SUMS PROBLEM COMPETITION, 2002

SOLUTIONS

1. Let us write

9 10

2n=9"  (n9s) and y, =10 (n 10's).

We claim that x19 > y9. In fact, we’ll show that z,, 11 > vy, for all n > 1. To do this, we’ll
show that x, 11 > yi for all n > 1, which implies the desired result, because y,, > 10 > 1
obviously holds for all n > 1. We prove that z,, 11 > 92 by induction on n. If n = 1, then
Tpa1 = 97 = 387420489 > 100 = y2. Now let n > 1 and assume that z,, > y2_;. Then

Tp1 = 9 =e’m (9 and Y2 = (10%—1)2 — 10%Yn-1 — 2Yn—11n(10)

So what we need to prove is that x, In(9) > 2y,_1 In(10). But the induction hypothesis
tells us that x, > y2_;. So it is enough to show that y2_;In(9) > 2y,_11n(10), or
equivalently, that y,—1 > 2In(10)/In(9) = 2.095- - -. But this is clear, because y,,—1 > 10.

2. Consider the following diagram, and draw the indicated dotted lines:

CS fl

By Pythagoras’s Theorem we have
(ri+73)* = (rs —r1)? + 22,
so that 22 = 4ryr3. Similarly, (ro +r3)? = (13 — r2)? + 92, so that y* = 4rorz. Also,
(r1472)% = (2rs —r1 —12)* + (y — 2)?,

from which, using 2 = 4ryr3 and y? = 4ryr3, we obtain the equation zy = 2r3. From
these last three equations we get

rs = 2«/7"17‘2.
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There is a second configuration of the three circles when £ = ¢':

By Pythagoras’s Theorem again, applied to three right triangles indicated by dotted lines,

we have ) ) )
z° + (r1 —r3)° = (r1 +13)

y? + (ro — r3)2 = (ro + r3)2
(z+ y)g + (rg — 7“1)2 = (r + 7“2)2

The first and second of these tell us that x = 2,/r1r3 and y = 2,/r3r3. Substituting these
into the third equation, a little algebra shows that

r1i7T2 rir2
5 Oor r3= 55
(VT + y/r2) (V1 — V/r2)

where the second possibility only occurs if 71 # 7.

rs =

3. Given a circle C' with centre O and radius R, we define the power of a point P
with respect to C' to be the quantity d? — R?, where d = |OP)|. It is easy to see that if a
line through P meets C at points A and B, then |PA||PB| = |d* — R?|.

Now suppose that C; and Cs are two different circles in a plane, with radii R; and R,
respectively. Then the locus of points P with equal power with respect to both circles is
a straight line perpendicular to the line joining the centres of C7 and C5. For we may
assume that our plane is coordinatized, and that the centre of C; is at the point (a;,0) of
the z-axis. The condition on the coordinates (x,y) of P is that

(x—a1)? +vy*— R =(z —a2)®* +9*> — R}
A little algebra reduces this equation to

R} — R3 — a% + a3
2(&2 —al)

xTr =

the equation of a line perpendicular to the x-axis.

Notice that when the two circles C'; and Cy intersect, then the line of the previous
paragraph must pass through the points of intersection, because such points have power 0
with respect to both circles.



We now solve the stated problem. Let D be the point on the line BC through B
and C such that AD is perpendicular to BC. Similarly, let E be the point on AC' such
that BE is perpendicular to AC. Then AD and BE meet at H. Then the triangles
AAFEH and ABDH are clearly similar, and so

|HA||HD| = |HE||HB]|. (1)

Now the circle Cy with diameter AX passes through D (as well as A and X)) since ZADX
is a right angle. Similarly, the circle Cy with diameter BY passes through F, B and Y.
Equation (1) says that the powers of H with respect to C; and Cs are equal. By the
observation in the previous paragraph, P and () have the same property. So P, () and H
are collinear, by the fact proved in the second paragraph.

