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Abstract We consider the principal eigenvalue of generalised Robin boundary
value problems on non-smooth domains, where the zero order coefficient of the
boundary operator is negative or changes sign. We provide conditions so that the
related eigenvalue problem has a principal eigenvalue. We work with the framework
involving measure data on the boundary due to [Arendt & Warma, Potential Anal.
19, 2003, 341-363]. Examples of simple domains with cusps are used to illustrate
all possible phenomena.
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1 Introduction

Consider the parameter dependent elliptic eigenvalue problem

—Au = Au in 2,
ou (1.1)

— +thu =0 on 012,
ov

where 2 ¢ R is a bounded domain, v is the outward pointing unit normal to
002, b € Loo(02) and ¢t € R a parameter. We are interested in the behaviour
and existence of the first eigenvalue A;(¢) if {2 is non-smooth and b is negative or
changing sign.

If 2 is smooth or even just Lipschitz, then (1.1) has a smallest eigenvalue A (¢).
That eigenvalue is simple and it is the only eigenvalue with a positive eigenfunction;
see for instance [4,3,30]. The results in [21] show that on a Lipschitz domain (1.1)
can be written in equivalent form such that the new boundary conditions involve
some b > 0 instead of b. Hence for Lipschitz domains there is no difference between
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positive or sign changing b except for a shift of the spectrum. As usual we call A1 ()
the principal eigenvalue of (1.1).

Even if £2 is not Lipschitz, (1.1) can be solved in a weak sense if b > 0 as done in
[7,17] and further developed in [6,10,11]. However, if b < 0, then [21, Example 3.4]
shows that there is no principal eigenvalue if {2 has a sharp outward pointing cusp.
There are not many results for b < 0 in the literature. The most notable are the
papers by Arendt and ter Elst [5] in connection with the Dirichlet-to-Neumann
operator and Nazarov [34], who looks at domains with cusps, where the trace
operator from H'(£2) into L2(d£2) is not compact. Both papers complement our
results.

In our discussion of (1.1) on general domains we replace b by some class of signed
measures p on 9. We introduce the relevant framework in Section 2. Compared
to smooth domains the difference is that the norm induced by the bilinear form
associated with (1.1) may be strictly stronger than the H'-norm if p,t > 0. This
is a main feature in [7,17]. We discuss that case separately in Section 3.

Section 4 contains the main features in case of indefinite measures. One key
result is that \1(t) exists if and only if certain trace inequalities holds for » in a
suitable subspace of H 1((2) As a consequence, under some compactness assump-
tion, the norm induced by the sesqui-linear form associated with (1.1) turns out
to be equivalent to the H'-norm if A1 (#) exists for all ¢ € R and vice versa. Some
specific cases are also studied in [5,36].

In Section 5 we illustrate the behaviour of Ai(¢) in the classical case (1.1) for
domains which are smooth except for one or two outward pointing cusps. This
includes examples where \1(t) = —oo for all ¢ > 0 or all ¢ < 0 or both. It is
also possible that Aq(t) is finite in a bounded interval. The results also support
a conjecture on a Faber-Krahn inequality for ¢ < 0 as stated in [12], not only on
Lipschitz domains but also on some classes of non-smooth domains.

We then show that for b < 0 the stability of the semigroup generated by the
Laplacian with Robin boundary conditions is very sensitive with respect to small
perturbations of the domain §2 (Section 6). The final section is concerned with
some auxiliary results on the perturbation of forms needed to treat (1.1).

Eigenvalue problems with the weight function on the domain have been studied
extensively before; see for instance [26]. For smooth domains, there are results also
for problems with both types of weights; see [12]. Knowledge about the behaviour of
A1(t) is useful for dealing with linearisations of problems with nonlinear boundary
conditions arising in population dynamics such as in [10,41]. Knowledge about
A1(t) also helps to understand principal eigenvalues for weighted Steklov problems
of the form

—Au =0 in {2, @—l—tbu:O on 0f2.
ov
We refer to [34,35] for a treatment of Steklov problems on some classes of non-

smooth domains.

Some of the results and ideas in the specific case of the Hausdorff measure on
912 were announced at the “Workshop on PDEs in Rough Environments” held in
Schmitten, Germany, Dec 1-5, 2003, but never formally published.
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2 General Robin problems

For every t € R the form associated with (1.1) is given by

a(t;u,v) ::/ Vu«Vvdx+t/ buv do
(% o0

on a suitable domain, where o is the (N — 1)-dimensional Hausdorff measure. It
is well known that o coincides with the usual surface measure if 942 is sufficiently
smooth. The form involves a boundary integral with the measure du = bdo which
is absolutely continuous with respect to Hausdorff measure on 9. As done in
[7] we can look at a more general situation and replace this measure by a Borel
measure p on 9f2. The corresponding form becomes

a(t;u,v) ::/ VuAVvdx—G—t/ uv dp.
2 o

We can try to define the domain of a by
{u e HY(2)nCo@): / Juf? du < oo} (2.1)
o1

and then attempt to take the closure of that form. Unfortunately, as shown in [7],
the form a is not necessarily closable. However, a has a maximal closable part as
shown in [38, Theorem S15, p 373]. To describe the closable part we set

Sy = {x € 992: p(B(x,r) N912) < oo for some r > 0}. (2.2)

It can be shown that there exists a set I, C S, such that the form

au(t;u,v) ::/ VuVUd:z:—l—t/ wvdp (2.3)
[0} T,

I

with domain
D(ay) := {u e H'(Q)nC(Q): /F lu|® dp < oo} (2.4)

is the closable part of a; see [7, Theorem 3.7]. That result is a generalisation and
reinterpretation of [17, Proposition 3.3]. Roughly speaking, the set I, C S, is the
part of 92 on which every function in (2.1) has a well defined trace. There is an
example of a domain in [7, Example 4.2] which shows that there can be parts of
the boundary of positive (N —1)-dimensional Hausdorff measure, where there is no
well defined trace. In [7] this phenomenon is characterised by the relative capacity
of Sy \ I'y being zero. We comment more on this in Remark 2.1 below.

