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1. Background



@ For 0 < a < n, define
f(y)
1, f(x z/ —2L__dy, xeR"
) R [X = y[T Y
@ Sobolev’s inequality: For all f € LP(R"),
1 1 «
—=—__= s < .
P>t =5 = lhfle Sl
Definition
Let0 < o < n, and let b be a measurable function on R".
@ Commutators: For f € C*(R"),

b L) = b0 f0) — (b1(X) = | b =B ¢y ay.

Rr X —y[me

@ BMO(R"):

1 1
b = sup /bxb dx, b :/bxdx.
|| ||BMO |Q| Q| ( ) Q’ Q |Q| o ( )

Q:cube
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Commutators on Lebesgue spaces

Theorem 1 (Chanillo, 1982)
LetO<a<nand1 < p< s< oco. Assume that

.1

_1
s p

sle

Then

be BMOR") <<= |[b, hlflls < ||flle for all f € CX(R).

v

% CR(R) C LP(RT)

~»  Commutators are well defined on LP(R").
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Endpoint estimates

Taking
f(x) = xj0,11(x),  b(x) = log(1 + X)X (1,00)(X),

then we can see that [b, 1,] is not weak—<1 nna> bounded
(cf. Cruz-Uribe and Fiorenza, 2003).
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Endpoint estimates

We may use Orlicz spaces.

Theorem 2 (Cruz-Uribe and Fiorenza, 2003)
Let0 < a < n. If b € BMO(R"), then

{X € R : [[b, lL]f(x)| > 1}] S ¥ (4N¢<||b||BMo|f(x)|>dx) ,

where we put

n

o(f) = tlog(3 + 1), W(t) = <t|og (3 + t%))m .

X |t follows that
116, la]fllyror < (Il e

holds for some Young function 1.
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2. Function spaces
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Morrey and weak Morrey spaces

Let0 < g < p< 0.
@ Morrey space Mg(R"):

1
1 q
f = s Q|» /fqux> .
“ ||/&4p Q tﬂ:e ’ ’ <:|(D| ’ ( )’

® Weak Morrey space WMb(R"):

1fllwpee = sup HtX{xER":|f(x)|>t}HMg-
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® Mp(R") = LP(R"), WMPp(R") = WLP(R").
00<p<g<p<x

= ML (R") = ML (R"), WML (R") — WME,(R).

e0<g<p<oo = WLP(R") < Mp(R").
e0<g<p<oo = CX(R")isnotdensein MH(R").

Theorem 3 (Adams’ theorem; 1975, 1987)

LletO<a<ni<g<p<ocoandi <t<s<oo. Assume
that

1 1
s p
) iz < Il nez

@ Ilaflwagg S IFl e (E _ E)'
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Orlicz and weak Orlicz spaces

Definition
(1) A function ® : (0,00) — (0, 00) is called a Young function, if
it satisfies the following properties:
° tirgn+ ®(t) = 0.
e & js convex.
(2) Orlicz space L®(R"):

HfHLoEinf{)\>O: ¢<|f(x)|> dX§1}.
Rn A

(38) Weak Orlicz space WL®(R"):

Ifllwee = sup ||tx xern: x>t || 1o
£>0

{XER” : f())\()|>t}’§1}.

% When o(t) = tlog(3 + t), we write L*(R") = Llog L(R").

= inf {)\ >0 : sup ()
t>0
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@ Hardy-Littlewood maximal operaotor M:

W) = sup X0 L1y

Q:cube

Definition

For a Young function ¢,

PEVy = Fk>1std(r) < 21—kd>(kr) forr > 0.

The WL®-boundedness of M is given as follows:

Theorem 4 (Kawasumi, Nakai and Shi, 2021)

If ® € Vy, then there exists Ce > 0 such that

sup ®(1) [{x € R" : Mf(x) > t}] < sup®(t)|{x € R" : Col|f(x)| > t}|.
t>0 t>0
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Orlicz average and Orlicz-Morrey spaces

Definition (Sawano, Sugano and Tanaka, 2012)

Let1 < p < 0.
(1) Orlicz average: For each cube Q, define

. 11| ()|
||f|uogL,omf{»o:'@/oAbg 3+ ) g < 1],

(2) Orlicz-Morrey space M, (R"):

1
Ifll e, = sup |QI7[IfllLiog L
oS QeQ

@1 <g<<p<wx
= MG(R") = M{ . (R") = ME(R").

