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Abstract

The resolvent (Al — A)~! of a matrix A is naturally an analytic
function of A € C, and the eigenvalues are isolated singularities. We
compute the Laurent expansion of the resolvent about the eigenvalues
of A. Using the Laurent expansion, we prove the Jordan decomposition
theorem, prove the Cayley-Hamilton theorem, and determine the mini-
mal polynomial of A. The proofs do not make use of determinants, and
many results naturally generalise to operators on Banach spaces.

1 Introduction

The Jordan decomposition theorem for square matrices with coefficients in C is
most commonly proved by means of algebraic methods. Every good theorem
has several proofs, which give different insights and generalise into different
directions. The aim of this exposition is to present an approach using complex
analysis. We derive the Jordan decomposition theorem, the Cayley-Hamilton
theorem, and the minimal polynomial from the Laurent expansions about the
eigenvalues of the matrix.

The approach is known to experts in operator theory and functional calcu-
lus and is outlined in [5, Section I.5]. It shows unexpected connections between
topics usually treated separately in undergraduate mathematics. We rely on
elementary properties of vector spaces and basic theorems of complex analysis
such as the Cauchy integral formula and Laurent expansions. These theorems
are valid for vector valued functions ; see |1, Sections 3.10 & 3.11]. They can
also be applied entry by entry in a matrix or vector.

Let V be a finite dimensional normed vector space over C and let A: V — V
be a linear operator. In the simplest case, we have V' = C™ with the Euclidean
norm, and A is a n X n matrix with entries in C. We first demonstrate why it
is natural to analyse the structure of the resolvent
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using complex analysis. In one dimension, A = a is a complex number, [ =1,
and the resolvent corresponds to (A — a)~!. Expanding by a geometric series
about \g # a we get
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if [(A\g —a)™*(A — X\g)| < 1. For a linear operator A, there might be several
points for which (A — A)~! does not exist. We define the resolvent set of A
by

o(A) :={X € C: \I — A is invertible} (1.2)

and the spectrum of A by
o(A):=C\ p(A). (1.3)

For a matrix A, o(A) is the set of eigenvalues because the rank-nullity theorem
implies that ker(AI — A) = {0} if and only if AT — A is invertible. Replacing
A—aby Al — Ain (1.1) and absolute value by operator norm (see (2.1)) we
might expect for Ao € o(A) that

(M — A= i(—nk(m — A" = \)F (1.4)
if _ ]
N o | )

That is, if A\g € o(A), then (A — A)~! can be expanded in a power series about
Ao with radius of convergence at least 1/||(Agl — A)7!||. Hence (A] — A)~! is
an analytic (holomorphic) function of A € p(A), with Taylor series (1.4) at
Ao € 0(A), and o(A) is open. In Section 2 we make these arguments rigorous.

A matrix has only finitely many eigenvalues, so they are isolated singular-
ities of the resolvent. Hence, it is natural to use Laurent expansions about
the eigenvalues to analyse the structure of the resolvent. If Ay, ..., A, are the
distinct eigenvalues of A, then the expansion turns out to be
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where P; is the projection parallel to W; := ker(P;) onto the generalised
eigenspace associated with \;, m; = dim(im(FP;)) and N; is nilpotent with
im(N;) C im(P;). Moreover, \; € o(Alw,) and B; = (\;I — Alw,)~", which is
consistent with (1.4). Note that P; is the residue of (A\I — A)~! at \;, so
1
Pi=— [ (M- A)"d)\, (1.7)
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where C; is a positively oriented circle about A;, not containing any other
eigenvalue of A. Moreover,

1 (M- A

The Laurent expansion (1.6) is the core of our exposition and is discussed in
Section 3.

In Section 4 we prove the Jordan decomposition A = D + N, where D =
AP+ -+ A\ P, is diagonalisable, N := N; + --- + N, is nilpotent, and
DN = ND. By (1.6) the eigenvalues ); are poles of (A — A)~! of order

n;j = min{k > 1: Nf =0} <m;. (1.9)

Hence A is diagonalisable if and only if all of its eigenvalues are simple poles.
The order of A; as a pole of the resolvent is therefore a measure for how far
an operator is from being diagonalisable. We show in Section 5 that p()\) =
H?Zl(/\ — A;)™ is the minimal polynomial of A, and we prove the Cayley-
Hamilton theorem.