If we denote the domain of the closure of a, by Vj, then V), is a Hilbert space
with norm given by

1/2
lull, == (lulfs oy + [ ol ai) " (25)

I
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Remark 2.1 We can identify D(ay) with the subspace

{(wulr,): ue ' (@) mcm),/

lul? dp < oo} C H'(2) x La(Ty, ).
Iy,
The space V,, can be identified with the closure of that subspace in H'(£2) x
Lo(I'y, p) with respect to the product norm (2.5). Clearly jo: D(an) — L2(£2)
is a continuous embedding. That embedding extends uniquely to a linear map
J: Vi — Lo(R2) and j is injective if and only if the form a, with domain D(a,) is
closable as shown in [7, Theorem 3.3]. In particular this means that every u € V,,
has a well defined trace in La(I}, ) which is defined as follows. Given u € V), we
choose a sequence un € V,, N C(£2) which converges to u in V.. Such a sequence
exists by definition of V,. The trace of u is then y(u) := limp—oc un|r, . This trace
is well defined since the operator j is injective, and so the limit does not depend
on the sequence (un).

Remark 2.2 Consider the special case p = bdo with b € Lo (942) so that b > g for
some constant 8 > 0. Then the norm

1/2
Jull = (Wollscay+ [ Juf? do)

n

is an equivalent norm on D(a,). By an inequality due to Maz’ja from [31, Theo-
rem 3.6.3] and [7, Section 5] there exists ¢ > 0 only depending on N so that

lullon/(v=1) < cllullv

for all u € V,,. Hence we have the natural injection Vi < Lon/v—1)($2). This
implies that the injection V,, < Lo(£2) is always compact if 2 is any bounded
domain as proved in [31, Corollary 4.11.1/3]. The compactness of the embedding
can alternatively be obtained from a more general very simple criterion as provided
in [18, Lemma 7.1].

Ezample 2.3 Let 2 be smooth except for finitely many outward pointing cusps.
Denote the set of cusp points by Z := {z0, 21,...,2n}. In that particular case it
turns out that

V= {u c H&(Q): ~v(u) € L2(3Q)}7

where y: H'(2) — Lo 10.(02\ Z) is the trace operator. If the cusp is sharp enough,
then V # H3(£2) and |||y is stronger than ||-|z:. In any case V < La(R2) is a
compact embedding; see [17].

We next assume that p is a signed measure, a situation not considered in the
literature before. By a signed measure we mean a Borel measure on 92 taking
values in (—oo,00] or [—oo,00). Then we can look at the total variation |u| of p.
According to the Hahn decomposition theorem there exist Borel measures ui such
that u™ L pu~, p=p" —p~ and |u| = p* + p~; see [39, Theorem 6.14]. Since |u]
is a positive measure we can define

ap(t; u,v) ::/QVqudm—l—t/F uv dp

[1e]
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for u,v in the domain
D(au) = D(a|ﬂ|)

For convenience we let I, := I, and V, :=V],,|. We define
M) = inf  wlEww) (2.6)
uevi\or - lullz

The map
tHau(t;u,u):/ |Vu|2dm+t/ lu|? do
2 I,

I

is an affine function for all u € V},. Hence we get the following lemma.

Lemma 2.4 The map Ai(-): R = [—00,00) is concave. If p is a positive measure,
then A1(+) is increasing.

Remark 2.5 Tt is possible that A\i(t) = —oo for domains with a sufficiently sharp
outward pointing cusp if p = bde and b < 0; see [21, Example 3.4].

Since a(t;-,-) is a bounded form on V}, there exists an operator A, (t) € £(Vy,V};)
such that

alt(t; g ) = <A#(t)u, v)

for all u,v € V},, where V}; is the dual of V,, and (-,-) is the duality pairing on Vj,.
Clearly, the Hermitian form a,(t;-,-) is bounded on V,, and bounded from below
if and only if A1 (t) > —oo. Clearly |u| € V), if u € V}u, so

au(t; |ul, [ul) = apu(t; u, )
We can then look at the part of A, (t) in La(£2) with domain
D(Au(t)) :={u € Vu: Au(t)u € L2(£2)}

From standard results on bilinear forms we then get the following results; see [37,
Corollary 2.18 and 2.11].

Proposition 2.6 Suppose that A1 (t) > —co. Then A, (t) is a closed self-adjoint opera-
tor on La(£2) with spectral bound A1 (t). Moreover, —A,(t) generates a positive strongly
continuous analytic semigroup on L2(£2).

If 2 is connected, then that semigroup is irreducible. If the embedding V,, < La(£2)
is compact, then \1(t) is a simple eigenvalue of A,(t) and the only eigenvalue having
a positive eigenfunction.

The last assertion follows from the fact that the resolvent of A, (¢) is compact and
irreducible and a version of the Krein-Rutman Theorem; see [33, Theorem 4.2.2].

Remark 2.7 (a) An alternative way for constructing A, (t), particularly useful for
degenerate problems is discussed in [6].

(b) If 4 = 0, then V,, = H'(£2) and we are dealing with the Neumann problem.
Since the spectrum of the Neumann problem on general bounded domains can
be continuous (see [25]) we cannot expect Ai(t) to be an eigenvalue of A,(¢) in
general.
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3 The eigenvalue problem for positive measures

Throughout this section we assume that p is a positive Borel measure on 92 and
that I, and V,, are as defined in Section 2. We prove in Section 7 that Ai(t) is
an analytic function of ¢ > 0 and compute X\ (¢) in terms of the eigenfunction. For
smooth domains this is folklore and works for all ¢ € R. As the eigenfunction for
t = 0 is constant this leads to a simple expression for \'(0); see for instance [3,
]. In the present context we can only expect A1(¢) to be analytic for ¢ > 0 as
our examples in Section 5.2 show. Hence it is not even clear that A1 (¢) has a right
derivative at t = 0, and the methods used in the above references do not work
under our weak assumptions. We however recover the same formula for A} (0).