4. Here is a somewhat informal solution of the somewhat informally stated problem.
The probability that the pair is relatively prime is

I (L) w

p prime

since 1—1/p? is the proportion of pairs (m,n) with p not a common factor. It is well-known
that the value of this infinite product is 1/{(2), where ((2) is the Riemann zeta function.
It is also well-known that ((2) = 72/6 < 2. So the stated probability is 6/72 > 1/2, and
the statement is true.

One can show that the value of the product (1) is greater than 1/2 without any
knowledge of the zeta function as follows. The first three factors in (1) multiply to

(1-D0-5)(-5) -5

The product of the remaining factors is

p prime n="7
p>7

since the last product is a “collapsing” or “telescoping” product. Hence the value of the
product (1) greater than (16/25)(6/7) = 96/175 = 0.548 --- > 1/2.

The question was stated rather imprecisely, because there is no uniform distribution
on the set of integers, and it is unclear what it means that the integers are picked “at
random”. To make the question more precise, let n > 1 be an integer, and let P(n) be the

probability that two integers, chosen at random from {1,...,n}. One can show that
1 Inn
Pn)=——+4+0(—

(see J.E. Nyman, Journal of Number Theory, (1972) pp 469-473). Hence the precise
assertion is that lim,, ., P(n) =1/{(2) > 1/2.
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5. We claim that the nonzero polynomials with the property
P(X)P(-X) = P(X?) (1)

are precisely those of the form

xm [T @), (2)

n>1:
n odd

where m > 0 is even and where ®,(X) be the n-th cyclotomic polynomial, and the r,’s
are nonnegative integers, only finitely many of which are nonzero. Here we define

(X)) = (X —a1) (X —ay),

where aq,...,q, are the primitive n-th roots of unity, that is, the complex numbers «
which satisfy a™ = 1, but o # 1 if 1 < k < n. It is easy to see that the a,’s are just the
numbers

e? /M where 1 < j < n and ged(j,n) = 1.

For example, ®1(X) =X — 1, ®5(X) = X + 1, and
Dy(X) = (X — ™) (X — ™) = X* + X + 1.

It is well-known that ®,,(X) has integer coefficients, and is irreducible over the rationals.
The degree of ®,,(X), denoted r above, is ¢(n), the number of integers j satisfying 1 <
j <mnand ged(j,n) = 1.

Let us first show that if n is odd, then P(X) = ®,,(X) has property (1).

Step 1: The degree ¢(n) of ®,(X) is even. For if n = pi"*---p"r is the prime
decomposition of n, then the p;’s are odd. Since p(p™) = p™ (p — 1) and

o(n) = p([Pi"") @),

we see that ¢(n) is even.

Step 2: If a1, ..., a, are the distinct primitive n-th roots of 1, then a2, ..., a? are also
these roots, in some order. For if o = €279/™ where ged(4,n) = 1, then o? = e2mi(25)/n
and ged(25,n) = 1. If a? = a3, say, then a; = ay or a; = —ay. The latter possibility
cannot happen, as then 1 = o} = (—az)" = (=1)" = —1. So the numbers of, ..., a7 are

distinct, and so they are the distinct primitive n-th roots of 1.
Step 3: If P(X) = ®,,(X), n odd, then by Steps 1 and 2,

T T

P(X)P(=X) = H(X—aj) H(—X—aj) = ()" [[(X*=ad) = [[(X*—a)) = P(xX?).

Now we are ready to prove our claim that all polynomials P(X) with property (1) have the
form (2). It is clear that X™ has the property (1) if m is even. Also, if P(X) and Q(X)
satisfy (1), then so does P(X)Q(X). It follows that any polynomial of the form (2) has

property (1).



Conversely, if P(X) has property (1), we show that P(X) has the form (2) by induction
on the degree of P(X). If this degree is zero, then P(X) is a constant ¢, say, and ¢ = c,
so that ¢ = 1 (as we are assuming that P(X) is not the zero polynomial). Thus P(X) has
the form (2), with m = 0 and all the r,’s equal to 0.

