —b[d]9/bbary;
return C;

end function;

5 Conjugacy classes in unitary groups

Unitary direct sums

If A € GU(2m,q) and B € GU(n, q) we may write A as the block matrix
_(P @
4=k §)

Ao B =

and then the ’central join’

oS o N
oW o
o

belongs to GU(2m + n, q).
The code for centralJoin is in the file common.m but we record it here for completeness.

centralJoin := function( A, B)
d := NrROWS(A);
if d eq 0 then return B; end if;
e := NrRows(B);
if e eq 0 then return A; end if;
assert ISEVEN(d);
m:=d div 2;
X := ZEROMATRIX(BASERING(A), d+e, d+e);
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INSERTBLOCK(~X, SUBMATRIX(A, 1,1, m,m), 1,1);
INSERTBLOCK(~X, SUBMATRIX(A, 1,m+1, m,m), 1, m+e+1);
INSERTBLOCK(~X, SUBMATRIX(A, m+1,1, m,m), m+e+1,1);
INSERTBLOCK(~X, SUBMATRIX(A, m+1,m+1, m,m), m+e+1, m+e+1);
INSERTBLOCK(~X, B, m+1,m+1);
return X;

end function;

In order to form a unitary join of an m x m matrix and an n x n matrix with both m and n
odd we first find the permutation that converts

Am 0 10
(() An) to 0 1

An—l

antidiagPerm := function(m;, m;)
X:=[i:iin[1..mq]] cat[2«xmi+1+i:iin[1..m,]] cat
[ m+1, 2xmi+my+2 ] cat
[2xmi+my+2+i:iin[1..my] ] cat [ my+1+i:iin[1..m]];
return SYM(2xmy+2xmy+2) | X;
end function;

Now observe thatif nn = —1 and ¢t + 7 = 1, then

(F 2 G S5)=( o)

uTransform := function( F, mA, mB)
flag, q := ISSQUARE(#F); assert flag;
¢ := PRIMITIVEELEMENT(F) ;

ti=g/(C+9);
e := I1sOpD(q) select (g—1) div 2 else g—1;
n:=7¢°;

M = MATRIX(F,2,2, [1,n, 1—t,—nxt]);
Z := IDENTITYMATRIX(F, mA+mB);
return DIAGONALJOIN(<Z, M, Z>);

end function;

unitaryJoin := function(A, B)
nA := NROWS(A); nB := NrROws(B);
mA := nA div 2; mB := nB div 2;
mA and mB are Witt indices.

if nA eq 0 then return B; end if;

if nB eq 0 then return A; end if;

if nA eq 2xmA then return centralJoin(A, B) ; end if;
if nB eq 2xmB then return centralJoin(B, A) ; end if;
F := BASERING(A);
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7 := antidiagPerm(mA, mB);
Co := DIAGONALJOIN(A, B);
C := MATRIX(F,n,n, [Co[i”,j™]:i,jin[1..n]]) where n is nA+nB;
X := uTransform(F, mA, mB);
return X«CxX ~':
end function;
With unitaryJoin at our disposal we can construct the matrix of the restriction of g to each
primary component. In the following function f is a ~symmetric reducible polynomial and
W is a partition.

splitComponent := function( f, plist )
factors := FACTORISATION(f);
h := factors[1][1];
assert f eq hxfactors[2][1];
X := ZEROMATRIX( BASERING(f), 0, 0);
for 1 in plist do
e, m := EXPLODE(u);
forj:=1tomdo
X := centralJoin(X, splitCompanion(h®));
end for;
end for;
return X ;
end function;

Now deal with a ~symmetric irreducible polynomial f and a partition j.

