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Sydney University Mathematical Society Problem Competition 2010

This competition is open to undergraduates (including Hosgtudents) at any Australian uni-
versity or tertiary institution. Entrants may use any seuwtinformation except other people.
The problems will also be posted on the web page://www.maths.usyd.edu.au/u/SUM /.

Entrants may submit solutions to as many problems as thdy. vidszes ($60 book vouchers
from the Co-op Bookshop) will be awarded for the best corsetition to each of the 10 prob-
lems. Students from the University of Sydney are also dkgibr the Norbert Quirk Prizes,
based on the overall quality of their entry (one for each of 2i3d and 3rd years). Extensions
and generalizations of any problem are invited and are takeraccount when assessing solu-
tions. If two or more solutions to a problem are essentiaijyat, preference may be given to
students in the earlier year of university; otherwise,ggimay be shared. If a problem receives
no correct solutions, its prize-money will be redistrilmiganong the other problems.

Entries must be received dyriday, August 13, 2010. They may be posted to Dr Anthony
Henderson, School of Mathematics and Statistics, The Wsityeof Sydney, NSW 2006, or
handed in to Room 805, Carslaw Building. Please mark youy &MS Problem Competition
2010, and include your name, university, student number, gestudy, and postal address (or
email address for University of Sydney students) for therrebf your entry and prizes.

. For any positive intege, let D(n) be the number obtained by writing next to each other the
usual decimal expressions f@r. and forn, in that order. For exampld)(10) = 2010 and
D(627) = 1254627. Show that there are infinitely mamyfor which D(n) is a perfect square.

. Start with any nonempty string of (lowercase) letters. Aqple following operation: remove
the first letter, and then after every other letter in thengtrinsert the letter which succeeds
that letter in the alphabet, except that you should not treseything afterz. For example,
the stringf saazn becomesst ababzno after applying this operation, and that becomes
t uabbcabbcznoop after applying the operation again. Show that, no matteit wisinitial
string is, repeating this operation eventually resultdignémpty string.

. . Sl in 2 in3 .
. Define f(x) to be the sum of the serlesgz—x + 8122 ‘ SH;Q Tyl , which converges for alll

realz. Show that for any positive integet, the following equation holds for all reat

F@ + 1@+ Dy o+ T e+ Ty o+ 2T L

m

. The Catalan numbers are defined by the recursi@ef) = coc,,_1 + c1¢p_9 + - -+ + ¢p_1¢0, With

C
= 1. Determine the sum of the serids ——— .
“ ;E:O 24 (2n + 3)
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Fix an integem > 3.

a) Construct a subset C {1,2,--- ,n} which is as large as possible such that among any
three elements of, there are two which have no common factor greater than
b) Construct a subsét C {1,2,---,n} which is as large as possible such that among any

three elements df’, there are two which have a common factor greater than
In each part, you must prove that no subset with more elenmastghe specified property.

The sisters Alice, Bess and Cath need to share a circulaa pibich has been divided intn
pieces (each a circular sector having an anglg rf180° at the centre of the pizza), wheteas
some integer greater thanAn allocation of the2n pieces to the three girls is acceptable if:

a) there is some diameterof the pizza (that is, some line through the centre of theg)izz
such that Alice’s pieces all lie on the same sideof

b) there is no diameter of the pizza such that all the pieces on one side @b to Bess;
C) every sister gets at least one piece.

Show that there are just as many acceptable allocationsichv@ath gets an even number of
pieces as there are in which she gets an odd number of pieces.

Find all real numbers, y, z, t such that
x+y+z+t:x2+y2+22+t2:x3+y3+23+t3:x4+y4+z4+t4.

Considem x n matrices with entries in the field, of integers module, wherep is some prime
number. IfA is such a matrix, itsharacteristic polynomial is defined to belet(z/ — M) where
I denotes the identity matrix, and we say tidtis unipotent if its characteristic polynomial
equals(z — 1)" (that is,M has a single eigenvaluewith multiplicity »). Find, in terms ofn
andp, the smallest positive integersuch that\/* = I for all unipotent matriced/.

A ring is a setR with two binary operationgr, s) — r + s and(r,s) — rs, an operation
r — —r, and an elemertt € R, satisfying the following axioms:

r+(s+t)=(r+s)+t, r+s=s+r, r+0=r, r+(-r)=0,

r(st) = (rs)t, r(s+t)=rs+rt, (r+s)t=rt+st,
for all r, s,t € R. Show that ifR is a ring with the property that' = r for all » ¢ R, thenR is
commutative in the sense thats = sr for all r, s € R.

For any2 x 2 integer matrixA = <Z Z) define thentegral column space C'(A) of A to be

[0)<1(0)(0) 1) wamesz)

a) Suppose thatl;, Ay, --- , A, are2 x 2 integer matrices such thaet(A;) # 0 for every
k, and the uniorC'(A;) U C(Ag) U--- U C(A,,) is all of Z2. Show that

1 1 1
det(An]  Tdet(An)] T Taer(A) =
b) Show that for any > 0, there is a sequencé;, A,, A3, - - - of 2 x 2 integer matrices such
thatdet(Ay) # 0 for everyk, the unionC'(A;) U C(A4,) UC(A3) U - - is all of Z2, and
1 1 1
[det(A)] " Tdet(A,)] [ det(As)
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