® C*(R")is not dense in M7, (R").
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3. Main results
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Commutators on Morrey spaces

Let0<a<ni<g<p<ocandl <t<s<oo. Assume
that

11 e g_&
s p n p s
Then
be BMOR") <« b, lalfllae < Ifll pee-
@ (=): Di Fazio and Ragusa, 1991.
@ («=): Shirai, 2006.
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Theorem 6 (Sawano and Hakim, 2021)

LetO<a<nl<g<p<ocandl <t<s<oo. Assume
that

S1Q

!
) S'

1
S

TlQ

1
p
Then

bEBMOR") = b lalfllus S IFlipaznee, ovin

0 MG(R™) = [MG(R"), Mo, [ (RM]PIT s MP, o (RT).
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Main theorem

Main theorem (H.)
Let0O<a<nil<p<ocandil <t<s<oo. Assume that

1 1
s p
Then the following assertions are equivalent:
(1) b € BMO(R").
(2) Forall f e MLIo L(R™),
e [b, I,]f is well defined.
o |[[b, l]fllwats S [l pee

LiogL

@ !
n p s
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The proof of the statement (2) = (1) is similar to the ideas
from Janson in 1978.

To prove the statement (1) = (2), we give the estimate for

bl = [ B0 2y ay.

Main theorem (H.)
LetO<a<ni1<t<s<oocand1 < p < oco. Assume that

)

t
p

319

1
p

o=

1
S
Then

beBMOR") = |6, lalfllwaes <[]l nee

LIogL‘
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4. Proof of the main theorem

19/28



Fix a cube Q. We decompose
f=1fxeq + fxrmoq = fi + fo.
We omit the estimate for £ in this talk.

About the estimate for f;, the proof is constructed by the
following claims:

() (16 119Y*(x) < 1Bllso (M((@))(X)7 + M, 110g19(X) ).
(i) lglhwa S 167 lwass-

(i) ||Mo.L1og LG llwats < 19llpep, -

To prove (ii), we referred the following paper:

S. Nakamura and Y. Sawano, The singular integral operator

and its commutator on weighted Morrey spaces, Collect. Math.

68 (2017), no. 2, 145-174,
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(i) (16, 1a]9)*(x) < [1BllB7o(M((1a)")(X)7 + Mo £10g9(X))

@ Fefferman-Stein sharp maximal function:

ff(x /f — foldy.
= g g [0~ tlay

® My iogtf(X) = sup x@(X)|Q| || fl|L10gL.0-

Q:cube

Theorem 7 (cf. Cruz-Uribe and Fiorenza, 2003)
LetO<a<n1<p<ooandn>1.If

b € BMO(R"),

then
(16, al () 5 1Bllsmo (M((1aF)")(X)" + M, L10g LF(X))

for all nonnegative functions f € M’Zlog L(R7).
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(if) HQHWMf S HQﬁHWMf

(1) Rearrangement:
ff(ty=infla>0: {xeR" : |[f(x)|>a}| <t}, t>0.
(2) Local mean oscillation: For a cube Q,
wi(f; Q) = ggé((f —C)xa)'(A\Q]), 0<Ak1.
(3) Sharp maximal function:

M:%f(x) = sup wa(f; Q)xa(x), x €R™.
Q:cube

Proposition 8 (Jawerth and Torchinsky, 1985)

Mo ME9f(x) ~ f4(x).
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The median m(Q) is defined by a real number satisfying

{x € Q: ()] > M@}, |{x € Q: [f(x)] < m(Q)}] < =

Theorem 9 (cf. Nakamura and Sawano, 2017)

Let0 < g < p< . Then

m(2'Q) 50 (L= 00,7Q) = [fllyne ~ HM&%HWMZ :
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To prove this theorem, we may use the following proposition.

We say that the family {Qf} ke, jes, C Q(R") is a sparse family
if the following properties hold: for each k € Ny,

(1) the cubes {Qf}jc, are disjoint;
(2) if Qi = Ujey, QF, then Qypy € Qu;
(3) 2|Q%1 N Q| <|Qf forall j € .

Proposition 10 (Lerner, 2013)

There exists a sparse family of {ij}keNo,Jk C D(Qp) such that

[F = mi(Qo)| S M+ 3" 3 wa(f; ojk)xoik.

keNy jeJk
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(iit) [[ Mo L1og L9llwares S 1191l

@ MariogLF(X) = sup xa(X)U(Q)*[|fllLi0gL,a-
Qe

Let0<a<ni<t<s<ooandl <p<oo. If

then

Mo crog Fllwaes ~ 1l e,

.
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To use Theorem 9, we have to verify the statement
m‘b7,a|,«1 (2600) —0 (5 — OO)

for all cubes Q.

Lemma 12 (cf. Nakamura and Sawano, 2017)

Let f be a measurable function. If Mf ¢ WL®(R") for some
Young function ¢, then

lim my(2°Q) = 0
f—00

for all cubes Q.
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Define

n

O(t) = tlog(3+ 1), W(t) = (t log (3 + t%)) e

n

Po(t) = (W) .

Let0 < o < n.

(1) Vod(f) < <t|og2(3 + t)) e,

(2) by € Vo s.t. dq(1) < dg(2).

L® (RN WL®(R") < WLOH(R") M, wLe(R")

w w w w

1b,1q |
—

f = b hlfi = bhlfi = M(b, l|f).

Hence, we can use Lemma 12...
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