nonsplitComponent := function(f, plist)
assert ISIRREDUCIBLE(f);
d := DEGREE(f);
X := ZEROMATRIX( BASERING(f), 0, 0);
for 1 in plist do
e, m := EXPLODE(u);
forj:=1to mdo
X := ISEVEN(d*e) select unitaryJoin(X, evenCompanion(f€))
else unitaryJoin(X, oddCompanion(f€));
end for;
end for;
return X;
end function;

intrinsic INTERNALREPMATRIXGU( inv :: SETINDX[TUP] ) — GRPMATELT
{ A representative matrix of the unitary conjugacy class with
invariant inv }
F := BASERING(PARENT(inv[1][1]));
X := ZEROMATRIX( F, 0, 0);
for polpart in inv do
f, plist := EXPLODE(polpart);
X := ISIRREDUCIBLE(f) select unitaryJoin(X, nonsplitComponent(f, plist))
else unitaryJoin(X, splitComponent(f, plist));
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end for;
return GENERALUNITARYGROUP(NROWS(X), F) ! X;

end intrinsic;

6 Centraliser orders

The centraliser orders of elements of the unitary group can be computed using the functions
A(¢") and B(¢) from Wall [4]. Here f is a polynomial and (e, m ) is a term from the partition

list.
A fn:= func< f, m, Q | ISIRREDUCIBLE(f) select ORDERGU(m, Q) else ORDERGL(m, Q) >;

Kk := function(plist, d)
val :==0;
for u in plist do
e, m := EXPLODE(u);
val +:= (e—1)xm?;
end for;
for i := 1 to #plist—1 do
e := plist[i][1];
m := plist[i][2];
val +:= &+[ 2xexmxplist[f][2] : j in [i+1..#plist]];
end for;
return valxd;
end function;

Here plist has the form [ ..., {(e,m), ...].

B_fn := function(po!_part)
f, plist := EXPLODE(pol_part);
flag, q := ISSQUARE(#BASERING(f)); assert flag ;
d := DEGREE(f);
return g<(Pist.d) & &x[A fn(f, 1u[2],q%) : w in plist];
end function;
The order of the centraliser of an element in the unitary group whose conjugacy invariant
is W.
centraliserOrderGU := func< inv | &«[ B_fn(pol_part) : pol_part in inv | >;

The conjugacy classes of GU(n, q)

classesGU := function(d, q)
ord := ORDERGU(d, q);
L := INTERNALCLASSINVARIANTSGU(d, q);
cc := [car<INTEGERS(), INTEGERS(), GU(d, q)>|
< ORDER(M), ord div centraliserOrderGU(i), M > : v in L | true
where M is INTERNALREPMATRIXGU(u) |;
PARALLELSORT(~cc, ~L);
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return cc, L;
end function;

7 Test code for general unitary groups

ATTACHSPEC(“Conjugacy . spec”);

testDual := procedure()
print “Test TildeDualPolynomial”;
for g in [3,4,5] do
print “q =", q;
F := GF(q?);
0:=iso<F — F|x — x9>;
P<t> := POLYNOMIALRING(F);
forj:=1to5do
Ist :=[ RANDOM(F) : i in [1..6]];
if Ist[1] ne 0 and Ist[6] ne O then
assert DUAL(P ! Ist : t :== F ! 1,0 := 0) eq TILDEDUALPOLYNOMIAL(P ! Ist);
end if;
end for;
end for;
print “Passed\n”;
end procedure;

testDual();

testOgu := procedure(n, q)
printf “Test 0: compare with 7;
printf “Classes (GU (%0, %0) : Al := \"Lifting\")\n", n,q;
G :=GU(n,q);
time reps := CLASSES(G);
delete G;
G :=GU(n,q);
time cc := CLASSES(G : AL := “Lifting”);
assert #SET(reps) eq #cc;
ndx :=1];
for X in reps do
assert exists(i){ i : i in [1..#cc] | ISCONJUGATE(G, X[3], cc[il[3]) };
APPEND(~ndx, i);
end for;
assert #reps eq #SEQUENCETOSET(ndx);
print “Passed\n”;
end procedure;

testOgu(3,2);
testOgu(3,3);
testOgu(3,4);
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testOgu(4,3);

testigu := procedure(n, q)
printf “Test 1: class sizes for GU(%o0,%0)\n", n,q;
f := NCLASSES(“unitary”, n);
assert #INTERNALCLASSINVARIANTSGU(n, q) eq EVALUATE(f, q);
print “Passed\n”;

end procedure;

testigu
testigu
testigu
testigu

5,4);
6,4);
5,5);
6,5);

