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In this paper we analyse the change of stability of Schrédinger semigroups with indefinite
potentials when a coupling parameter varies. Generically, the change of stability takes place
at a principal eigenvalue associated with the problem. The uniqueness of the principal
eigenvalue is shown for several classes of potentials.

1. Introduction

We shall be concerned with the stability of the zero solution of the linear parabolic
problem

Su—Au=2mu in R¥ x (0, ),
u(-, 0) =u, in RY, (1.1)

lim u(x)=0,

x| o0
when the parameter A varies in the positive real axis. Here, m is some bounded and
continuous weight function being positive somewhere and u, an initial condition.
The stability is understood as stability in the [-[|,-norm. We point out that by
duality and interpolation we also get the stability in LP(RN ), 1 £ p < 0. The question
of stability of the zero solution is closely related to the existence of a principal
eigenvalue for the elliptic eigenvalue problem

—Ap= mp  onRY,
lim ¢(x)=0. (12)

|x[— o0
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By a principal eigenvalue we mean a A > 0 such that (1.2) has a positive solution ¢.
The function ¢ is then called principal eigenfunction.

The main goal of this paper is to obtain theorems of the following type under
various assumptions on m.

THEOREM 1.1. There exists a unique principal eigenvalue i, > 0 for (1.2) and the zero
solution of (1.1) is asymptotically stable for A € [0, 1,) and unstable for A > A,.

The stability or instability of the zero solution of (1.1) is equivalent to the stability
or instability of the semigroup generated by A + Am on the space

Co(R¥):= {u e C(RY): | llim u(x) = O}.

The operator A generates an irreducible analytic semigroup on Co(R") with domain
of definition

D(A) = {ue Cy(R¥): Aue Co(RY)},

where the derivatives have to be understood in the sense of distributions ([8]; for
the theory of irreducible semigroups, see [15]). Throughout this work, we restrict
ourselves to considering continuous and bounded weight functions. For these weights
the operator A,;:=A+ Am also generates an irreducible analytic semigroup on
Co(R¥), with the same domain of definition, D(A).

For analytic semigroups the spectral mapping theorem holds (cf. [15,
Corollary A-II1.6.7]), i.e. a(e"**)\{0} = ¢'®“# for ¢ > 0. This makes it possible to study
the spectrum of

S;_==eA‘ (1.3)

to analyse the stability of the semigroup. Such stability is determined by the spectral
radius

r(A):=spr S,.

The semigroup is exponentially stable if r(1) < 1 and unstable if (1) > 1. When r(1) =
1, extra information is needed to decide if the semigroup is stable or not. Thus the
graph of r(1) gives a great deal of information about the stability of the zero solution,
and the nature of this graph is constrained by a theorem of Kato [ 13] which asserts
that r(A) is a log-convex function.

The stability of the zero solution and the behaviour of r(4) is well understood for
bounded domains (see [3, 10]). In the bounded domain case, a(A;) consists only of
eigenvalues and if a principal eigenvalue 1, exists then 0 must be the greatest
eigenvalue of A + A;m and so 7(4;) = 1. In the case of Dirichlet or Robin boundary
conditions, there exists a principal eigenvalue 4; > 0; also r(0) < 1 and the graph of
r(4) is as shown in Figure 1.1(a) and so Theorem 1.1 holds. The theorem also holds
in the case of Neumann boundary conditions with pM(x) dx <0 and the graph of
r(4) is as shown in Figure 1.1(b). If, however, we consider Neumann boundary
conditions with |, m(x) dx 2 0, then no positive principal eigenvalue exists, the graph
of ¥(A) is as shown in Figure 1.1(c) and so Theorem 1.1 does not hold.

The situation is more complicated in the case of unbounded regions. Principal
eigenvalues may not exist for (1.2) unless some further restrictions are placed on m.
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Figure 1.1.

We shall investigate the validity of Theorem 1.1 and the nature of the graph of r(4)
when m satisfies assumptions of the following types:

(i) m is sufficiently small at infinity and N = 3; in particular, we shall obtain
detailed results in the case where m has compact support.

(ii) m is sufficiently negative at infinity.

The existence of principal eigenvalues has been proved under such assumptions in
[1,5, 6]. Results on the uniqueness of such eigenvalues and on the change of stability
have been obtained in [9] for some special periodic-parabolic problems. Theorems
on change of stability for positive potentials have also been obtained in [19,
Section B.57.

We now consider the general nature of the function r(2). Since ¢(A) = (-0, 0],
r(0) = 1. Moreover, since m is somewhere positive, it follows that lim;_, ., 7{(1) = «©
(see [9]). In order that Theorem 1.1 holds, it is necessary that there exists a principal
eigenvalue 1, such that the stability properties of the zero solution change at 4 = 4,
and this indicates that we must have r(4,) = 1. Thus the graph of r(4) in Figure 1.1(b)
is compatible with the validity of Theorem 1.1 and we shall show that when m is
sufficiently negative at infinity then the theorem holds and #(1) is as shown in
Figure 1.1(b). When m is sufficiently small at infinity, however, Theorem 1.1 may
still hold but the graph of r(A) has a different nature. If m is sufficiently small at
infinity, e.g. m has compact support, then Am is a relatively compact perturbation of
A and so

0'ess(A + im) = aess(A) = (— 0, 0]