Now suppose that P(X) is nonconstant, and let o be a complex root of P(X). Then
P(a?) = P(a)P(—a) = 0, so that a? is a root too. Repeating this, we see that

a, a7, a0, ...

are all roots of P(X). But polynomials only have finitely many roots, and so there must
be 1 < j < k so that a? = a?" . Hence

(@)t =1,

Let 3 = . Then 3 is a root of P(X) and " = 1 for some odd number n, namely
n = 2877 — 1. Let n be the smallest positive odd integer such that ” = 1. Then f is
a primitive n-th root of 1. For if there is a k such that 1 < k < n and 3* = 1, then
8" F =1 too. As either k or n — k is odd, and both are less than n, we would have a
contradiction to the definition of n. So 3 is a root of ®,,(X). Since ®,,(X) is irreducible
over the rationals, it is the minimal polynomial of 5 and so ®,,(X) divides P(X). Writing
P(X) = &,(X)Q(X), it is easy to check that Q(X) satisfies property (1), and so, by
induction, Q(X) has the form (2). Thus P(X) has the form (2), with one more copy
of ®,,(X) than Q(X) has.

6. We show more generally that if we have n squares Si,...,S, of side lengths
xr1 > -+ > Xy, respectively, and if

Zx? > ab+ (a+ b)zy,

Jj=1

then the squares can cover a rectangle of size a x b, where a < b, say. This is done by
induction on n. If n = 1, then 22 > ab + (a + b)z; shows that (x1 — a)(x1 —b) > 2ab >0
and so x1 > b and the statement is obvious.

Suppose that n > 1 and that the result has been proved for any rectangle and for
any smaller n. Imagine a rectangle R of base b and height a. Let j be the smallest index
such that z1 + x2 + --- + x; > a. Imagine the j squares Si,...,S; stacked on top of each
other, with their left sides on the left side of R. The part of R not covered by Si,...,S;
is contained in a rectangle R’ of size (b — x;) x a. We claim that the remaining squares
Sj+1,...,9, cover R'. By the induction hypothesis, it is enough to show that

n
Z 27 >alb—2z;)+ (a+b—2))141.
i=j+1
To see this, note that

x%%—-n—}—x?_l§($1+""|—$]’—1)$1§a$1;
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so by our hypothesis,

n n Jj—1
fo:fo—x?— xfzab+(a+b)$1—%—a$1
i=j+1 i=1 i=1
=ab+ br; — ?
> ab + bx; — a5
=ab—z;)+ (a+b—xj)x;
> a(b—xj) + (a+b—xj)r;4.

7. A simple induction shows that for x >0 and n=1,2,...,

1
_|__|_ ,
z+1 r+n

pla+n)=p(r) +

and so in particular
(n) 1+ +1
n _— - e —_
v 1 n

Next we show that ¢(x) is an increasing function. For if 0 < x < y, choose an integer
n > 1 so that y < z +n. Then y is between z and x + n, and so y = tx + (1 — t)(z + n)
for some t € (0,1). Thus

o(y) > to(z) + (1 = t)p(z +n)

1

=t 1—t — ..

p(a) + (1 =t)(p(@) + ——7 + -+ )
1 1

= 1—)(—— ...
@)+ (1= t)(og + )

> p(x).

We make no further use of the convexity of ¢. Forn =0,1,..., let

n+1 n+1
I, :/ o(z) dr and J, :/ zo(x) dr

We need to evaluate Iy and Jy. Now
n+2 n+1 n+1 1
Iy = / o(z) de = / oz +1)de = / (o(z) + ) dx
n+1 n n T+ 1
=I,+In(n+2)—In(n+1).

A simple induction now shows that I,, = Iy + In(n + 1) for all n. Also, since () is
increasing, we have

n+1

o(n) = /nn+1g0(n) iz < /nJrlgo(ac) d g/n o(n+ 1) dz = o(n + 1).

n

Subtracting In(n + 1) throughout, we see that Iy = I,, — In(n + 1) satisfies
o(n) —In(n+1) <l <p(n+1)—In(n+1). (1)

But it is well-known that ¢(n) — In(n) — v as n — oo, and since In(n + 1) — In(n) =
In(1+ 1/n) — 0, it follows that both left and right extremes of (1) tend to v as n — oo.
Thus Iy = 7.