—_— o~~~

test2gu := procedure(n, q)
printf “Test 2: conjugacy invariants for GU (%o, %o)\n”, n,q;
for 1t in INTERNALCLASSINVARIANTSGU(n, g) do
g := INTERNALREPMATRIXGU () ;
¢ := INTERNALCONJUGACYINVARIANTGU(9) ;
assert 1 eqc;
end for;
print “Passed\n”;
end procedure;

test2gu
test2gu
test2gu
test2gu

4,3);
5,4);
5,5);
6,5);

—_— o~~~

test3gu := procedure(n,r)
printf “Test 3: centraliser orders for GU (%o, %o)\n”, n,r;
S :=GU(n,r);
for 1 in INTERNALCLASSINVARIANTSGU(n, r) do
g := INTERNALREPMATRIXGU( ) ;
assert #CENTRALISER(S, g) eq centraliserOrderGU (1) ;
end for;
print “Passed\n”;
end procedure;

test3gu(4,3);
test3gu(4,4);
test3gu(5, 3);

Conjugacy invariants (randomised)
test4gu := procedure(n, r)
printf “‘Randomised conjugacy invariants for GU (%o, %0)\n”", n,r;

G :=GU(n,r);
for y in INTERNALCLASSINVARIANTSGU(n, r) do
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g := INTERNALREPMATRIXGU (1) ;
h := RANDOM(G);
¢ := CONJUGACYINVARIANTGU(g ");
assert 1 eq c;
end for;
print “Passed\n”;
end procedure;

test4gu(4,5);
testdgu(5,5);
test4gu(6,4);

8 Extended special unitary groups

The extended special unitary group ExtSU(n, ¢, m) of index m is the unique group G such that
SU(n,q) € G € GU(n,q) and m = |G : SU(n, q)|.

Return a diagonal matrix whose image in GU(n, g)/ SU(n, ¢) has order (¢ + 1)/r

diagMatrixGU := function(n, q, r)
F := GF(q?);
& := PRIMITIVEELEMENT(F) ;
A := IDENTITYMATRIX(F, n);

A1, 1]:=€";
Aln, n] := £(=a*r).
return A;

end function;

Construct an extended special unitary group

intrinsic EXTENDEDSU( n :: RNGINTELT, g :: RNGINTELT, m :: RNGINTELT)
— GRPMAT
{The subgroup of GU(n,qg) that contains SU(n,qg) as a subgroup
of index m}
require m gt 0 : “the index should be positive”;
if m eq 1 then G :=SU(n,q);
elif meq q + 1 then G := GU(n, q);
else
divides, r := ISDIVISIBLEBY(q + 1, m);
require divides : “the index should divide g + 17;
G := sub< GU(n,q) | SU(n, q), diagMatrixGU(n,q,r) >;
G ORDER := ORDERSU(n, q) * m;
end if;
return G;
end intrinsic;
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intrinsic INDEXOFSU( G :: GRPMAT ) — RNGINTELT
{The index of the special unitary group in G}
F := BASERING(G);
require ISA(TYPE(F), FLDFIN) : “the base field should be finite”;
msg := “G should contain the standard special unitary
group and be a subgroup of the conformal unitary group”’;
count :=0;
repeat / at most 4 times
flag := RECOGNIZECLASSICAL(G);
count +:=1;
until flag or count gt 3;
require flag and CLASSICALTYPE(G) eq “unitary”: msg;
d := DEGREE(G);
flag, q := ISSQUARE(#F); assert flag ;
ord := assigned G ORDER select G'ORDER else LMGORDER(G);
return ord div ORDERSU(d, q);
end intrinsic;

The determinant of the matrix representing the conjugacy class invariant x.

weight := func< & | &+[x[1]xw[2] : win & ] >;

classdet := func< p | &x[ ((—1)DEGREE(")*COEFHCENT(;‘, 0)) weight(tp/[2])
where f is tol[1] : tol in pu ]>;

The order of the image (under the determinant map) of the centralizer of the matrix
representing .