830 K. J. Brown et al.

Hence r(A)=1 for all A=0. It was shown in [5] that there exists a principal
eigenvalue 4, in this case; it follows easily that 0 is an extreme point of ¢(A + A,m)
and so r(4,) = 1. Since r(4) is log convex, it follows that r(2) =1 for 0 < i < 4. Thus
the graph of r(4) may be as shown in Figure 1.1(d). In order to prove Theorem 1.1
in this case, it is necessary to prove the stability of the zero solution in the range
0 < A < A, where r(4) = 1. Suppose that m is non-negative. Since e is neutrally stable
and

etA é et(A + ).m)’

it is surprising that any such stability result should hold. We shall show that such
results for non-negative m are possible when N =3 but not when N =1,2. The
deeper reason for that different behaviour lies in the recurrence and nonrecurrence
properties of the Brownian motion modelling the diffusion process (e.g. [11]). In
fact, the nonrecurrence of the diffusion in dimension N = 3 makes heat disappear at
infinity, so that in spite of the existence of a heat source even asymptotic stability is
possible.

The plan of the paper is as follows. In Section 2, we consider the case where N =3
and m is radially symmetric and has compact support. We prove that r(1) is as
shown in Figure 1.1(d) and that Theorem 1.1 holds for such weight functions. In
Section 3, we obtain general results about the case where m has compact support
and show that in general, whether or not there exists a principal eigenvalue, r'(0) =
0 and that, whenever jRN m(x) dx <0, r(A)=1 for small 1. The results obtained for
the compact support case are useful tools for studying the case where m is sufficiently
negative. In Section 3, we use them to get an easy proof of Theorem 1.1 in the case
where m is negative and bounded away from zero at infinity and, in Section 4, to
prove Theorem 1.1 for functions m which are sufficiently negative in the sense that
e'®=4m7) i5 exponentially stable, where m~ =0 denotes the negative part of m. A
characterisation of such functions m~ was obtained recently by Arendt and Batty
[2]. In Section 5, we return to the case where m is small at infinity but may not
have compact support. We give a new proof of the existence of a principal eigenvalue
A1, in this case showing that 1, is the limit of the principal eigenvalues for Dirichlet
problems on large balls so that A; has the variational characterisation

Ay= inf

f {75

RN

oS | my?
RN

and are thus are able to establish the uniqueness of the principal eigenvalue and the
instability of the zero solution when 1 > 4,.

2. The case m is radially symmetric with compact support

Throughout this section, we shall assume that N = 3 and that m(x) is continuous
and radially symmetric with compact support. First we give some definitions and
collect some results on spectral theory which will be used later. Let X be a Banach
space and Te #(X). A A€ C is said to belong to the Browder essential spectrum of
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T, denoted by 0.4 (T), if and only if one of the following conditions is satisfied: 1
is a limit point of o(T), or the image of A— T is not closed, or the space
nglker [(A— T)¥] is infinite dimensional. The essential spectral radius of T is
defined as

SPTess (T) = sup {|4]: 4 € 05 (T)}.

REMARKS 2.1. (i) If 2 € 0(T) — 0.4 (T), then A is a pole of the resolvent of T. Hence,
it is an eigenvalue of T (cf. [7, Theorem A.3.3]).

(ii) Let T be a closed densely defined operator on the Banach space X and
K € #(X) such that K{u— T) ! is compact for some u € p(T). I p(T) is connected
and dense in C and p(T + K) is not empty, then

Oess (T+ K) == Oess (T)a

(cf. [4, Lemma 187).
(iii) If X is a Banach lattice and T is positive, then

spr (T) € o(T).

Therefore, whenever spr. (T') < spr (T), part (i) implies that spr (T) is an eigenvalue.
If that is the case and in addition T is irreducible, then it follows from [17,
Theorem 5.27] that spr(T) is an algebraically simple eigenvalue with associated
eigenvector lying in the quasi-interior of X, . Moreover, there is no other eigenvalue
with associated positive eigenfunction.

A+im

In particular, these properties hold for X = Co(R") and T=e when m is

continuous and bounded as the following remarks show.

ReEMaRrk 2.2. (i) Remark 2.1(ii) may be applied to determine the essential spectrum
of A+ m as an operator on Co(R™) if m € Co(RN). Observe first that D(A) is continu-
ously embedded in C'(RY). If we show that ursmu is a compact operator from
CH(RM) to Co(R¥), then the hypotheses of Remark 2.1(ii) are obviously satisfied and
hence

Oess (A + )'m) = Degs (A) = (— 00, 0]

Using embedding theorems on bounded domains, it is clear that u+ mu is compact
from C!(R") to Co(R¥) when m has compact support. The norm of the multiplication
operator defined above is |m| . Since the continuous functions having compact
support are dense in Co(RY) and the ideal of compact operators is closed, it follows
that multiplication by any C,-function is a compact operator.

(ii) The essential spectrum of the operators ¢/®**™ can be determined from the
result above. By (i) for any m e Co(R") we can apply [9, Proposition 5.4] to see
that

ez(A—H.m) — etA+ Kl(t),
where K,(t) is a compact operator on Co(R"). Hence we obtain that
Oess (et(A+}.m)) = Oess (ezA) =[0,1]

for all t>0 and 4eR. Applying Remark 2.1(iii) to this situation we see that if
r(A) = spr (e***™) > 1, then r(4) is the only eigenvalue having positive eigenfunction.
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Now we have all the ingredients to begin the results of this section. The following
theorem holds:

THEOREM 2.3. Equation (1.2) has a wunique principal eigenvalue Ay = A;(m)>0.
Moreover, r(A) =1 for all 1[0, 4,].