To evaluate Jy, start by observing that

n+2 n+1
In+1 :/+1 zo(x) dac:/ (x4 1)ep(x +1) dx:/ (x+1)(g0(a:)+x+1) dx

=J,+ 1, +1.
Using I, = Ip + In(n + 1) = v + In(n + 1), a simple induction shows that
Jp=Jo+ny+n+In(n!) forn=0,1,... (2)

But
n+1 n+1
In = / zo(x) de = / (x —n)p(z) de + nl,,

and, since (z) is increasing,

_ %gp(n—i— 1)
= S o(m) + )
Thus 1 1
580(”) +nl, < J, < 59@(71) +nl, + W+ 1)

so that J,, = %gp(n) + nl,, + e, for some e,, which tends to 0 as n — oco. So

Jh:%¢W%Hﬂv+mmﬁ4»+mn:%@W%H47+mmn+l+€% (3)

where e/, — 0 as n — oc.
By Stirling’s Formula, we can write

1 1
In(n!) = 3 In(27) —n+ (n+ 5) In(n) + e,

where €]/ also tends to 0 as n — co. Combining this with (2) and (3), we get

Jo = (%gp(n) +n(y+In(n)) + 1+ e;l) — (nfy +n+ %111(270 —n+(n+ %) In(n) + e',{)

1 1
= 5(@(71) —In(n)) +1-— 3 In(27) + €, — el
1
—>1—|—1——ln(27r) as n — o0.

2 2

Hence 1
Lh:%+1—§m@@.
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8. (i) An example of face transitive polygon which is not vertex transitive is a “dipyra-
mid” X, obtained from taking two pyramids whoses bases are regular n-gons, n # 4, and
joining them at their bases. The faces are all isosceles triangles of the same size, and so
either a rotation about the axes joining the top and bottom vertices, 7' and B, say, or a
reflection in the joined bases of the pyramids, followed by such a rotation, maps any face
to any other. So X is face transitive. But it is not vertex transitive, because the valency
(number of neighbouring vertices) of both 7" and B is n, but the valency of all the vertices
on the common base is 4, and so no symmetry could send T or B to one of these latter
vertices.

(ii) We can make a “prism” by taking two regular n-gons, one above the other, and
joining corresponding vertices by vertical edges. Then this polyhedron is vertex transitive,
but if n # 4, it is not face transitive, because two of its faces have n sides, while the others
have 4 sides.

(iii) Consider a (non-regular) tetrahedron X in which opposite sides have the same
length. So two opposite sides have length a, say, two have length b, and two have length c.
Then each face is a triangle having one side of each of the lengths a, b and c. If a, b and ¢
are not all equal, then X cannot be edge-transitive. On the other hand, X is both vertex-
and face-transitive. A concrete realization of such a tetrahedron is as follows: take the
vertices A = (—1,0,1), B = (-1,0,-1), C = (1,1,0) and D = (1,—1,0) in R®. Here we
have |[AB| = |CD| = 2, and the other four edge lengths equal to v/6. Using the linear
transformations given by the matrices

1 0 0 1 0 0 -1 0 0
Ti=(01 o], m=[0 -1 0| and =] 0 0 1],
00 -1 0 0 1 0 1 0

we can easily see that X is both vertex and face transitive.

(iv) Let X be a polyhedron, with vertex, edge and face sets V, £ and F, respectively. Let
G be the group of symmetries of X. We assume that X is edge-transitive, but not vertex-
or face-transitive.

Step 1. Pick any edge e, with vertices v; and vy. We first show that any vertex v is
in the G-orbit of v; or of vy, but not both. To see this, let d be an edge containing v, and
let w be the other vertex of d. By edge-transitivity, there is a ¢ € G which maps e to d.
So g{vi,v2} = {v,w}. So v = gv; or v = gvs, and v is either in the G-orbit of v; or of vs.

Suppose that v is in both the G orbit of v; and of vy. Write v = g1v1 and v = govs.
Since X is not vertex transitive, there is a vertex v’ which is not in the G-orbit of v1. Let
e’ be an edge containing v’ and let w’ be the other vertex of ¢’. Let ¢’ € G map e to €.
Then g{vi,vo} = {v’,w'}, and since gv; cannot equal v, we must have gvy = v’. But then
v = guy = 992_11)1 is in the G-orbit of v, contrary to hypothesis.