Proposition 3.1 Assume that p is a positive Borel measure on 912 and that I'), and V),
are as in Section 2. Suppose that 1 € V,, and that Vi, — L2(£2) is compact. Then A1 €
C*([0,00),R) N C°°((0,00),R) is concave and increasing with A1(0) = 0. Moreover,

e
Al(o)f"m"‘.

Finally, 0 < \(t) < /\f) for all t > 0, where )\lD is the first eigenvalue of the Dirichlet
Laplacian on (2.

Proof From the definition (2.6) and since b > 0 it is obvious that A1 (-) is increasing.
By Lemma 2.4 the map is concave. Moreover, since Ce°(£2) C V,

of i) . [Vul3 _ \p
wev\{o} luld T uecz(@)\{o} |[lull3

)\1(15) =

for all ¢ > 0. Since 1 € V, the definition of A1 (¢) implies that

0+tp(ly) _  p(Ly) (3.1)

0< A(t) < =
=g I

Hence A1 (t) — 0 as t — 0. By Corollary 7.2 A1 (¢) is an analytic function on (0, 00).
Since A1 (t) is concave \j(t) is decreasing for ¢ > 0. Hence lim;—,o4+ A (t) exists. The
mean value theorem and (3.1) imply that

for some s € (0,t). Hence A} (0) = limy—,04 A} (t) and so A1 € C*([0,00)).

We now compute A (0) from first principles. Denote the eigenfunctions to A1 (t)
by w(t) and normalise them so that w(t) > 0 and |ju(t)||2 = 1 for all ¢ > 0. Using
u(t) as a test function

v+t [ O di= (0 [ o .= a0

Now A1 (t) — 0 and so [|[Vu(¢)||2 = 0 as ¢t — 0. In particular u(¢), ¢t > 0, is bounded
in H'(£2). Using the estimate (3.1)

2 A1(t) ()
[ o an < 200 < 140

"
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for all t > 0, so u(t) is bounded in V. Hence there exist ug € V}, and a sequence
tn > 0 such that ¢, — 0 and un := u(tn) — uo > 0 weakly in V. By the compact
embedding V,, < L2(£2) we know that u, — uo in L2(§2) and since |jun(¢)|]2 = 1 for
all n € N we have |lug|l2 = 1. Moreover, as Vu, — Vug weakly we have Vug = 0,
S0 ug is constant. As ug is constant and |jug|l2 = 1 we get ug = [2|~*. Using 1 € V,
as a test function and the fact that un, — up weakly in Vj,

Al(tn):/ l-undu—>/ 1-u0du:@:>\ﬁ(0)‘
r r, 92|

This completes the proof of the proposition.

Remark 3.2 (a) Note that 1 € V,, means that u(I,) < oco.

(b) If 1 & V., then we cannot expect that A1(¢) — 0 as ¢ — 0. In the extreme
case of a domain with fractal boundary and p = o the (N — 1)-dimensional Haus-
dorff measure, the Robin problem is the same as the Dirichlet problem; see [17,
Remark 3.5(d)]. Hence A1 (t) = AP > 0 for all ¢ > 0. If only part of the boundary
is fractal, then lim¢—o A1(¢) > 0, but A1(¢) is non-constant. The argument in the
above proof still shows that lim¢—o4+ )\’l(t) exists, but we do not know whether the
limit coincides with \’(0).

4 General weights

In this section we consider (1.1) with b € Loo(942) without any restrictions on
the sign, or more generally the principal eigenvalue A1 (t) of A, (t) with a signed
measure as defined in Section 2. To deal with the problem we use the Hahn de-
composition g = ut — = of u. Before we to go into any details we provide a guide
to the main results in this section:

1. If p~ is non-trivial, then always A\ (f) = —oo as t — oo; see Lemma 4.1.

2. A necessary condition for A1 (t) to be finite for some ¢ > 0 is that a trace opera-
tor from V), into Lo (I, p~ ) with sufficiently small norm exists; see Lemma 4.2.

3. Assuming that the trace operator from V), into Ly (I}, 1~ ) is compact we prove
the existence of Ai(¢) for all ¢ > 0; see Theorem 4.4. Further discussion is
concerned with equivalent norms on V),. In particular we show that the V), norm
is equivalent to the H' norm if both trace operators from Vj, into Lo (I}, ™)
and La(I,, uT) are compact; see Corollary 4.7.

4. We then look at some converse of the above. Assuming that one of the trace
operators is compact, and A\ (t) exists for all ¢ € R we show that the other
trace operator is compact, and the norm in V}, is equivalent to the H ! _norm;
see Theorem 4.10

5. We finally give a criterion for the compactness of the trace operator; see Propo-
sition 4.11.

Throughout we assume that that p~ is non-trivial, that is,
w (Iy) >0. (4.1)

The case of u~ = 0 means p > 0 and is treated in the previous section.
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Lemma 4.1 Suppose that u is a signed Borel measure on 982 such that (4.1) holds.
Then A1 (t) = —o0 ast — oo.

Proof We know that I, C S),|, where S|, is defined by (2.2). The set S, is open

and by definition p(K) is finite for all compact sets K C S,,. By assumption (4.1)

there exists a compact set K C S, such that fF 1x du < 0. Hence there exists
n

vg € CC(SM) such that fF v@ dp < 0. By the Tietze extension theorem wvg has an
S

extension v; € Ce(RY). We can then find v € C°(RY) with suppv N 82 C S|yl
and [, v?du < 0. Hence v € D(a,) and
“w

Jo \Vv|2dm+tfpu vZdu

<0
w13

A1 (t) <

for ¢ large enough. In particular A\ (t) — —oco as t — co.