Proof. We seek a positive radially symmetric eigenfunction. Thus problem (1.2)
reduces to

N-1
9+ ——¢' )+ Im()e(r) =0, ¢'(0)=0. (2.1)
Let R > 0 be such that supp (m) = Bg:={x:|x| < R}. Then for r = R, (2.1) reduces to
N-1
9’0+ ——9'()=0,

whose general solution is C; + C,r~"~2 where C,, C, are constants. Since ¢(r) >0
as r— oo and N = 3, we must have o(r)=Cr~ %2, r > R, for some C > 0. Hence

N-2
¢'(R)= — R #(R),

which gives us the boundary condition to be satisfied by the eigenfunction on the
boundary of the ball Bg. It is well known that the boundary value problem

—Agp = Amg for |x| <R,

G N-2 - x| =R (22)

—p=—— or |x| =

on? R ¥ X ’
has a unique principal eigenvalue 1, > 0 with a corresponding unique positive radially
symmetric eigenfunction, say @,(r). Let C >0 be such that ¢o(R)= CR™®~2 . Then
the function

e {wo(lxl), for |x| < R, 23

Clx|"%™=2, for |x|>R,

is a principal eigenfunction of (1.2) associated with 4.

Remark 2.2(ii) excludes the possibility that r(4,)>1 since we know that the
eigenvalue 1 has a positive eigenfunction. This shows that r(4;)=1.

Since r(0)=r(4,)=1 and A->r(4) is log-convex, it follows that r(4;) =1 for all
Ae[0, 4] O

REMARK 2.4. Since the decay of the principal eigenfunction ¢ at infinity is of order
r~®=2_ it follows readily that ¢ € L,(R") provided p >(N/(N —2)). In particular,
9 ¢ L, for any N and g e L, if and only if N = 5. This fact was observed originally
in [18] for the special case m = 0.

The stability of the semigroup generated by A + Am, A € [0, 4;(m)), on Co(RY) will
be obtained from the following result:

PROPOSITION 2.5. Given A € [0, 2,(m)) and ¢, > 0, there exists y € Co(R") radially sym-
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metric such that
p=ci+y
satisfies
—Agp = Imp
and ¢(x) > 0 for all x e RY.
Proof. We define
Y =cylx|"™ 2, |x|>R,

where ¢, is a constant to be chosen later and R > 0 is such that supp m < Bg. In Bg,
the function ¢ is defined as the unique solution of the boundary value problem

— Ay — Amyy = Ae;m  in By,

0 N-2
%l//+Tl/I=0 on 0Bg.
Since 4 < 4,, this boundary value problem has a unique radially symmetric solution
. If we choose ¢, so that c,|x| ™ 2 =(x) for |[x| =R, then ¢:=c, + satisfies
—Ag =/mg on R".

It remains to show that ¢ is positive. In B, ¢ satisfies

—Ap—Amp=0 in Bp,

é N-2 _ N-=-2 (2.4)

Since A < A;, the problem

~Ap—Amp=ypp in By,

0 N-=-2

%¢+T¢:O on 0By
has a positive principal eigenvalue u with corresponding positive principal eigenfunc-
tion w. Then using this function w as the auxiliary function in the generalized
maximum principle (see [16, p. 73, Theorem 10]), it follows that, since ¢ satisfies
(2.4), p(x) >0 for any x € Bg. Since ¢ = ¢, + ¥ and |Y| is a decreasing function for
|x| > R, it is easy to see that ¢(x) > 0 for all x € R¥ and the proof of the proposition
is complete. [

COROLLARY 2.6. For any 2 € [0, A;(m)), the Schridinger semigroup e®**™ is bounded.

Proof. Note first that [|e'@**m) =] e@**™ 1| for all t 2 0. Let ¢ be the bound
state given by Proposition 2.5. Then

4

I€f———<
o lnfxERN (p(X)

ee}
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and hence,

lollo

ela+am) 14 —
o infrery 9(x)

infx er? ¢(x)

€44 | 00 < <00

for all t = 0. This proves the assertion. [

We remark that, for 4= 4,(m), the semigroup is not necessarily bounded [18].
Now we are able to state and prove our stability result.

THEOREM 2.7. For all 4 € [0, A;(m)), the semigroup e"®**™ is stable on Co(R"), i.e.

lim || ™yl =0

t— oo
for all ug e Co(RY).
Proof. Let R > 0 be such that supp m = Bg and consider the eigenvalue problem

—Ap—Amp=pm*¢ in Bg,

d N-2 (2:5)
aw-i-—R-'w:O onaBR,
where m™ is the positive part of m and p > 0 will be regarded as a new parameter.
Since 4 < A;(m), there exists a unique u; > 0 such that (2.5) has a positive eigenfunc-
tion @,, which is radially symmetric. Choose ¢ >0 so that c|x| V=2 = g,(x) for
|x] = R. Then the function

Po(x) for |x| =R,
p(x)= “N-2)
clx| for |x| >R

satisfies

—Ap —Imp=pum 9>0

t(A+ Am)

on R¥. Since ¢ is a supersolution for the elliptic problem, it follows that e @ is

a decreasing function of ¢ and so

lim ||e@**mg ||, = 0.

t— oo
By comparison, this holds for every u, e Co(R") having compact support. Given
ug € Co(RY) and fixed &> 0, there exists a decomposition u, = u; + u, such that
llug ]l <& and u, € Co(R") having compact support. Hence, by the boundedness of
the semigroup, we find that

"4 #™ug || < Me + [ 474, |,
for some constant M > 0, which completes the proof. O

An alternative proof of the above theorem may be based on [15, Corollary
A-IV.1.14], by showing that zero lies in the continuous spectrum of A + Aim.