2 The resolvent as an analytic map

Let V be a finite dimensional normed vector space over C and let A: V — V
be a linear operator. To deal with convergent series such as (1.4), we need a
metric or norm on the space of linear operators. We define the operator norm
by
|A|l := sup ||Az]. (2.1)
flzll<1

This number is finite for every linear operator on finite dimensional spaces.
Note that every finite dimensional space has a norm induced by the Euclidean
norm on C" and some isomorphism from V to C". As all norms on finite
dimensional vector spaces are equivalent, it does not matter which one we use;
see [8, Sections I1.1-3].

The expansion (1.4) was motivated by a geometric series. The counterpart
of the geometric series in operator theory is the Neumann series.

Proposition 2.1 (Neumann Series). Let B: V. — V be a linear operator and
let

r:= limsup || B"||"/".

n—o0

Then Y ooy B* converges if r < 1 and diverges if r > 1. Moreover, r < ||B|.
If the series converges, then (I — B)™! exists and

(I-B)'= i B*. (2.2)
k=0



Proof. The root test for the absolute convergence of series implies that > ;_, BF
converges if 7 < 1 and diverges if r > 1; see [I, Theorem 8.5]. The partial sum
> h_, B" satisfies the identity

n

(I—B)zn:Bk: (iB’“)(I—B) :zn:Bk—ZBk“:]—B”“. (2.3)

k=0

If 317, B* converges, then B"™' — 0, and letting n — oo in (2.3)

(I—B)iB’f: (iB’“)(I—B):I.

To pass to the limit in (2.3), we use the continuity of multiplication (composi-
tion) of linear operators on V. Hence I — B is invertible and (2.2) holds. Since
|B"|| < ||BJ|", we have r < ||B]|. Hence (2.2) holds if | B|| < 1. O

We can now justify the power series expansion (1.4).

Theorem 2.2 (analyticity of resolvent). The resolvent set o(A) is open and
the map X — (A — A)™! is analytic on o(A). If \g € 0(A), then the power
series expansion (1.4) is valid whenever \ satisfies (1.5).

Proof. We use a calculation similar to (1.1) with a replaced by A. The difficulty
is that we need to show that (Al — A) is invertible for A close to \g, so we
cannot start with (A\I — A)~!. In the spirit of (1.1) we write

M = A= (oI —A)+ (A=) = (T+ (A=)l — A7) (Aol — A) (2.4)

and then show that we can invert. The first term in (2.4) is of the form I — B
with B := —(A — X\g)(X\ol — A)~%. By Proposition 2.1, I — B is invertible if

1O = A0} AT = A) 7 = [A = Aol[ (Aol — 4)7 ]| < 1,

which is equivalent to (1.5). Hence if A satisfies (1.5), then by Proposition 2.1

(T+ (= 2) Aol — A7 = ST (1) (Aol — A)7F (A = )",

hE

i

0
We can therefore invert (2.4) to get (1.4). O

We next prove that o(A) # 0 by giving an operator theory version of a
simple proof of the fundamental theorem of algebra from [7]. The proof relies
only on the Cauchy integral formula and a decay estimate for (A — A)~L.
Having proved that o(A) # (), it makes sense to define the spectral radius

spr(A) :=sup{|A\|: A € g(A)}

of A.



Theorem 2.3. If A is a linear operator on a finite dimensional vector space
over C, then o(A) # (. Moreover, spr(A) = limsup, . [|[A"|'" and for
|A| > spr(A) we have the Laurent series expansion

> k
1 A

M\k+1 :
k=0

(A = A) (2.5)

Proof. Let r := limsup,,_,.. ||A"||"/" and note that

n
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e Y
By Proposition 2.1, the series Y ;- A¥/A* converges if || > r and diverges if
|A| < 7. Moreover, (2.5) holds for |A| > r because
NEHL

1 AN S R
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Hence A € o(A) if |A\| > r and (2.5) is the Laurent expansion of (A] — A)~!
about zero in that region. Because the Laurent expansion is valid in the largest
annulus about zero in g(A), either o(A) = () or there exists A\g € o(A) with
|A\o| = r. Hence r = spr(A) if o(A) # 0.

It remains to prove that o(A) # 0. As r < ||A]| we get from (2.5) that
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for A € C with |A| > ||A||. Suppose that o(A) = C. As A — (A — A)"!is
analytic on C, the Cauchy integral formula yields
1 (M —A)!