Because of Step 1, the vertex set V is the disjoint union V; U Va, where V; is the
G-orbit of v;. Since the edge e we started with was arbitrary, we see that any edge has
one vertex in V; and one vertex in V,. Moreover, if v is any vertex, in V; say, then all the
vertices joined to v by an edge must be in V5. Let m, denoted the number of such vertices
(the valency of v). Then m, = m,, if v and w are in the same G-orbit. Let m; be the
common valency of the vertices in V;. Since each edge e contains exactly one vertex in Vi,
we have

E= U {e: v is a vertex of e},
vEV]



and therefore |€| = |V1|my. Similarly, |E] = |Va| ma.

Another consequence of Step 1 is that each face F' must have an even number of edges.
For if we start at some vertex v of F' and start working round the edges of F', the vertices
must alternatingly be in V; and in V5, and so we must take an even number of steps to
get back to v.

Step 2. Let Fy and Fy be two adjacent faces of X, and let e be their common edge.
Then any face F' of X is in the G-orbit of F; or of F5, but not both.

One proves Step 2 in exactly the same was as Step 1. Corresponding consequences of
Step 2 are that F is the disjoint union F; U F5 of the G-orbits of F; and of F5, that any
two adjacent faces are in different sets F;, and that |€| = |Fi|n1 = |F2|ne, where n; is
the number of edges on any face belonging to F;. We saw as a consequence of Step 1 that
ni and ng are even. In the same way, we see from Step 2 that the valencies m; and mso
are both even.

By definition of a vertex, the valency of any vertex must be at least 3, and so being
even, each m; is at least 4. Similarly, each n; is at least 4. Hence

L2ty 1 2 ey
+ < + = —.

Vi=mal+l= D < H T L

Similarly, |F| < |£|/2. Hence by Euler’s Formula,

&
2= V] -]+ 17 < e+

€l _

5 =0

a contradiction.

9. Suppose that n is even. Then

L= (-1)"=(1-2)" = é (Z) (=2)",

so that, subtracting 1 from both sides and dividing by n, we get

n

D % (Z) (—2)F = 0. (1)

k=1
Now
1/n n—1)-(n—(k=1) (D 'k-1)+nmp, (=1)*1 M,
ﬁ(k:)z k! - k! c = k T k;lk'

for some integer m,, . Hence (1) can be written

k2k

2k (1)
;?—nZT. (2)

k=1

The 2-adic valuation ords(r) of a nonzero rational number r is by definition v (€ Z) if
r = 2"a/b, where a,b € Z are odd integers. In other words, ords(r) is the number of times
r is divisible by 2, counting negatively for factors of 2 in the denominator.
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The formula -
orda(nl) = L%J (3)

J=1

is well-known (see Niven and Zuckerman, An Introduction to the Theory of Numbers,
Theorem 4.2, for example). Since

LEJ <

20] = 27

we see that ordy(n!) < m. So the terms 2%/k! appearing on the right in (2) have 2-
adic valuation at least 0. That is, they are rational numbers which may be expressed as
fractions with odd denominators. So the same is true for the sum on the right in (2).
Hence z,, = nr,, where ordy(r,) > 0. Thus

ords(zy,) > orda(n) if n is even.

In particular, ords(xqr) > k. It follows easily from this that ords(z,) — 0o as n — oo.

The estimate ords(xox) > k is very weak. Here is another solution to the problem
which gives a better estimate.

Solution 2. We first derive the formula

2" 1
o D = (4)
no= (")
Replacing n by n 4+ 1 and multiplying both sides by n!, this is equivalent to showing that
Xn:(n—kz)!k!:(nJrl)!Zn:;. (5)
i o (k127"

We leave it to the reader to verify that both sides of (5) satisfy the recurrence relation

n+2
Ynt1 = —5 Yyn + (n+ 1)L

Since both sides of (5) are equal to 1 when n = 0, the identity (5), and therefore (4), holds
for all n > 0.
We use (3) to estimate the 2-adic valuation of the denominators on the right in (4).