It is also possible to prove that A,(m) is the unique principal eigenvalue (our
construction in Theorem 2.3 shows that i,(m) is the only eigenvalue corresponding
to a positive radially symmetric eigenfunction, but does not preclude the existence
of another eigenvalue corresponding to a positive nonradially symmetric eigenfunc-
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tion) and that the zero solution is unstable for A > A;(m). We defer the proofs of
these results to Section 5, where they are given for more general m.

Thus Theorem 1.1 holds in the case where m is continuous and radially symmetric
with compact support.

3. General properties for continuous weights with compact support

Throughout this section, it is assumed that m(x) is a continuous weight function
with compact support. Our goal is to obtain some general properties for this class
of potentials which are of interest in themselves but which we shall also use later to
study the case where m is sufficiently negative to ensure that Theorem 1.1 holds.
Some open problems arising in [18, Section 5] will also be partially answered.

THEOREM 3.1. Suppose N = 1 and that m is continuous and has compact support. Then
¥'(0) =0, where ' stands for differentiation with respect to the parameter A.

Notice that if N > 3 and m is radially symmetric, the above result is an immediate
consequence of Theorem 2.3.

Proof of Theorem 3.1. Since r(4) is log-convex and r(0) =1, either (i) there exists
&> 0 such that r(2) =1 for 1€[0,¢], or (ii) r(A) > 1 for all 1> 0. If (i) occurs, then
there is nothing to show. Suppose (ii) holds. Since r(1)>1, it follows from
Remark 2.2(ii) that

1= SPrq, (€4 m) < spr (¢4 4m) = r(i)

and that r(4) is an algebraically simple eigenvalue whose corresponding positive
eigenfunction we denote by ¢,. Then @, is an eigenfunction of the operator —(A + Am)
corresponding to the eigenvalue

w(4) = —log r(4).
Hence, we obtain

(—A = u(A)g, = img;. (3.1)

Since p(4) < 0 lies in the resolvent set of — A considered in Co(RY) as well as L,(R")
and the right-hand side of (3.1) lies in L,(R¥)n Co(RY), we see that ¢, has to be in
the domain of definition of A as an operator in L,, which is H3(R"). In particular,
@, lies in H3(RM).

From standard analytical perturbation results (see [12]), the function u(-) is
analytic in (0, 00) and 1— ¢, may be chosen analytic and normalised so that
l@:llz,=1for all 2> 0. By differentiating (3.1) with respect to 4, we obtain

—(A+ 2m)g, — my, = W (A)g; + w(A)e;.

Multiplying this relation by ¢, and integrating over R¥, using the fact that
9, € HA(RY), it follows that

W)= — j me? dx. (3.2)



836 K. J. Brown et al.

In a similar way, multiplying (3.1) by ¢, and integrating, we obtain

J Vo, |l dx = u(A) + A J
RN

R

N me? dx. (3.3)

In particular, (p;) is bounded in H}, uniformly on bounded intervals of A and hence
we can find a sequence, say (@;, Je=1, 4 — 0, as k— oo, converging to some ¢ in L, .
Since u(4;)—0 as k— 0, it follows from (3.3) that Vg, is a Cauchy sequence in L, .
and so g, _is convergent to g in H3(Q) on any bounded set Q. Letting k — oo in (3.3)
shows that jRN |V ||? dx =0 and so ¢ is a constant function. Since (¢ ) Converges
to ¢ in L, on any bounded set and | ¢, ||, =1 for all k, it follows that ¢ =0. Hence
(p,) converges to the zero function in L, on the support of m and so by (3.2) y/(0) =
0. Thus '(0) =0 and the proof is complete. [

We now use Theorem 3.1 to show that Theorem 1.1 holds for potentials negative
and bounded away from zero at infinity.

COROLLARY 3.2. Let me C(RY) be such that there exist ¢ >0 and R >0 satisfying
m(x)£ —c <0 for all |x|>R=>0. Then the problem (1.2) has a unique principal
eigenvalue, denoted by A, = A{(m) > O, which is algebraically simple. Moreover, the zero
solution of (1.1) is exponentially stable if 4 € (0, A,) and unstable for A > A,. In addition,
we have that r'(0) £ —c.