As [21, Example 3.4] shows it is possible that A\;(¢) = —oco for all ¢ > 0. We want
to discuss conditions so that this does not happen. We start with a simple lemma
regarding the existence of A1 ().

Lemma 4.2 Suppose that p is a measure as above and t > 0. Then A (t) > —oo if
and only if there exists a constant ¢y > 0 such that

_ 1
[l < fival el + [ aet (1.2)

Iz M

for allu e V).

Proof If A\1(t) > —oo, then by (2.6)

M (0)llul? < [Vul3 +¢ / fl? dp < | Vul3 + ¢ / ful? da* — ¢ / fuf? d~

W Iz Iz

for all u € V,,. Rearranging we get (4.2) with ¢; = —X1(t)/¢t. Conversely, if (4.2)
holds, then from (2.6) we get A1 (t) > it > —oo.

Remark 4.8 The above lemma tells us that for a; to be bounded from below, the
perturbation involving p~ must be of lower order. In particular, the norms on Vj,
given by

1/2 1/2
(Il () + /F lau) " and (lulfo + [l det)
®

“w

must be equivalent.

A convenient condition implying (4.2) is the compactness of the trace operator
from V,, into La(Iyu, ). We know from Remark 2.1 that there is a well defined
trace operator v: V,, — La(I},). However, v does not need to be compact. In fact,
the part of the norm in V,, involving p~ cannot contribute to the compactness
of the trace operator, so it must come from the other parts of the norm. This is
evident when identifying V,, with a subspace of

H'(2) % La(Luy ) = H'(2) x La(To ™) x La(To i)

as done in Remark 2.1.
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Theorem 4.4 Suppose that the trace operator v: Vy — Lo(Iy, u™) is compact. Then
AP > A1(t) > —oo for all t > 0. Moreover, there exists a constant ¢ > 0 such that
A1(t) > —ct for allt € (0,1).

Proof By Remark 4.3, for every t > 0, the norm

1/2
(lall o+ [ hul* )
Fﬂ

is an equivalent norm on V. Since the trace operator into La(I}, 1~ ) is compact,
by Lemma 7.3 for every ¢ > 0 there exists ¢; > 0 such that

-1
[l < ivuat+ [ aet el

I, T

for all u € V, if we set b(u,v) := [ uvdu™. Hence we get
7

1 _
opttiu ) =t (FIVald+ [ o = [ an) 2 el

I3 I3

for all w € V.. By (2.6) it follows that A\ (¢) > —tc; for all ¢ > 0. Note that for
t € (0,1) we can choose c := c1, that is the value of ¢; for ¢ = 1, proving the last
assertion of the theorem.

Corollary 4.5 Under the assumptions of the above theorem limy_o4 A1(t) emists.
Moreover, if 1 € V,,, then lim¢—o4 A1 (t) = 0.

Proof By the concavity A1: (0,00) — R is either increasing or decreasing in a
neighbourhood of zero. By the above theorem )\; is bounded from below near
zero, and so lim;—o A1 (¢) exists. If 1 € V},, then

M(Fu)

—ct <M () <t )
(t) 2]

for all ¢ € (0,1), where the upper estimate comes from (2.6) with v = 1. Hence
Ai(t) — 0 ast — 0+.

Remark 4.6 The estimate A1 (¢) > —ct can only be valid for small ¢ > 0 in general.
If du = —bdo for some constant b > 0 it is shown in [28,30] that A\ (t)/t* — 1 as
t — oo for a domain of class C'. The same asymptotic behaviour stays valid for
the higher eigenvalues; see [23]. For domains admitting the divergence theorem it
is still true that A1 (t) < —t> for all t > 0 (see [23, Lemma 2.1]), but the precise
asymptotic can change; see [28,29].

If we assume that the negative and the positive parts have the same property, then
A1 (t) is defined for all ¢ € R and the Vj,-norm is equivalent to the H'-norm.

Corollary 4.7 Suppose that the trace operators v: V, — LQ(F#“LL:t) are compact.
Then A\i(t) > —oo for all t € R and the V,,-norm is equivalent to the H'-norm, that
1s, Vi is a closed subspace of Hl(()).
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Proof From the assumptions it follows that the trace operator from V), into La (I, |p|)
is compact. Clearly the form

b(u,v) ::/ wv d|
Iy

is bounded and by the compactness of the trace operator b(un,un) — 0 whenever
un — 0 weakly in V,,. Hence by Lemma 7.3 there exists a constant ¢ > 0 such that

/ fuf? dlpe] < 1Vul3 + cllull3

Ly,

for all u € V),. Hence

lullZr, 2y < ull¥, = llullfn o) +/P Jul* dlp| < max{2, c}l|ullF, (o)

I

for all uw € V},. This completes the proof of the corollary.

Remark 4.8 1f V,, is a closed subspace of H'(£2), then clearly there exists a constant
¢ > 0 such that [lullz,r, .y < cllullgi(e). Hence by Lemma 4.2 we must have
A1(t) > —oo for at least ¢ in a neighbourhood of zero. The inequality (4.2) requires
“almost” compactness of the trace operator to be able to get the factor 1/¢ in
front of ||Vul||3 for large ¢ as in case of an Ehrling type lemma. There are examples
where a trace operator exists, but is not compact, namely [5, Example 9.5] and
[35,36]. In both cases (4.2) only holds for ¢ in a bounded interval, and A (¢t) = —oc0
otherwise.

Remark 4.9 Suppose that > 0 or u < 0. Then A\ (¢) > —oco for all ¢ > 0 implies
that V,, is a closed subspace of H'(§2). To see this use Lemma 4.2.