(G | > (RN L= N

If we write r = (n — 1)/27 and

then



so that m < |r|. Hence the summands on the right in (6) are non-negative. Also,

k k n—1—k n—1—k
Bl Tt L Tl e R

so that m > r—2. Hence m < |r| <r < m+2. Hence 0 < [r] —m < 2. Since [r] —m € Z,
it must be 0 or 1. That is, the j-th summand on the right in (6) is 0 or 1. Now suppose
that 2" < n —1 < 2"t Then the j-th term in (6) is zero once j > r + 1. So the sum
in (6) is a sum of r terms, each of which is 0 or 1. Hence

-1
ord2(<nk )) <r if2N4+1<n<2rtt

So we may write the formula (4) as

n—r n—1

2"“
+1= (")

and each summand in the sum on the right has non-negative 2-adic valuation. When n is
even, so that n + 1 is odd, we therefore have shown that

2
Ty =
n

orda(zy,) >n—r if2"4+2<n< 27+ s even.

In particular, we have
ordg(zqr) > 28 — k 4 1.

10. For general n, this problem was rather harder than SUMS thought. Sorry about that.
We refer the interested reader to an article by N. Bergeron and A.M. Garsia “On certain
spaces of harmonic polynomials”, Contemporary Mathematics Volume 138 (1992), pp. 51—
86. We shall give here a complete solution for the case of the Van der Monde determinant
in 3 variables, but only part of the solution for the case of general n, giving the main ideas
at least.

Fix an integer n > 2 and let x1, 2, ..., x, be indeterminates. Let
1 1 . 1
Z1 €2 Tn
2 2 2
Vn — ./El :132 .'I/'n
-1 -1 n—1
T ) Ly

be the Vandermonde determinant. Using row and column operations it is easy to check
that

Vn - (xn _xl)(xn _xQ)'--(xn_xn—l)Vn—la (1)

and then a simple induction leads to the well known formula

1<i<j<n
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Note that V,,_1 is a polynomial in the variables x1,zs,...,x,_1; in particular, V,,_; does
not depend on z,,.

For convenience, let 0; = aa—w, and more generally, OF = %, fori=1,2,...,n and
k > 0. It is well known that for all ¢ and j, 0;0;F' = 0;0; F for any reasonable function F' of
Z1,...,%yn, and in particular this is true for any polynomial in the x;’s, which is all we are

dealing with here. So any function obtained from V,, by repeated partial differentiations,
in any order, can be written as

oFrok2  9Fv, where ki, ks, ..., kn > 0. (3)

In fact, we can also assume that 0 < k; < n, for all j. For (2) shows that for any j, V,,
is a polynomial of degree n — 1 in x;. Hence 0;'V,, = 0. There are therefore at most n"
nonzero partial derivatives (3).

We want to show that these partial derivatives span a vector space of functions which
has dimension n!. We would like to show that any partial derivative (3) is a unique linear
combination of partial derivatives

ook ok, where 0 < k; < j for each j. (4)

There are n! such partial derivatives. For example, if n = 2 then V5 = ‘ xl xl ‘ = X9 —Tq;
1 X2

so the only nonzero partial derivatives are
Vo=0Y00Vs, 1=0%03V,, and —1=0;09Vxs.

The third of these is —1 times the second one, and so a linear combination of the first two,
which are the ones of the form (4). '

Now suppose that n = 3. Let us write simply ;; in place of 319505V3. Then the
3! = 6 partial derivatives (4) are

Oooo = V3,  Opo1 = (1 — x2) (21 + 22 — 223), Ooo2 = —2(z1 — z2),
8010 = —(.Tl — .%’3)(%’1 + Tr3 — 2.’13'2), 8011 = —2(1’2 — 1‘3) and 8012 = 2.

All 27 0;51’s, 0 < 1,7,k < 2, are linear combinations of these 6 partial derivatives. Indeed,

0020 = 2(x1 — x3) = —0p11 — Ovo2, Oo21 = —2 = —0o12, 0100 = —0o10 — Ooo1
0101 = —0p11 — Ovo2, 0102 = —0p12, O110 = Ovo2, 0120 = Ooi2,
G200 = Op11, 0201 = Op12, 010 = — 012

and the other partial derivatives 0;;; are all zero.