CENTORDERMODSU := func< q, u | (g+1) div
GCD(APPEND(FLAT([[em[1] : em in pt[2]] : pt in wn]),q+1)) >;

Extended conjugacy invariants

Suppose that m divides ¢ +1, S = SU(n,q), G = ExtSU(n,q,m) and U = GU(n, q). Then
G < U and for g € G the conjugacy class ccly (g) of g in U splits into G-classes cclg (g%) for
suitable u € U. If u € Cy(g)G, then u = ch for some ¢ € Cy(g) and h € G whence g* = g"
is conjugate to g and the converse is clear. Thus the conjugacy classes of G contained in
ccly (g) are represented by the elements g*, where u runs through a transversal of Cy (g)G
in U. A similar calculation can be found in Wall [5].

If { is a primitive element of GF(¢?), the image of the determinant map det : U — GF(q
is the cyclic subgroup of order ¢ + 1 generated by £ = {/¢. The determinant map identifies
U/S with the cyclic group (£). Thus {£' | 0 <i < r} is transversal to Cy(g)G/G in U/G,
wherer = |U/Cy(g)G|.

If v is the conjugacy invariant of g in U we label the conjugacy class of g* in G with
(j.i), where £ is the determinant of u.

2)><

intrinsic INTERNALCLASSINVARIANTSEXTSU( d :: RNGINTELT, g :: RNGINTELT, m :: RNGINTELT )
— SEQENUM

{ The sequence of conjugacy class invariants for the subgroup of

GU (d,qg) containing SU(d,q) as a subgroup of index m}
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error if not ISDIVISIBLEBY( g+1, m ), “m must divide qg+17;
cGU := INTERNALCLASSINVARIANTSGU( d, q );
if meq g + 1thenreturn [ <u,0> : i in cGU |; end if;
conj_inv :=[];
for i in cGU do
if classdet(1)™ eq 1 then
r :=(g+1) div LCM(m, CENTORDERMODSU(q, (1)) ;
forj:=0tor—1do
APPEND( ~conj_inv, <p,i>);
end for;
end if;
end for;
return conj_inv;
end intrinsic;

The matrices

I for0<i <gq

are transversal to S in U.
The sequence of conjugacy class invariants for SU(d, q).

intrinsic INTERNALCLASSINVARIANTSSU( d :: RNGINTELT, @ :: RNGINTELT : SUBSET := “a11")
— SEQENUM
{ The sequence of conjugacy class invariants for the subgroup of
GU(d,qg) containing SU(d,qg) as a subgroup of index m}
if SUBSET eq “Unipotent” then
t := POLYNOMIALRING(GF(g?)).1;
return [ {@ <t — 1, convert(part)> @} : part in PARTITIONS(d)];
end if;
cGU := INTERNALCLASSINVARIANTSGU( d, g : SUBSET := SUBSET);
conj_inv :=[];
for 1 in cGU do
if classdet(i1) eq 1 then
r := (g+1) div CENTORDERMODSU(q, t);
fori:=0tor—1do
APPEND( ~conj_inv, <jt,i>);
end for;
end if;
end for;
return conj_inv;
end intrinsic;

intrinsic INTERNALREPMATRIXEXTSU( inv :: TUP ) — GRPMATELT
{Given an extended conjugacy invariant, return a matrix which
represents the conjugacy class in ExtSU}
W, a:= EXPLODE(inv);
M := INTERNALREPMATRIXGU(1) ;
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F := BASERING(M);
flag, q := ISSQUARE(#F); assert flag;
n := NROWS(M);
if a ne 0 then
1 := PRIMITIVEELEMENT(F)?;
D := IDENTITYMATRIX(F, n);
D[1,1]:=n9;
D[n,n] := 77_1 :
R := PARENT(M) | (D~ '«MxD);
else
R:=M;
end if;
return R;
end intrinsic;

The conjugacy classes of ExtSU(d, g, m)