It seems likely that the V, norm is equivalent to the H'-norm if A; (t) > —oo for all
t € R in general. In that situation we know from Lemma 4.2 that for every ¢ > 0
there exists ¢ > 1 such that

_ 1
[l < vl [l

w FH
and .
[t < {ivad i+ [l (13)
n I

for all w € V}, and all ¢ > 0, and hence the square root of the right hand side
of both inequalities define equivalent norms on H'(£2). Since x and p~ have
disjoint supports we might expect that we can control the boundary integrals by
the H'-norm only. We cannot prove this, but have to assume that at least one of
the trace operators from Vj, into Lo(Iu, ") or La(I, 1~ ) is compact.

Theorem 4.10 Suppose that A\1(t) > —oo for all t € R and that at least one of the
trace operators from V,, into Lo(Iu, ") or into Lo(Iu, p™) is compact. Then Vj, is
a closed subspace of H'(§2). Moreover, if V, < La(R) is compact, then t — \1(t) is
analytic on R. Finally, if 1 € V,,, then A1(0) =0 and

reeny . B()
Af(0) = MIOT .
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Proof Assume that the trace operator from V, into La(I},p~) is compact, the
other case is similar. We have seen above that

1/2
+
(Halfr oy + [ 1ol )

FH

are equivalent norms on Vj,. By the compactness of the trace operator f r wZdy —
W

0 whenever u, — 0 weakly in V,,. Applying Lemma 7.3 there exists a constant
C > 1 such that

_ 1 1
[ < Sl 5 [l cll

I e

for all w € V,,. Hence we get from (4.2) with ¢t =1

_ 1
[ < Doy + g [l
n

I

c 1 _
< (C+ Do + o, +5 [ 1o du”
m

Subtracting the boundary integral on the right hand side we get the existence of
a constant Cy such that

1 _
5 [ 1 du” < Colulfn o

Iy

for all u € V,,. This completes the proof since (Hu||%11(m + fFu |u|? du‘)l/Q is an
equivalent norm on Vj,.

Next assume that V}, < L2({2) is compact. Then Proposition 2.6 implies that
A1(t) is a simple eigenvalue of A, (¢) for all ¢ > 0. As V}, is a closed subspace of
H'(£2) the form ay(t;-,-) is closed with domain Vj, for all ¢ € R, including ¢ = 0.
Hence Corollary 7.2 applies and A1(¢) is an analytic function of ¢t € R. If 1 € V),
then the eigenfunction for ¢ = 0 is constant and so the formula for A} (0) follows
from Corollary 7.2.

We next provide some sufficient conditions for the trace operator to be compact.

Proposition 4.11 Suppose that A1(t) > —oo for all t € R, that Vi — La2(£2) is
compact and that one of the following conditions is satisfied:

i) The trace operator V,, into La(Iy, ut) is compact.
Iz Iz
(ii) There exists a function ¢ € C*(2) such that

/ \sou|2du+=/ (1= @)ul>du™ =0
u Iy
for allu e€V),.

Then the trace operators from V), into Lo (Fﬂ,ui) are compact.
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Proof (i) Suppose that upn € V,, with un, — 0 weakly in V,,. Then there exists M > 0
such that ||Vun|3 < lunllv, < M for all n € N. Fix ¢ > 0 and choose ¢ > 0 such

that ¢ < M/2t. By Lemma 4.2 we have

-1 €

[ tunau” < 410w+ el + [ unlPaut < 5 eulf+ [ ol at
I t I r,

for all n € N. By the compact embeddings un — 0 in L2(£2) and in La(I, u™").

Hence there exists ng € N such that

ot <55 =

n

for all n > mg. This implies the compactness of the trace operator from V), to
Lo (Fm .U'_)'

(ii) We proceed similarly as above and assume that w, € V, with u, — 0
weakly in V. As in the proof of (i), given € > 0 we can choose ¢ > 0 such that

[ tounl i = | wwfw*S%+QWM@+AJWMFM+=%+QWW§

W W W
for all n € N. Here we also used (ii) to omit the boundary integral. By the compact
embedding un, — 0 in L2(2). Hence the same is true for guy, and so there exists
no € N such that

[ w5+ 5 =
Iy,

for all n > mg. This implies that ¢un, — 0 in La(I},|pn|). Applying a similar
argument with ¢ replaced by 1 — ¢ and the réles of u* and p~ interchanged we
conclude that (1 — @)un — 0 in La(Iy,|u|). Hence un = pun + (1 — p)un — 0 in
Lo(I'y,|p]) as claimed.

Note that the proposition above also generalises [5, Proposition 8.1], where condi-
tion (ii) is trivially satisfied by choosing ¢ = 1.

Remark 4.12 Assume that the trace operators v: Vi, — La(I, p™) are compact.
Further assume that y*(I},) > 0 and p~ (I,) > 0. Then according to Lemma 4.1
we have A\1(t) = —oco as t — oo and t — —oo. If 1 € V},, Theorem 4.10 implies that
A1(0) = 0 and the graph of Ai(¢) looks like one of those in Figure 4.1 depending
on the sign of u(I,) which determines the sign of \;(0). The possible graphs are
shown in Figure 4.1. This generalises the results in [3] to non-smooth domains and
more general boundary conditions.

5 Examples involving surface measure

In this section we assume that du = bdo, where o is the (N — 1)-dimensional
Hausdorff measure on 042 and b € Loo(942). This means we look at the classical
boundary value problem (1.1). We have discussed the case of b > 0 already in
Remark 3.2, so we concentrate on b negative or indefinite. Most examples we give
are domains which are smooth except for finitely many points. In that case the
set I, introduced in Section 2 coincides with 92 because there is a local trace
inequality at all points where 02 is smooth.
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A1 A1 A1

() >0 () =0 m(I) <0

Fig. 4.1 \1(t) in the case of a compact trace operator depending on the sign of u(I).