Proof. Let m*(x) be continuous radially symmetric such that m(x) < m*(x), x e R",

and m*(x) = —c for | x| > 2R. Then m* + ¢ is continuous radially symmetric and has
compact support. Set r(1) = spr (¢®**™) and r*(4) = spr (e *4"* +*N) Then

la+am) < Bt Am*) _ e(A+}.(m* +c)—Ac) e~ lce(A+}.(m* +0)) (34)
and so

rHA) < e *r*())

By Lemma 3.1, dr*/dA=0 and so (d/dA)(e”*r*(1)|,—o= —c. It follows that
r'(0) < —c and so r(4) <1 for 1 small enough. On the other hand, it follows from
[9, Lemma 7.2] that
llim r(A) = oo,

and this, together with the log-convexity of r(4), shows the existence of a unique
Ay =4,(m) such that r(A}<1 for 1(0, 4,), r(A,)=1 and r(A)>1 for 1> 4,. But
SPTess (A + Am) = (— 00, — Ac], see [5, Theorem 2.17, and so spr, (e *™) < 1. Hence
it follows from Remark 2.1(iii) that 4, is a principal eigenvalue. It is easy to see that
the stability results in the statement of the theorem hold.

Finally we prove that A, is the unique principal eigenvalue. If 1 < 4,, then () < 1
and a principal eigenvalue cannot exist. If 4 > 4,, then according to Remark 2.2(ii)
r(4) > 1 is the only eigenvalue having positive eigenfunction so that 1 cannot be a
principal eigenvalue of e**™ ie. 1 is not a principal eigenvalue of (1.2). O

This corollary extends related theorems in [5] and [9] by guaranteeing the
uniqueness of the principal eigenvalue obtained in [5] and by supplementing the
results in [9] by estimating the slope of r(4) at 4 =0; this slope gives information
on the rate of convergence to zero of any positive solution of (1.1) if A is small.
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Corollary 3.2 also enables us to prove the following result about the case where m
has compact support.

THEOREM 3.3. Assume that m is continuous with compact support and

J m(x) dx < 0.

For any ball B=R" such that [,m <0, let Ay g(m) denote the principal eigenvalue of

—Ap=Amgp in B,

0
—¢=0 on 0B.
on

Define
An.oo(m) = sup {Ay p(m):m(x) <0 VxeR \B}.
B

Then
r()=1 forall Ae[0, Ay ]

REMARK 3.4. The assumption [ ~m <0 guarantees the existence of a ball B such
that {,m <0 and m(x) <0 for any x ¢ B.

Proof of Theorem 3.3. For any ¢ > 0, consider the potentials m, defined by
m,=m—e.

As there is x, € RY such that m(xy) > 0, m.(x,) > 0 if & is small enough. Let 4,(m,)
denote the principal eigenvalue associated with m,, whose existence and uniqueness
is guaranteed by Corollary 3.2. It follows from the same corollary that
spr (e® 4} < 1 for all A e (0, 4,(m,)). Hence

r(/{) =spr (e(A+/Im)) = spr (e(A+AmE+As)): e}.a Spr (e(A+}'m‘)) < e}.s (35)

for 1 €(0, A;(m,)). Let B<R¥ be an arbitrary ball such that ij <0 and m(x) =0
whenever x ¢ B. Then, | M <0 for & small enough. For such &, let Ay z(m,) denote
the principal eigenvalue of the Neumann problem associated with m, in the ball B.
By [5, Theorem 2.37,

n,p(Me) < A4 (m,).
As m, < m, Ay p(m) < Ay p(m,). Thus,
An,p(m) = Ay (m;)
and it follows from (3.5) that
r(A) <e*, 21e(0, Ly g(m)).
Therefore, passing to the limit as ¢ -0,
r(A) =1, 1e(0, Ay p(m).

Finally, as m has compact support, it follows from Remark 2.2 that (1) = 1 for all
A =0, which completes the proof. 1
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The following result shows that when N =3 the condition [ vmdx <0 is not
necessary to ensure that r(1) =1 for A > 0 close to zero.

THEOREM 3.5. Assume that m is continuous with compact support and N = 3. Let m*
be an arbitrary continuous radially symmetric potential with compact support such that

m(x) £m*(x), xeR"

Let A,(m*) denote the principal eigenvalue associated with m*, whose existence and
uniqueness is guaranteed by Theorem 2.3. Then

r(A) =spr(e®** =1, for all 2 €[0, A;(m*)].
Proof. As m<m*,
r(A) £ spr (e@ ),
Moreover, it follows from Theorem 2.3 that
spr (et = 1

for all A e [0, A,(m*)], and hence r(4) = 1 for such range of A. Finally, it follows from
Remark 2.2 that r(4) = 1 for any A = 0, which completes the proof. [J

However, as the following theorem shows, for the cases N=1 or N=2 the
condition fRNm dx <0 is essential so that r(1)=1 for A >0 close to zero. Before
proving this result, we need a simple lemma.

LemMa 3.7. Let me C(R") and B be an arbitrary ball in R". Denote by T, p(1) the
semigroup generated by A+ im in Cy(B), i.e. by the Dirichlet problem on B, and by
T.(t) the Schrodinger semigroup e @**™, Then

rg(A)=spr (T, 5(t)) < spr (T;(2) = r(4)
for all 2 in R.