A= =
21 IA=R A

d\

for all R > 0. Using the decay estimate (2.6), we obtain

L _2tR M =AY 1
A7l < su <
A= o s SRl

for all R > ||A||. Letting R — oo, we see that [|A™!|| = 0 which is impossible.
Hence o(A) # () as claimed. O

3 The Laurent expansion about an eigenvalue

We have established that the resolvent is an analytic function on o(A) and know
that the eigenvalues are isolated singularities of the resolvent. The centerpiece
of our exposition is the Laurent expansion of (Al — A)~! about an eigenvalue
A €0 (A)



Theorem 3.1. Let Ay € o(A). Then there exist operators Py, Ny and By so
that for X in a neighbourhood of \g

_ k+1
(M — A)~ _ZA AOM - +Z YBEFL N = )P (3.1)
k=0

=1

Moreover, the operators Py, Ny and By have the following properties:

(i
(11 NoPO P()N() = No,'

= Py, that is, Py is a projection;

) R

)

(iii) BoPy = PyBy = 0;

(iv) spr(No) = 0;

(v) APy = PyA = APy + No;
i)

(vi) (Aol — A)By = Bo(Aol — A) = I — P,

We defer the proof of the theorem to Section 6 and now discuss some
consequences. We show that Ny is nilpotent and deduce that every eigenvalue
of A is a pole of the resolvent.

Remark 3.2. By (ii) im(Ny) C im(F), so there exists ng < mg := dim(im(Fp)) <
dim V' < oo so that

ker(Py) C ker(Np) C ker(NZ) C --- C ker(NJ°) = ker(NJ*™) = ... (3.2)

with proper inclusions up to the ng-th power, and then equality; see [2, Prop. 8.5
& 8.6]. If we show that N/ = 0, then Nj is nilpotent, Ny°~' # 0, and ng
is the order of )\ as a pole of (A — A)~!. Once we know this it follows that
No: im(Ng°) — im(N[") is invertible. To show that Nj° = 0 note that from
(iv) zero is the only eigenvalue of Ny. Hence im(Ny°) = {0} as claimed, as
otherwise Ny restricted to im(/Nj°) has a non-zero eigenvalue by Theorem 2.3.
Further note that (3.2) also implies that {Py, No, NZ,..., NJ°~'} is linearly
independent.

Next we discuss the structure of the regular and singular parts of the Lau-
rent expansion.

Remark 3.3. Since P, is a projection we have the direct sum decomposition
V= 1m(P0) D ker(Po).

Choose bases of im(F) and ker(F,) to form a basis of V. With respect to that
basis, P, can be written as a block matrix

I 0
n=1g o
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Similarly, with respect to the basis introduced, (ii) and (v) of the theorem
imply that Ny and A are block matrices of the form

N 0

e oo

In particular, Alwe(py) = Ao and (vi) shows that Ay € o(Ag) With Bo|ker(py) =
(Aol — Ag)~*. Moreover, by (iii), Bolim(r,) = 0, so By is of the form

Bo = {8 (Mol —OAO)*} ‘

In particular, the regular part of the Laurent expansion (3.4) is consistent
with (1.4), and coincides with the power series expansion of the resolvent
(M — Ap)~! about \g. Further note that the singular part of the Laurent
expansion is trivial on ker(Fy) and the regular part is trivial on im(Fp), so the
singular and regular parts live on complementary subspaces.

and A:{)\01—+N O}

0 Al

The above remark proves the following corollary.

Corollary 3.4. Let \y be an eigenvalue of A and let Py, Ny and let By be as
in Theorem 3.1. If mo := dim(im(Fp), then

PoAM — A =\ — APy = o Z o Ao e (3.3)

is the singular part of the Laurent expansion (3.1), and is valid for all X\ €
C\ {\o}. Moreover,

(I—P)MN-A) =N -A)"I-R)= i EBETH N = N)* (3.4)
k=0

is the regular part of the Laurent expansion (3.1) and valid for X in a neigh-
bourhood of \g. Moreover,

(i) V =1im(Fy) @ ker(Fy) is a direct sum;
(il) Ao is the only eigenvalue of A: im(Py) — im(Fy);
(i) Aol — A: ker(FPy) — ker(Fp) is invertible.