5.1 Regular domains and domains with weak cusps

If 2 is a bounded Lipschitz domain, then the trace operator v: H'(2) — L2(902)
and the embedding H'(£2) < L2(£2) are compact. It is shown in [21] that for a
Lipschitz domains we can write down an equivalent problem with b > 0, so all
the general theory on b > 0 applies. In the above exposition we only used that
the trace operator 4 and the embedding H'(£2) < L2(2) are compact. There are
other domains which have the same property:

1. If ©2 satisfies an interior cone property, then V}, is the closure of C.(2)NH*(£2)
in H'(£2), and the trace operator is well defined. Indeed, due to [2, Theorem 4.8]
such a domain can be written as a finite union of Lipschitz domains. Each of
them admits a well defined compact trace operator. By definition of V,, the trace
operator v: V, — L2(£2) is well defined and compact.

2. Domains with weak cusps such as those in Figure 5.1, that is, cusps of
order less than quadratic. The trace space for such domains in R? is characterised
in [32, Section 7.2]. Using this characterisation one can show that domains with
cusps weaker than quadratic have a compact trace operator, and those stronger
than quadratic do not have a trace in L2(0£2); see [1,43] and more generally in
higher dimensions [35].

Fig. 5.1 Domains with one or two cusps of appropriate sharpness

3. Some classes of extension domains also have the same property. Note that
domains with cusps are not extension domains.

In all cases discussed above, for a sign changing b, the graph of A1 (¢) looks like
the ones in Figure 4.1 depending on the sign of

,u(@(?):/ bdo.
o

5.2 Domains with sharp cusps

As seen above, the eigenvalue problem (1.1) behaves well if the domain is smooth
except for a finite number of weak cusps. To illustrate our theory we consider
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domains of the general shape as those in Figure 5.1 with one or two cusps. Then
every function in H'(£2) still has a well defined trace, but that trace is not neces-
sarily in Lo (042) if the cusp is sharper than quadratic as shown in [1, Example 2.1]
and a rather greater generality in [35,34,36]. In such a case the boundary integral

/ lu|? do
o0

is not of lower order, and so the V,,-norm is strictly stronger than the H'-norm;
see also [17, Remark 3.5(f)].

Assume that {2 has one cusp point zp as in Figure 5.1 and that b > g for some
constant 8 > 0 in a neighbourhood of zg. If that cusp is sharper than quadratic,
then by Lemma 4.2 we have A1 (t) = —oo if ¢ < 0. If in addition b < 0 on some part
of 892, then by Lemma 4.1 we have A1(¢f) — —oo as t — oo as illustrated in the
first two graphs in Figure 5.2.

Fig. 5.2 Possible behaviour of A\;(t) for {2 with one or two sharp cusps and indefinite weight.

Finally suppose that {2 has two cusps 21,22 as in the domain shown in Fig-
ure 5.1. We assume that these cusps are sharper than quadratic and that there
exists a constant § > 0 such that b > 3 in a neighbourhood of z; and b < —f in a
neighbourhood of z;. Since there is no trace inequality near z; and z2, Lemma 4.2
implies that A\ (t) = —oo for all ¢ # 0 as depicted in the third graph in Figure 5.2.

5.3 Domains with a non-compact trace operator

There are domains for which the trace operator v: H*(2) — L2(912) exists but is
not compact. In these examples an inequality of the form (4.2), that is,

_ 1
[ vt do < {ivulE +eduli+ [ 6t a0

Iy I,

only holds for ¢ € [0,t0). Hence A\i(t) > —oo if t € [0,¢0) and A1 (t) = —oo for ¢t > to.
In general it is not clear what happens at to. An explicit example is in [36]: Let
U C RN~ be a bounded Lipschitz domain. Assume that (2 is such that

{z=(y,2) eRVN "1 xR: 2 € (0,0), yz~2 € U} = 2N B(0,6),

that is, £2 has a quadratic cusp at zero. We assume that (2 is smooth otherwise.
It is shown in [36] that for every ¢ > 0 there exists a constant M. such that

/ [uf? do < (m (U) — &) [ Va3 + Me ull3,

I
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where
3\2 U]

my(U) = (N - 3) Bl

and M. — oo as & — 0. Here |U| is the volume of U in RV =1 and |8U| the (N —2)-
dimensional surface measure of OU. Hence if b > 3 > 0 for some constant 3 > 0
we have that A\i(¢f) > —oo if and only if t > tg := my(U)/B. In this example
Ai(to) = —oo. In [5, Example 9.4] it is left open whether or not Ay (to) > —oo, so
the example given here is more precise, and shows that A\ (to) = —oo is possible.
Using Proposition 4.11 we see that it is impossible for A\1(¢) > —oo for all t € R
if the trace operator is non-compact, because otherwise that proposition implies
that the trace operator is compact.

The phenomenon is clearly local, so we can assume that b > 3 in a neighbour-
hood of the cusp point. We can then assume that 2 has two cusp points of the
same nature, where b is positive in a neighbourhood of one, and negative in a
neighbourhood of the other. For such a domain A1 (¢) has the behaviour as shown
in Figure 5.3 on the left. If one cusp is sharper, so that it does not admit a trace
operator, then it is evident that we can choose b such that A;(¢) has a graph like
the one in Figure 5.3 on the right. Another example with a non-compact trace
operator is given in [5, Example 9.5], but not with such explicit estimates on the
norm of the trace operator.

/N ’l
\ T~

—_— — 00 — —_—0 —O0 -—

Fig. 5.3 Possible behaviour of Ai(t) for a domain with non-compact trace operator and
indefinite weight.