Proof. Let uye Co(RY) and let u denote the corresponding solution of (1.1). Set
vor=1Ugy|p and let v denote the solution of the Dirichlet problem

0,0 —Ap=2Amyp on B x (0, o0),
p(x)=0 on dB x (0, «0),
v(-,0)=1v, on B.
Then, an easy comparison argument shows that
T s(t)oo =v(", t) S u(-, 1) = Ty(t)uo
on B for all t 2 0 and, hence,
I T2 8(8)00lleo = | Ta(H)tto |l
for all t = 0. But from this it follows that
I () o0 = 1 T3(0) lloo,c0

and the assertion follows from the formula for the spectral radius. [
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THEOREM 3.7. Assume that N <2 and that

J m(x) dx > 0.

Then, for any ). >0, the Schrodinger equation — Ay = Amp does not admit a positive
solution in L, (i.e. a ‘bound state’). Moreover, the semigroup e**™ is unstable and

r(A)>1 forall A>0.

Proof. The first assertion was shown in [5, Theorem 3.2]. It remains to prove the
instability of the semigroup for all values of 4> 0. To do this, denote by 4, 5, the
principal eigenvalue of the Dirichlet boundary value problem

{——Ago:lmq) on |x| <R,
o(x)=0  for |x|=R.

It is shown in [5, Lemma 3.1] that 45 5, —0 as R — co. Fix A > 0 arbitrary. To prove
that r(4) > 1, we choose a ball B such that i,z < A. Using the results on bounded
domains, we see that rg(4) > 1 [3]. By the above lemma, it is now clear that r(4) > 1,
proving the instability. [

As the previous results show, the qualitative behaviour of the Schrodinger semi-
group is heavily dependent on the spatial dimension when m has compact support.
When N = 3 and m is radially symmetric, there is a unique principal eigenvalue 1, (m)
and the Schrédinger equation has a bound state for any 4 € (0, 4,(m)) and the zero
solution is L, stable in this A range. On the other hand, if N <3 then the equation
does not admit a radially symmetric principal eigenfunction in Co(R") because it is
easy to see that any such eigenfunction would have to be identically zero outside
the support of m and this is impossible for a classical solution of (1.2). However, if
fexm <0 and N < 3, there is one value of > 0 for which the semigroup e“**™ has
a bound state, that is, A =v,, the principal eigenvalue of the Neumann problem in
large balls, the bound state consisting of the principal eigenfunction to the Neumann
problem on any ball containing the support of m extended to be identically equal
to an appropriate constant outside the ball. This bound state, which does not vanish
at infinity, can be regarded as the limit of principal eigenfunctions of Neumann
boundary value problems. This is in contrast with the case N = 3, where the principal
eigenfunction vanishes at infinity and so can be regarded as a solution of a Dirichlet
boundary value problem. In fact, when N = 3, we shall show in Section 5 that the
principal eigenvalue of (1.2) can be obtained as the limit of the principal eigenvalues
of the corresponding Dirichlet problems in large balls. The results obtained above
have a bearing on some open problems arising in [18, Section 5].

4. The case m negative at infinity

In this section we prove the exponential stability of the zero solution for a wide class
of potentials m which are negative at infinity. A recent result obtained by Arendt
and Batty in [2] characterises potentials ¥ such that the Schrodinger semigroup
associated with A — ¥ is exponentially stable. We shall use this result to prove
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Theorem 1.1 for an associated class of potentials m. The following definition from
[2] will be useful.

DEerFINITION 4.1. Given a subset G < RY, it is said that G contains arbitrarily large
balls if for any r > 0 there exists x € G such that G contains the ball centred at x
with radius r. By ¢ we shall denote the class of subsets of R containing arbitrarily
large balls.

THEOREM 4.2. Suppose that m admits a decomposition of the form m=m; —m, with
supp m; compact and m, =0 such that j'sz(x) dx =00 for all Ge¥%. Then, there
exists a unique principal eigenvalue A, >0 of (1.2) and the zero solution of (1.1) is
exponentially stable for A€ [0, A,) and unstable for 1> A,.

Proof. As m is positive somewhere,
lim r(4) = co. (4.1)

A= 00

We now show that r(A) <1 for >0 small enough. By the variation-of-constants
formula, we can write

t
et(A +my _ et(A —my) + J‘ e(t —s)A— mz)n,l1 es(A +m) ds.
0

As m; has compact support, it follows from [9, Proposition 5.4] that the integral
on the right-hand side of the above relation defines a compact operator on Cy(R¥).
Hence

S,=T,+K,,
where K is a compact operator. Thus, from Remark 2.1, part (ii), we find that
SPTegs S; = SPless 1y, A20.
Moreover, it follows from [ 2, Theorem 1.2], that spr T, < || T, || < 1 for 4 > 0. Hence
SPregs S, <1, A>0. (4.2)

Let m = m; — m, be a decomposition of m such that m,; and m, satisfy the conditions
of the theorem and in addition

f my(x) dx < 0.
RN

As m, =0,
spr S, < spr et 4m),
Moreover, it follows from Theorem 3.3 that
spre@tim) =1 21e[0, Iy o]
Thus,
sprS; <1, 1e€[0, Ay ol (4.3)

To show that spr S, < 1 for 2 >0 small enough, we argue by contradiction. Suppose
that spr S, = 1 for 4 close to zero. As A —spr S is log-convex, spr S; = 1forall 1= 0
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and hence it follows from (4.2) that
SPlegs 51 <SPrS;, 4z0.