In Theorem 3.1(v) we already see how the Jordan decomposition arises
from the Laurent expansion about Ay since \gFy is diagonalisable on im(F)
and Ny is nilpotent. The following proposition is useful to prove uniqueness of
the Jordan decomposition.



Proposition 3.5. Suppose that A = D + N, where D and N are such that
DN = ND and spr(N) =0. Then o(A) = o(D) and

(M — A)~ ZN’“ (A — D)~t+D (3.5)

uniformly with respect to A in compact subsets of o(A). If \g € o(A), then

1 1
Py = (M —A) " dy=— [ (A\[— D) 'd\, (3.6)
27TZ C, 271 C,

where C.. is a circle centred at Ay not containing any other eigenvalues of A.

Proof. If X\ € o(D), then
M—-A=XN—-D—-N=(X-D)(I- (X —D)"'N). (3.7)

By assumption (Al — D)N = N(A — D). Applying (A — D)~! from the left
and from the right we get N(A\I — D)~! = (Al — D)"'N, and so

(NXM —D) ™ ")"=N"(A—-D)™"

for all n € N. Therefore, if K C o(D) is compact, then there exists M > 0
such that for alln € Nand A € K

(N = DY) < IN™[7|AL = D)) < MIN"|Y™,

As spr(N) = 0, for every € > 0 there exists ng € N such that, if n > ny and
A € K, then
[(NAL = D) ™))" | < MIIN"||V" < e. (3.8)

In particular spr(N (A — D)~') = 0. By Proposition 2.1, we can invert (3.7)
to get (3.5) and A € p(A). The convergence is uniform on K because of (3.8).
If A € 9(A), then D = A — N has the same structure with AN = NA, so we
can interchange the roles of D and A and conclude that A\ € (D). This proves
that o(A) = o(D).

If Ao € 0(A), then by the uniform convergence of (3.5) on the compact set
C, we have that

1
Py = (A= A)Hdh = o — Z N* / (M —D)~®tDax.  (3.9)

27TZ C,

From the Taylor series expansion (1.4)
dF
ANk

o (M — D)~%+Y has primitive (AI — D)™* on o(A) for all £ > 1. Hence, all
integrals in (3.9) vanish except for the first one, and (3.9) reduces to (3.6). [

— (M — D)t = k(A — D)~ %+,



4 The Jordan decomposition theorem

In the previous section we looked at the Laurent expansion about a single
eigenvalue of A. Here we look at the expansions about all distinct eigenvalues
A1, ..., Mg of A and use them to derive the Jordan decomposition theorem. For
j=1,...,q we look at the projections P; given by (1.7). We choose C; to be
mutually disjoint positively oriented circles centred at A;, not containing any
other eigenvalues.

Proposition 4.1. For j = 1,...,q let P; be the projection defined by (1.7).
Then

1
I=P+---+F = 5 (M — A)71d), (4.1)
Cr

where Cr is a circle of radius R > spr(A) centred at zero. Moreover,
V=im(P) & im(P) & --- & im(F,), (4.2)
and this direct sum completely reduces A. Finally, for 7 =1,...,q,
im(P;) = ker(A\;I — A)™7, (4.3)
where m; = dim(im(F;)).

Proof. As R > spr(A) the circle Cg encloses all eigenvalues. By the residue
theorem and the Laurent expansion (2.5), we get

ZP Z m/ (A= A)HdA = — (/\I A)~HdA

I 1
Sda=1
" omi Z/ )\’“H " omi Cp A ax

as all terms in the series are zero except the one with £ = 0. We next show
that P; is a projection parallel to Py if k£ # j. We have

<%maa=/

(M — A d)\/ (ul — A) tdu
Cj Ck

_ /Cj /Ck(M —A) Nl — A dpd).

Using the resolvent identity from Proposition 6.1(ii) below we get

A1
(2mi)2P; P, = / / W= A =l = A7
C

= A

1
= M — A7 —dud/\—/ pul — A~ ——dMdp =0,
/cj( ) b= A Ck( ) cjﬂ—)\



since the circle C} is outside C} and vice versa. This completes the proof of
(4.2). The fact that the direct sum reduces A follows from Corollary 3.4.