5.4 Estimates for the principal eigenvalue

If b > 0 is constant, then the Faber-Krahn inequality implies that A1 (t) > p1(t),
where p1(t) is the principal eigenvalue of (1.1) with §2 replaced by a ball B of the
same volume as (2; see [14,13,15,20,22]. This inequality also holds for classes of
non-smooth domains as shown in [13, 14]. If we assume that the trace operator from
H'(2) into Lo(812) is compact, then \;(t) exists for all ¢ € R. By Theorem 4.10
and the isoperimetric inequality we have

a(012) o(0B) ba(aB) .

!
. > e — O

N (0) =10

Hence the graphs of Ai(t) and wui(t) cross transversally at ¢t = 0 as shown in
Figure 5.4, so Ai(t) > p1(t) on some interval (0,e1) and Ai(t) < w1(¢) on some
interval (—eg2,0) with £1,e2 > 0 possibly depending on (2.
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A1

Fig. 5.4 Comparison of principal eigenvalues A1 and pj.

Together with results in [8,9] this supports the conjecture that \i(t) > p1(t)
for all ¢ € R with equality if and only if 2 is (essentially) a ball, as stated in [12]
by F. Brock and the author.

Despite the simplicity of the argument, the result is rather more general than
that in [2,9] since we do not assume that £2 C R? is near a ball. We allow domains
in RY and only indirectly make some smoothness assumptions on 92 by requiring
the existence of a trace inequality.

6 Stability of semigroups with respect to the domain

If Ai(t) > —oo, then it is well known that —A,(t) generates an analytic semigroup
T:(s) on La(£2) with

ITe ()l o(ryy = e MO,
as shown in Proposition 2.6. We want to comment on the stability of that semi-
group with respect to small perturbations of the domain. To illustrate our point
we assume that dy = bdo as in Section 5 with b € C.(RY). The last assumption is
to make sure b is naturally defined on any nearby domains.

Consider a bounded domain {2 and assume that b > 8 on 942 for some constant
B > 0. For t > 0 the semigroup is exponentially stable, that is, A\1(t) > 0. It is
shown in [16,19] that a small local perturbation of the domain such as adding a
little spike as in Figure 6.1 has very little influence on A;(t).

Next we look at a domain {2 which is smooth except for one cusp 29 as in
Figure 5.1. Since {20} is a set of capacity zero the set V, N Ce(£2\ {20}) is dense
in V. It follows that in (2.6) we can replace Vi, by Vi, N Ce(£2\ {20}). Let now
2,, n € N, be a sequence of domains obtained from {2 by cutting or rounding the
cusp off a little bit and such that (2, is smooth. We can clearly arrange such that

2n C 2p41 C N2 for alln € N and UnEN 2, = 2. Then by the above density result

M (8) = inf (v, u)

neNueH (2,)nC(2)  |ul3 (©1

for all ¢ € R. The principal eigenvalue on 2, is given by

ap(t;u,u)

A t) = in
mi® = o i

Hence if b < 0 in a neighbourhood of zp and the cusp is sharp enough, then by
(6.1)
lim )\n,l(t) = )\1(75) = -0

n—roo
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for all ¢ > 0. This has implications for the stability of the semigroup Ti(s) with
respect to very small perturbations of 92 where b < 0. In fact, if we add an
arbitrarily small slightly rounded cusp to a smooth domain as in Figure 6.1 then
A1(t) can be made arbitrarily negative. In particular, assume that 2 is smooth
and that b is indefinite with A1(¢) > 0 for some ¢ > 0. Hence the semigroup 7T(s)
is exponentially stable. However, by adding a small spike as described above, we
can make A (t) arbitrarily negative, and therefore the semigroup on the perturbed
domain is very unstable. This is in stark contrast to the case of b > 0.

Add small rounded Cusp.. )

Fig. 6.1 Small perturbation of a smooth domain

7 Appendix: Perturbations of forms

The purpose of this section is to prove some perturbation results for forms. The
results are possibly folklore, but we include them for convenient reference.

Suppose that V and H are Hilbert spaces over C with V < H, and V dense in
H. We assume that U C C is an open set and let for each t € U

a(t;-,): VxV-=C

be a bounded sesqui-linear form satisfying the following conditions: There exists
A« € R and a > 0 such that

allull¥ < Rea(t;u, u) + Ae|lull? (7.1)
for all w € V and ¢t € U. Moreover, the map
t — a(t;u,u) is analytic on U (7.2)

for all w € V. It follows that for each ¢t € U the form a(t;-,-) is sectorial and
closed on H with domain D(a(t;-,-)) = V. Denote by A(¢) the m-sectorial operator
induced by a(t; -, -); see [27, Theorem VI.2.7]. We define the adjoint form of a(¢; -, -)
by

a*(tu,v) == a(t; v, u)
for all u,v € V. The form has the same properties as a(t;-,-). We denote the

corresponding m-sectorial operator induced on H by Aﬂ(t). It is easily checked
that the dual operator of A(t) equals to A*(t).
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7.1 Analytic dependence of eigenvalues

As a first result we prove the analytic dependence of simple eigenvalues on the pa-
rameter ¢, and compute their first derivative in terms of the corresponding eigen-
functions of A(t) and A%(t).