We now show that, for each n > 2, the partial derivatives (4) are linearly independent.
We prove this by induction on n. We have already checked this when n = 2, so assume
now that n > 2 and that the claim holds for V;,_;. Let 0 < k; < j for j =1,...,n and
write k in place of k,, and write

lgks okt = ¥

n—1

12



Then since V,,_1 is independent of z,,,

n—1
ook oknv, =¥ kv, = oF oF <vn_1 1@ - xj)>
j=1

Notice that px is a polynomial in x1,...,z, which is of degree n — 1 — k in z,,. Now by
repeated use of the product rule for differentiation (in the various variables x1,...,x,—1),
we have

o~ (anlpk) = pk(‘)k/ (anl) + terms of degree <n —1—k in x,. (5)

Suppose that we have an equation

Ztk17~--7kn 8f16§2...6§”Vn =0, (6)

where the sum is over all n-tuples of k;’s such that 0 < k; < j for each j, and where the
tky,... k, S are constants.

The left hand side of (6) is a polynomial in the z;’s. Consider the terms which are
of degree n — 1 in z,,. From (5) we see that the only way to get such a term in (6) is by
taking k,, = 0, and that these terms are

kl kg knfl
pOE tkl,...,kn,l,oal 82 ---6n_1 n—1,

where pg = H;le (2, — ;). The coefficient of 2~ in (6) is therefore

k k knfl
E tk17.~~7kn_1,0611822---anq n—1,

By the induction hypothesis, this implies that the coefficients tx, .k, , 0 are all zero.
Next we look at the terms of degree n — 2 in x,,. Since all the coefficients tx, . k. .0

are zero, from (5) we see that the only way of getting such terms is from terms in (6) in
which &, = 1, and that these terms are

k}l k?g knfl
plg tkl,...,kn,l,lal 82 "'an—l n—1,

where p; = 9,po = (n — 1)2" 2+ terms of lower degree in z,,. The coefficient of 72
in (6) is therefore

k k‘ kn—l
(n - 1) E tkl,.~~,kn_1,1811822 s an—l n—1,

By the induction hypothesis again, this implies that the coefficients tx, . %, ,1 are all
zero. Continuing in this way we see that all the coefficients ¢, . %, ..k, are zero, and
linear independence is proved.
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The proof that every partial derivative (3) is a linear combination of the partial deriva-
tives (4) has been given above for n = 2,3. For general n, we refer the reader to the paper
cited above, but at least we indicate the ideas involved here:

We first show that

Y 0iV=0, Y 9V, =0, etc (7)
j=1 j=1

and more generally, that
P(01,...,0,)V,, =0

for any symmetric polynomial P in n variables with zero constant term. The reason for
this is that V,, is an alternating polynomial in z1, ..., z, (that is, if you interchange two of
the variables in V,, you get —V},). For a symmetric P it is easy to see that P(01,...,0,)Va
is also alternating. But alternating polynomials are all divisible by each x; — z;, 7 # j,
and hence by V,,. The hypothesis that P has no constant term means that the degree of
P(01,...,0,)Vy is less than that of V,,, and so the only way it can be divisible by V;, is if
it is zero.
Now we use the first of the relations (7):

IV =—(02+ -+ 0,)Vy,
to express any partial derivative (3) without using 0;. This also tells us that
V= =0+ +0,)°Vy = 3V, + Xn:azakvn + Zn: 0;0k V.
k=3 5,k=3
Using this and the second of the relations (7):
OtV + 03V + -+ 02V, = 0,

we see that
1 n n n
2 _ 2 .
03V = —3 (;) 020V, + kzsakvn + ‘kzg 05002 ).
p— = J7 p—

which expresses 93V, in terms of partial derivatives (3) in which there are no 9;’s, and 9,
only appears to the first power. To see how to continue this procedure, we refer the reader
to the paper cited above (equation (3.11)).
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