To prove (4.3) note that Theorem 3.1(v) implies that (A — \;I)™P; =
N =0 and so im(P;) C ker(\;1—A)™. By Corollary 3.4 (A=), I)mJ (I-P))
is 1nJect1ve on ker(P;), so ker(A\;1 — A)mJ C im(P;), proving (4. 3) O

From Corollary 3.4 we know that A: im(P;) — im(P;) has \; as its only
eigenvalue. This motivates the following deﬁmtlon

Definition 4.2. We call im(P;) the generalised eigenspace associated with the
eigenvalue \; and m; = dim(im(P;)) the algebraic multiplicity of A;.

The identity (4.3) ensures that Definition 4.2 agrees with the usual defini-
tion of the generalised eigenspace. We now derive a formula for the resolvent
in terms of N; and P; similar to a partial fraction decomposition of a rational
function.

Theorem 4.3. For every A € o(A) we have the representation

q m;—1 k
P N
-1 _ J j
(A —4) _Z /\_)\.+Z()\_>\.)k+1 :
: J k=1 J

J=1

Proof. Using Corollary 3.4 and Proposition 4.1, for every A € o(A)

(M —A) =\ —A)~ ZP ZM—A)*lpj
7j=1

mj—1
_Z()\ A+; g Ak“)

as claimed. O

An operator D is called diagonalisable if for some direct sum decompo-
sition D acts by scalar multiplication on each subspace. These scalars are
the eigenvalues of D. We are now ready to prove the Jordan decomposition
theorem.

Theorem 4.4 (Jordan decomposition). Let V' be a finite dimensional vector
space over C and A: V — V' a linear operator. Then there exists a diago-
nalisable operator D and a nilpotent operator N such that A = D + N and
DN = ND. If \y, ..., \; are the distinct eigenvalues of A, then

q q
D= NP, and N=)» N, (4.4)
j=1 j=1

where P; and N; are as defined before. In particular D and N are uniquely
determined by A. Finally, A is diagonalisable if and only if all eigenvalues of
A are simple poles of (AN — A)~1
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Proof. By Theorem 3.1(v) AP; = \;P; + N, for j = 1,...,q and therefore by
Proposition 4.1

q q q q q
A=A P=> AP =) (NP +N;) =Y NP+ ) N,
j=1 j=1 j=1 j=1 j=1
Hence if we define D and N as in (4.4), then A = D+ N. It is clear that D is
diagonalisable. By Theorem 3.1(ii) and Proposition 4.1 it follows that

so the direct sum (4.2) reduces N. In particular, N is nilpotent since each N;
is nilpotent and also DN = N D since this is the case on im(P;).

To show the uniqueness of the decomposition, assume that A = D+ N with
D diagonalisable, N nilpotent and DN = ND. Proposition 3.5 implies that
o(D) = o(A) and that the spectral projections are equal. Hence Ay, ..., Ag
are the eigenvalues of D. As D is diagonalisable, DP; = \;P; and NP; =
AP; — \;Pj = N; for j =1,...,q. Hence D =D and N = N as claimed.

The last assertion of the theorem follows since N = 0 if and only if N; =
0 in the Laurent expansion (1.6) for all j = 1,...,q, which means that all

eigenvalues are simple poles. O

To obtain the Jordan canonical form for matrices, it is sufficient to construct
a basis of im(P;) such that the matrix representation of AP; consists of Jordan
blocks; see e.g. [2, Theorem 8.47]. For many purposes the full Jordan canonical
form is not needed as examples in [6] show.

5 The Cayley-Hamilton theorem and the min-
imal polynomial
If p(A) = @, A" + a, 1 A" 1+ -+ + qp is a polynomial, we define
p(A) = ap A"+ a, 1 A" o a A+ aol.

The Cayley-Hamilton theorem asserts that pa(A) = 0 if pa(\) := det(A — A)
is the characteristic polynomial of A. We start by finding a representation of
p(A) reminiscent of the Cauchy integral formula.

Lemma 5.1. If p(A) = a, A" + a1 A" + - - + ag is a polynomial, then

p(A) = —— / PN — A)~d),

o

where Cg is a positively oriented circle centred at zero with radius R > spr(A).