Theorem 7.1 Suppose the above assumptions are satisfied, and that for to € U the
problems A(to)u = Au and A*(to)u = Au in H have an algebraically simple eigenvalue
A1 (to). Then there exists a neighbourhood Uy of to such that

Alt)u = Mu and  A*(tu=u

have an algebraically simple eigenvalue \1(t) for allt € Uy such that the map A\1: Uy —
C is analytic. Moreover we can choose the eigenfunctions u(t) and u¥(t) such that the
maps u, ub: Uo — V are analytic. Moreover, for allt € Uy

%Al(t) - m%a(t;u(w,uﬁ(n). (7.3)

Proof We have already seen above that a(¢; -, -) is a closed sectorial form on H with
domain V independent of t. As ¢t — a(t;u,u) is assumed to be analytic it follows
from [27, Theorem VIL.4.2] that A(t), t € U, is a analytic family of closed operators.
As i (to) is an algebraically simple eigenvalue it follows from [27, Theorem VII.1.8]
that there exists a neighbourhood Uy of tp and an analytic map A1: Up — C such
that Aq(¢) is an algebraically simple eigenvalue of A(t)u = Mu for all ¢ € Up.
Moreover, we can choose the corresponding eigenfunctions u(t) such that u: Up —
H is analytic. The same arguments apply to the adjoint problem, so we have a
family of eigenvectors u® with u*: Uy — H analytic. We now show that these maps
are analytic as maps into V, not just H. As u(t) is an eigenvector to A1 (t) it follows
from (7.1) that

allu(®)¥ < alt;u(t), u(®) + Aclu@)lF = (A (t) + ) lu(®)]7

for all t € Up. As A\1: Up — C and u: Uy — H are analytic and hence continu-
ous, these functions are (locally) bounded. Therefore, from the above inequality
u: Up — V is (locally) bounded. We know that the map ¢ — (f, u(¢)) is analytic on
Uop for all f € H. As H is dense in V’ and u: Uy — V (locally) bounded we conclude
from [27, Theorem III.1.37 and Remark II1.1.38] that u: Up — V is analytic. In
the same way we see that uf: Uy — V is analytic. To prove formula (7.3) note that
for every v € V

a(t;u(t),v) = A1 (t)(u(t), v)

for all ¢t € Up. Differentiating the relation we get

. . d
aa(t; u(t),v) + a(t;u(t), v) = A1 (t){(u(t),v) + (u(t), v>%>\l(t)

for all t € Up. Setting v := uf (t) and rearranging we get
7] . .
ra(t (). 0 (©) = A (@) (@(t), uf (0) + a(t;a(t), v (1))

:(u(t),uﬂ(t))%)\l(t). (7.4)
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Using u(t) € V as a test functions we get

a(t;u(t)7uﬁ(t)) = af (t;ub(t), u(t)) = A (t)(ub(t), u(t)).

Hence by (7.4) we see that

0 d
ra(tul).wf (6) = (u(t), v () 5 M (0)-

As A1 (t) is an algebraically simple eigenvalue of A(t) and A%(t) it follows that
(u(t), uf(t)) # 0. Hence (7.3) follows.

For the special case a(t;-,-) is a Hermitian form for all t € U we get the following
corollary.

Corollary 7.2 Suppose that the assumptions of Theorem 7.1 are satisfied and that
a(t;u,v) = a(t;v,u) for all u,v € V. If A(to)u = Mu in H has an algebraically simple
eigenvalue \1(to) then there exists a neighbourhood Uy of to such that A(t)u = Au has
an algebraically simple eigenvalue A1 (t) for allt € Uy such that the map A1: Up — C is
analytic. Moreover we can choose the eigenfunction u(t) such that the map u: Uy — V
are analytic. Moreover, for all t € Uy

d *71 ga sUu u
a/\l(t)f T ot (tu(t), u(t)). (7.5)

Proof Clearly the adjoint problem is the same as the original problem so Theo-
rem 7.1 directly applies.

7.2 Ellipticity of perturbed forms
We now assume that a(t; u,v) is of the form
a(t;u,v) := a(u,v) + tb(u,v)

with a,b: V x V — C being bounded sesqui-linear forms. Further we assume that
a is V-elliptic, that is, there exist @ > 0 and A+ € R such that

ol[u(t)lI} < Rea(u,u) + Axulf (7.6)

for all u € V. We provide a criterion which guarantees that a(t;u,v) is V-elliptic.

Lemma 7.3 Suppose that b: V x V. — C is a bounded sesqui-linear form and that
b(un,un) — 0 whenever un — 0 weakly in V. Then for every € > 0 there exists
c(e) > 0 such that

|b(u,u)| < ellull¥r + c(e)l|ullF (7.7)

forallue H.



20 Daniel Daners

Proof Suppose that there exists € > 0 such that (7.7) fails. Then there exist uy, €
V with |lun|ly = 1 such that [b(un,un)| > & + nllun|3 for all n € N. By the
boundedness of b on V' there exists C' > 0 such that

C = [b(un, un)| > & +nllun |

for all n € N. This is only possible if u, — 0 in H. Since (uy) is bounded in V this
implies that u, — 0 weakly in V, and so by assumption b(un,un) — 0. Hence we
get
0= lim |b(un,un)| >e~+ lim nllus||} > 0.
n—oo n—oo

Since this is a contradiction c(e) as required exists.

We can now prove the following result on the V-ellipticity of forms.

Proposition 7.4 Suppose that a,b are bounded bilinear forms on V. Assume that there
exist constants a > 0 and A\« € R such that

allully < Rea(u, u) + [b(u, u)| + s |[ullF

for allu € V. Further suppose that b(un,un) — 0 whenever un, — 0 weakly in V. Then
for every t € R there exists ¢t > 0 such that

5 ull¥ < Re(alu,w) + th(u,u)) + (s + eo)|ull
forallu eV andt > 0.

Proof Fix t € R with ¢t # 0. From Lemma 7.3 there exists a constant ¢ € R such
that N
(L + [¢)b(u, u)| < 5 [lully + cllulF

for all w € V. Hence, using the assumption on a, we have

Re(a(u, u) + tb(u,u)) > Rea(u,u) + |b(u,u)| — (1 + [¢])[b(u, u)|

2 2 a 2 2 a 2 2
> allully = Al = (Gl + ellul?r) = Slaly = O+ ) ull3r
Rearranging the above the claim of the proposition follows.

Acknowledgement Thanks to Tom ter Elst suggesting some improvements.
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