So, Remark 2.1(iii) guarantees that spr S, is an algebraically simple eigenvalue of S,
for all 4 > 0. Therefore, A - spr S, is analytic for 4 >0 and so spr S; =1 for all 1 >0,
which is impossible since spr S, > 1 for 4 large enough. This contradiction shows
that r(1) < 1 for A >0 small. As r(4) is log-convex, there is a unique 4, > 0 such that
r(4,) = 1. The uniqueness and stability assertions of the theorem now follow as in
the proof of Corollary 3.2. [

Clearly Corollary 3.2 is a special case of Theorem 4.2; the proof we gave, however,
in Section 3 is based on much more elementary considerations than the proof above,
which depends among other things on Theorem 3.3 which in our development
depends in turn on Corollary 3.2.

It is shown [2, Corollary 1.9 and Theorem 1.10] that there exist potentials
vanishing in a finite number of strips and satisfying all the requirements of
Theorem 4.2. Some characterisations of the weights m, satisfying |_m, = oo for all
G € % can also be found in [2, Proposition 1.4].

5. The case of potentials with fast decay at infinity

In this section, we show the existence and the uniqueness of the principal eigenvalue
of (1.2) for continuous weights m satisfying

Im(x)] < (1 + |x}*)~ (5.1)

for some constants ¢ >0 and «> 1. As any continuous potential with compact
support satisfies (5.1), Theorem 3.7 shows that under hypothesis (5.1) N=3 is
necessary for the existence of a principal eigenvalue. Thus we shall assume that
N = 3 throughout the section.

To show the existence of a principal eigenvalue, we need some preliminary results,
which are of interest by themselves. Consider the weighted Hilbert space

H:=L,((1+]|x]*)"*dx) (5.2)
and define
1 lly == Vi ”LZ(RN)’ Ve @(RN) = CSO(RN)-
When N =3, |||/, defines a norm in 2(R"), since by Hardy’s inequality

2
j |V¢[2dxgc0f Ad dx (5.3)
RN R

wxP
for some constant ¢, > 0 independent of ¥ € Z(R¥). Let V denote the completion of
(2(R"), | llv). Then, V is a Hilbert space with inner product

(u, v)y:= J {Vu, Vo) dx.

Moreover, since

IxI72z2 (A +[xP) " =1 +1xP)77
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it follows from (5.3) that the space V is continuously embedded in H. The following
result shows that this embedding is compact.

LeMMA 5.1. The embedding of V in H is compact.

Proof. Let (u;) be a bounded sequence in V. We have to show that it has a convergent
subsequence in H. As VS H, () is also bounded in the Fréchet space Hj ..(RY).
Moreover, since Hj;..(RY) is compactly embedded in L,,(R"), there exists a
subsequence of (u;), again denoted by (u,), which converges to some function
ue Ly, oo(RY). In other words,

klim [l o — u |IL2(Q) =0 (54)

for any bounded Q = R,
Given arbitrary R > 0, the following estimates hold

et — |5 = fu (1+[x[%) "y — wy)? dx + J (L +1x[2) "%y — uy)* dx

Bgr

é(l +R2)1—a J

|x|zR

N2
(”"l—xlz"’—)dwf (g — 4,2 dx
Br

1
=(1 +R2)1 ac_ I ”k"“l”%/+ [ “k_“1||1242(BR)7 (5.5)
0

where Hardy’s inequality is used to get the last estimate.
Consider arbitrary ¢ > 0. As (u;) is bounded in V and 1 — a <0, there exists R >0
such that

1 £
A+RY ™ —fluy—wl} < 5,
Co 2

Moreover, it follows from (5.4) that there exists N, € N such that

Yk leN. (5.6)

I
lu — ||%2(BR) = 5, Vi, 1= N,.

This estimate together with (5.5) and (5.6) completes the proof. []
Given R > 0, consider the following eigenvalue problem:
—Au=/Amu in Bg,
{u =0 on 0By.

Where R is large enough, there exists x,€ By such that m(x,)>0. Hence (5.7)
possesses a unique principal eigenvalue, which will be denoted by A,(R). It was
shown in [8, Lemma 6.6], that the mapping R — 4;(R) is strictly decreasing and that
the limit

(5.7)

A= lim 2;(R)
R— o0
exists and is finite. The question of interest is to characterise whether 4, is a principal
eigenvalue of (1.2) or not. In fact, this was an open question in [5] and [9]. The
answer is positive as the following theorem shows.
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THEOREM 5.2. A, >0 is the unique principal eigenvalue of (1.2). Moreover, the zero
solution of (1.1) is unstable for A> 1.

We first show that 4, is a principal eigenvalue of (1.2). Let ¢, denote the principal
eigenfunction associated with A;(R). Such eigenfunctions lie in the Sobolev space
H}(By) vanishing at the boundary and so, extended to equal zero outside By, can
be regarded as lying in H3(RY). As they have compact support, we can also regard
them as elements of V. If we assume that the ¢y are normalised so that ||pglly =1,
it follows from Lemma 5.1 that there exists a sequence of positive real numbers (R,)
and a ¢ € H such that lim,_, ,, R, = o0 and

klim =9, (5.8)
where ¢, stands for g_and convergence is in H and so in L, 1,.(R"Y). Next, we show
that (¢,) is also a Cauchy sequence in ¥ and therefore converges in V. For simplicity
we shall write A,:=4,(R,) and B,:=Bg_. Without loss of generality, we may assume
that / < k and hence B, = B,. This allows us to consider ¢, as a test function. Using
in addition that ¢, and ¢, satisfy the elliptic boundary value problem (5.7) and
Green’s formula, we obtain