11



Proof. By the linearity of integrals, it is sufficient to consider p(\) = A¥. Using
(4.1), we get from the Cauchy integral theorem that

omi AR = / AR — A)7hd = / (M — (M — A))* (AT = A) " ax
Cr Cr

= i(—m@(’;) /C NN = A) T ax = /C AN AT = A)~hdA

as required. O
Theorem 4.3 allows us to derive a formula for p(A).
Theorem 5.2. If p is a polynomial and p\® its k-th derivative, then

q

p(A) = Z( VP + Z ¢ ) (5.1)

7=1

Proof. From Lemma 5.1 and Theorem 4.3
A) = — I—A)"~ I—A)
p(4) 2m1 / P " omi Z/ 1% HdA

ZQLqu:</ o dAP+Z/ kHd/\N]’?). (5.2)

By the Cauchy integral formula

and therefore L N
W) =—— [ gy
e =50 /Cj (X — \)kH
Substitution into (5.2) yields (5.1). O
We are now ready to prove the Cayley-Hamilton theorem.

Corollary 5.3 (Cayley-Hamilton). If p4 is the characteristic polynomial of
A, then pa(A) = 0.

Proof. The characteristic polynomial is given by pa(\) = [[j_ 1()\ — A",
where m; is the algebraic multiplicity of the eigenvalue A;. Hence p A ( ;j)=0
for 0 <k < m; — 1 and the representation (5.1) ensures that pa(A)=0. O

12



The monic polynomial p of smallest degree such that p(A) = 0 is called the
manimal polynomial of A. According to Theorem 5.2 it is the polynomial p of
smallest degree with

pA) =Y <p<Aj>Pj 53 %N) ~0, 53)

j=1

where n; is the order of \; as a pole of the resolvent given by (1.9). By
Remark 3.2 and Proposition 4.1, the set of operators

{P1<j<qqU{Nf:1<k<n;1<j<q}

is linearly independent, so (5.3) holds if and only if p®*)();) = 0 for all j =
1,...,qgand 0 <k <n; — 1. This proves the following theorem.

Theorem 5.4 (minimal polynomial). Let A be a matriz over C with distinct
etgenvalues Ay, ... \,. Then the minimal polynomial of A is given by

q
p(N) =TT =)™,
=1
where n; is the order of \; as a pole of (\[ — A)~1.

The preceding theorem shows that the minimal polynomial determines the
order of the poles of the resolvent and vice versa.

6 Computation of the Laurent expansion

In this section we prove Theorem 3.1 on the Laurent expansion of the resolvent
about A\g € o(A). The arguments in this section do not use that A\ is an
eigenvalue, nor that dim(V') < co. We first need some elementary properties
of the resolvent.

Proposition 6.1. If (\[ — A)™ and (uI — A)™" ewist, then
(i) AN —A) =N —-A)TA=) A\ - A1 -1,
(i) (I =A™ =M =A== p)(ul —A) A - A)7Y

(iii) (M — A) Nl — A)~F = (ul — A)~Y(N — A)~.
Proof. For (i) we write

AN —A) ' =M - -A))AN —-A) " =X -A) =1
and similarly

M —A) A=A =AM = (A= A) =AM - A — L.

13



For (ii) we note that
(ul = A)((ul = A)™* = (AL = A) )AL - A)
=M—-A) —(ul —A)=A—p)l.
Applying (uI — A)~! from the left and (A — A)~! from the right, we get (ii).
Finally, (iii) follows from (ii) by interchanging the roles of p and A. ]

Property (ii) is often referred to as the resolvent identity. It corresponds
to the partial fraction decomposition

A—p 1 1

(w—a)A=a) p—a A-a

The Laurent series about )\ representing (A — A)~1

e}

A=A = > Bu(A= )", (6.1)

where . (T~ 4)
B,=— [ -2 4\ 6.2
271 /CT (A= o)t (6:2)
and C, is a positively oriented circle of radius r centred at \g, not enclosing
any other eigenvalue of A; see [3, Theorem 8.3.1] or [, Section 3.11]. We

next prove some recursion relations between the B,,. The aim is to be able to
express all B,, in terms of B_y, B_; and By.

Lemma 6.2. The coefficients B,, in (6.1) satisfy the relation

_Bn+m+1 an7m > 07

BB, = B,B,, = Bn+m+1 z'fn,m < 07 (63)
0 otherwise.
Moreover,
B,,_ B '
AB, = B A= Bt 2B ifn#0, (6.4)
B, 1+ XB,—1 ifn=0.