There is no need to coerce the representatives into the subgroup. This will be done when
the classes are assigned to the group.

classesExtSU := function(d, g, m)
if m eq g+1 then return classesGU(d, q); end if;
U :=GL(d,q?);
ord := ORDERGU(d, q);
cl := [car<INTEGERS(), INTEGERS(), U>|];
L := INTERNALCLASSINVARIANTSEXTSU(d, q, m);
for inv in L do
W :=inv[1];
M := INTERNALREPMATRIXEXTSU(inv);
len := (ord*LCM(m, CENTORDERMODSU(q, t))) div
(centraliserOrderGU (1) *(q+1));
APPEND(~c/, < ORDER(M), len, M >);
end for;
PARALLELSORT(~c/, ~L);
return ¢/, L;
end function;

The following intrinsic is called by INTERNALCLASSESCLASSICAL which itself is called by the
C code matg/access.c/matg_ensure_classes.

intrinsic INTERNALCLASSESEXTENDEDSU( G :: GRPMAT ) — BOOLELT
{Internal function: attempt to assign the conjugacy classes
of the extended special unitary group. Return true if
successful}
/ *
It is assumed that this function is called only when it is known
that G is a finite unitary group.
*/
F := BASERING(G);
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flag, q := ISSQUARE(#F); assert flag;
d := DEGREE(G);
e := DEGREE(F) div 2;
M, _ := STANDARDHERMITIANFORM(d, F);
conformal .= false;
if forall{g : g in GENERATORS(G) | g* M +FROBENIUSIMAGE(TRANSPOSE(g), €) eq M} then
X := IDENTITYMATRIX(F, d);
std := true;
else
forms := INVARIANTSESQUILINEARFORMS(G);
if ISEMPTY(forms) then
vprint CLASSES: “No invariant hermitian form”;
forms := SEMIINVARIANTSESQUILINEARFORMS(G) ;
if ISEMPTY(forms) then
vprint CLASSES: “No semi-invariant hermitian form”;
return false;
else
factors := forms[1,1];
Fo := UNIVERSE(factors) ;
U, ¢ := UNITGROUP(F);
Uop, ¥ := UNITGROUP(Fy);
D, p1, p2 := DIRECTSUM(U, U);
X :=sub< D | [ pi(factors[il@@1/) + p>(DETERMINANT(G./)@@¢) :
iin[1..NGENS(G)] ] >;
m:=#X;
if m ne #F — 1 then
vprint CLASSES: “proper subgroup of CGU"d,Q;
return false;
end if;
J = forms[1,2,1];
conformal := true;
end if;
else
J := forms[1];
end if;
X := TRANSFORMFORM(J, “unitary”); assert TYPE(X) ne BOOLELT;
std .= false;
end if;
vprint CLASSES: “Standard:”, sid;
vprint CLASSES: “Conformal:”, conformal;
m := LCM([ORDER(DETERMINANT(g)) : g in GENERATORS(G)]);
if conformal then
cc := CONJUGACYCLASSES(CGU(d, q9));
L:=1I;
else
cc, L := classesExtSU(d, q, m);
end if;
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if not assigned G CLASSICALTYPE then
if conformal then
G CLASSICALTYPE := (m eq g*q — 1) select “CGU” else “A1tSU”;
elif m eq q + 1 then
G CLASSICALTYPE :
elif m eq 1 then
G CLASSICALTYPE :
else
G CLASSICALTYPE :
end if;
end if;
if not std then
cc:=[ < t[1],t[2], X*t[38]«*X ' >:tincc];
end if;
vprint CLASSES: “assigning unitary classes”;
G CLASSES := cc;
G'LABELS S:={@ x : x in L @};
return true;
end intrinsic;

“GU”;

“sy”

“ExtsSU”;

The following intrinsic is a variant of the old CLASSREPRESENTATIVESGU.