”(pk_¢l||%/:J‘ |V¢k|2'—2J VwWﬁf (Vo P
By By By,

= J (PkA(Pk—zJ o Agy + J »Ag,
B, B, B,
=k J mei — 24 f mp o+ Ay f myi
RrRY RrRY RY

= A J Mm@ — @) + (4 — A) f meo, + J
RN RrRY

me (@, — ¢i)
RN

Shlloallon—olla + 14— Ad loclalolla + Al ol gl o — @il a-

As (@) is convergent in H and also (4;) has a finite limit, it follows that (p,) is a
Cauchy sequence in V. Since VS H, its limit is ¢. In particular, it follows that
lim, ¢, =¢ in H} ., and that |¢|, =1, ie. 9 #0. We now prove that ¢ is a
principal eigenfunction of (1.2) associated with A, by showing that ¢ is a weak
solution of (1.2) for A= A,. Suppose ¥ € 2(R"). Then if k is sufficiently large

f Vo Vi dx = 4, j mey dx,
RV RN

and so letting k— o0

J VoV dx = Ay j moy dx.
RY RN

Hence ¢ is a weak solution of —Ap = A, me and it follows by a standard regularity
argument that ¢ is a classical solution of the equation.
As ¢, >0 for all k= 1, ¢ = 0. Moreover, it follows from the definition of ¢, using
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Green’s Theorem, that

A lmpy, 0> = Vo, Vo, > = gy = 1 (5.9)

for all k> 1. Since [ vmy? dx < c| ¢, |} for some appropriate constant c, it follows
that jRN my? dx is bounded and so because of (5.9) the sequence (4,) must be bounded
away from zero. Hence 1, >0 and so we have proved the existence of a positive
principal eigenvalue.

It is now easy to prove that the zero solution is unstable for all A> A,. f 41> A,
we can find a ball By such that 4,(R) < A. Instability can now be proved by using
exactly the same argument as that used at the end of the proof of Theorem 3.7.

Finally we prove that 1, is the unique principal eigenvalue. In order to do so, we
must first prove two technical lemmas.

LEmMMA 5.3. Let m satisfy (5.1). Then, any principal eigenfunction ¢ of (1.2) satisfies
@ € Lynjv—2(RY) and Vo € L,(RV)N.

Proof. Let ¢ be a principal eigenfunction associated with some eigenvalue A > 0.
Then

(Me(y)
o=y | D4y cer

for some constant ¢y > 0 depending on the spatial dimension. Hence

m
Vo(x)= —(N —2)cy LN Tyi_y—)(py% x dy.
It follows from [14, Lemma 2.3] and by using bootstrapping arguments that
lpC) S clx|™¥7? and [Ve(x)| = c[x|”* 7Y,
for some constant ¢ > 0, which completes the proof. [

LEMMA 5.4. Let ¢ € Lyyy-2(R") be such that Vg € L,. Then, there exists a sequence
of test functions (p,) such that lim,, , ¢,=¢ in Lyy;y-2(RY) and lim, ., Vo, =Vyp
in L,.

Proof. Let y € Z(RY) be such that 0=y <1 and y(x)=1 if xe B, and y(x)=0
outside B,. Define ,(x):=/(x/n) and set

Pui=Y,.

It follows easily from the Lebesgue Dominated Convergence Theorem that ¢, —¢
in Lyy;w-2). Also, applying Holder’s inequality, we obtain

Vo, — Vol = 1 — DVl + 1oVl a,

S W — 1)Vl + ”(”||2N/(N—2),A,, I Vg, v (5.10)

where A,:={n<|x|<2n} and we denote by |-|, the L,(R")-norm and by -1l p,a,
the L,(4,)-norm. Since Vg € L,, the Lebesgue Dominated Convergence Theorem
guarantees that the first term in (5.10) tends to zero as n goes to infinity. Moreover,
since ¢ € Loz, thenlim,_ o, [ @ [lnv - 2,4, = 0. From the definition of , it follows
readily that |V, |ly= V¥ |x. Smoothing out the functions ¢,, the proof is
complete. [
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We can now proceed with our proof of the uniqueness of the principal eigenvalue.
Suppose that A is any other principal eigenvalue of (1.2) with corresponding positive
eigenfunction . Since 4,(R) has variational characterisation

A{(R)= inf

j [Vy|? dx
Br
V€ 2(Bg)

f, mi*dx>0 f my? dx
Bgr

£l

it is easy to show that A, has the variational characterisation

f V|2 dx

Ay= inf T,

B j g dx
RN

From Lemmas 5.3 and 5.4, we see that the principal eigenfunction ¥ can be approxi-
mated by a sequence of test functions (i,) in such a way that Vi), —» Vi in L, and
Yo = in Lyyjy—2 0 that [ ymy?— | xmy? dx. Thus, it follows from (5.11) that
must satisfy

dop < A

The same argument as at the end of the proof of Theorem 3.8 shows that r(1) > 1
and in particular the instability of the zero solution for all 1 > 4_,. By Remark 2.2(ii)
r(2) is the only eigenvalue having positive eigenfunction. Hence we must have 1=
A and the proof of Theorem 5.2 is complete. [
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