Proof. By replacing A by A\gI — A, we may assume that A\g = 0. Let C, and
Cy be circles of radius 0 < r < s, both centred at zero such that C does not
enclose any other eigenvalue of A as shown in Figure 6.1. Then

(22 B, B, = (/C W;—f)ldx) (/ %d@

(M — Al —A)!
/ / )\n+1 m+1 d'ud)\
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A\

I

Figure 6.1: The circles C, and Cy about 0

In the spirit of a partial fraction decomposition, we use the resolvent identity
from Proposition 6.1(ii) to get

(2mi)?B // (ul — A)~' — (M — A)fldudA

A ,LL /\n-i—l m+1

B (ul — A)~! / 1
_ /C T | sy (6.5)

(M — A)~! / 1
- dp ).
L L

If n,m > 0, then we use the partial fraction decompositions

1 R e s 1 _i 11 (6.6)
)\n—l-l()\ _ M) - )\n—i-lun—i-l()\ _ u) - M"+1(I~L _ A) \n—k+1 ,uk+1 :
and
1 1 o1 1
= _ 6.7
/ijJrl()\ _ /jJ) )\erl()\ _ /JJ) + ;_0 Iumfk:+1 /\k+1 ( )

to evaluate the inner integrals. Note that p € C; is outside the circle C).. Using
(6.6) if n > 0 and the Cauchy integral theorem if n < 0 we get

1 | _ ifn >0,
2mi Jo, ATHA = ) 0 if n < 0.

For the other integral note that if m > 0, then both = 0 and p = X are
singularities enclosed by Cs. Hence, using (6.7) and the residue theorem, we
obtain

1 / 1 dui — 1 I 0
21 Jo, (e — ) H= Am+l ymHl
If m < 0, then only p = A is a singularity, and by the Cauchy integral formula

1 1 P
2mi Je, L\ — ) H= AmA1’
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Hence if m,n > 0, then the second of the inner integrals on the right hand
side of (6.5) is zero, and the other is 2mip~("*1). Therefore

1 I—- At
Ban = _/ u dﬂ = Bn+m+1-
Cs

i pmtn+2

If m,n < 0, then the first of the inner integrals on the right hand side of (6.5)
is zero, and the other is 2wiA~(™*1 and therefore
1 (M —A)!
Ban = _% o W d)\ = —Bn—i-m—i-l.

If n >0 and m < 0, then a similar argument shows that B,B,, = Byimi1 —
Bpints1 = 0. In the remaining case both inner integrals in (6.5) are zero, so
B, B,, = 0. From (6.5) it is also clear that B, B,, = B,,B,. To prove (6.4) we
use Proposition 6.1(i) to conclude that

1 AN — A)! 1 AN — AL — T
AB, = — [ AM A dA
omi Jo AT i /C A+l
1 (A — A)™ I 1 I 1
_ ME N — d\= B, — — dA.
Iri /Cr AP 2 c. A+l 1 o . A+l

This completes the proof of the lemma since the last integral is zero if n # 0,
and is 27i if n = 0. O

Proof of Theorem 5.1. To prove Theorem 3.1 we set
Py:=B_; and N,:= B_,.
First we deduce from (6.3) that
P{=B.B1=B_ 1,1=B_1=Fh
which proves (i). Similarly, applying (6.3) again we get (ii) since
PoNo=B_1B 3 =B 1 2.1 =B2=N,
and B_; and B_, commute. Similarly we get (iii) since by (6.3)
PyBy = B_1By = 0 = ByB_1 = BoPo.

We next use induction to show that B, = (—1)"Bj*'. This is obvious for
n = 0, so assume that n > 1. Then by (6.3) and the induction assumption

Bpni1 = Bpioy1 = —BnBo = _(_1)nt+1BO = (‘DnHBSnH)H

as claimed. In a similar manner, we prove that B_,, = B";' = N} ' for n > 2.
Again this is obvious for n = 2. By (6.3) and the induction assumption

B (ni1) = By oy1 = B_,By=B"'B_, =BV = N
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as claimed. Hence (3.1) follows. To prove (iv) note that from (6.2)

IV = 18-l <777 g AT = A7 < Ko

for some constant K > 0 depending on r. The constant K is finite since the
circle |A\| = r is compact and the resolvent is continuous. Hence

spr(Ng) < 7 lim (K7)Y/" =7, (6.8)
n—o0
As we can choose r as small as we like, we conclude that spr(/Ng) = 0. Finally,
note that (v) and (vi) are special cases of (6.4) for n = —1 and n = 0,
respectively. O]
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