intrinsic INTERNALUNITARYCLASSES(G :: GRPMAT : SUBSET := “A11")
— SEQENUM, SEQENUM
{Conjugacy class representatives and labels for the standard
unitary or special unitary group. The parameter Subset is either
"Unipotent", "Semisimple" or "All" (the default) }
require SUBSET in {“Unipotent”, “Semisimple”, “A11”}: “invalid Subset”;
F := BASERING(G);
d := DIMENSION(G);
flag, q := ISSQUARE(#F);
require flag: “G is not a standard unitary group’;
e := DEGREE(F) div 2;

M, _ := STANDARDHERMITIANFORM(d, F);
require forall{g : g in GENERATORS(G) | g*M*FROBENIUSIMAGE(TRANSPOSE(g), €) eq M}:
“G is not a standard unitary group’;
m := LCM([ORDER(DETERMINANT(g)) : g in GENERATORS(G)]);
if m eq 1 then
L := INTERNALCLASSINVARIANTSSU(d, g : SUBSET := SUBSET);
ord := ORDERGU(d, q);
cc := [car<INTEGERS(), INTEGERS(), G>|];
for inv_in L do
if SUBSET eq “Unipotent” then

W=inv_;

inv:=<inv_, 0>;
else

W= inv_[1];
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inv :=inv_;
end if;
M := G | INTERNALREPMATRIXEXTSU(inv);
len := (ord*LCM(m, CENTORDERMODSU(q, t))) div
(centraliserOrderGU (1) *(q+1));
APPEND(~cc, < ORDER(M), len, M >);
end for;
L :=[ tagToNameSU(u) : u in L ];
elif m eq q+1 then
L := INTERNALCLASSINVARIANTSGU(d, g : SUBSET := SUBSET);
ord := ORDERGU(d, q);
cc := [car<INTEGERS(), INTEGERS(), GU(d, q)>|
< ORDER(M), ord div centraliserOrderGU(w), M > : w in L | true
where M is INTERNALREPMATRIXGU(1) 1;
PARALLELSORT(~cc, ~L);
L :=[ tagToNameGU(u) : p in L ];
else
error “neither SU not GU”;
end if;
return cc, {@ x : x in L @};
end intrinsic;

Test code for special unitary groups

ATTACHSPEC(“Conjugacy.spec”);

testOsu := procedure(n, q)
printf “Test 0: compare with ”;
printf “Classes (SU (%0, %0) : Al := \"Lifting\"™)\n”, n,q;
G :=S8SU(n,q);
reps := CLASSES(G);
delete G;
G :=SU(n,q);
cc := CLASSES(G : AL := “Lifting”);
ndx :=1];
for X in reps do
assert exists(i){ i : i in [1..#cc] | ISCONJUGATE(G, X[3], cc[il[3]) };
APPEND(~ndXx, i);
end for;
assert #reps eq #SEQUENCETOSET(ndx);
print “Passed\n”;
end procedure;

testOsu(2, 3);
testOsu(2,5);
testOsu(2,7);
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testOsu(3,2);
testOsu(3,3);
testOsu(3,4);
testOsu(4,3);

test1su := procedure(n, r)
printf “Test 1: class sizes for SU(%0,%0)\n”, n,r;
f ;= #CLASSES(SU(n,r) : AL := “Lifting”);
assert #INTERNALCLASSINVARIANTSEXTSU(n, r,1) eq f;
print “Passed\n”;
end procedure;

test1su(3,2);
test1su(3,3);
test1su(4,3);
test1su(3,4);
testisu(4,4);

test2su := procedure(n, r, m)
printf “Test 2: conjugacy invariants for ExtSU(%0, %0, %0)\n", n,r,m;
for inv in INTERNALCLASSINVARIANTSEXTSU(n, r, m) do
g := INTERNALREPMATRIXEXTSU(inv);
¢ := INTERNALCONJUGACYINVARIANTGU(g) ;
assert inv[1] eq c;
end for;
print “Passed\n”;
end procedure;

test2su(3,2,1);
test2su(3,3,1);
test2su(3,3,2);
test2su(3,4,1);
test2su(3, 8,3);
test2su(4,3,1);
test2su(4,3,2);
test2su(4,4,1);
test2su(4,4,5);
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