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The model equation discussed in this talk

We talk about C'-regulairity of weak solutions to, for example,

Ly pu = —bA1u—Apu=f e L) in QCR" where

@ () is a bounded n-dimensional domain with Lipschitz boundary.
@ The unknown function u: Q — R is in the class W1 P(Q).

o Ayu:=div (|Vul[*?Vu) (1 < s < o) is the s-Laplacian.

@ The given function f: Q — R is in the class L?(2).

@ | he constants & dimensions are assumed to be

b€ (0, 0), pe(l,x), g€ (n, oo], n>2.
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Mathematical models

The equation
Ly pu = —bAju—Apu=feLi() inQCR”
is derived from the Euler—Lagrange equation

1
5‘_7::() with  F(u) ::b/|Vu|dx+—/|Vu|pda:—/f-udzv.
ou Q PJq Q

This energy functional often appears in fields of

@ Fluid mechanics (Bingham fluids) for p = 2.
cf. Duvaut—Lions (Springer, Grundlehren series Vol. 219).

@ Materials science (crystal surface growth) for p = 3.

cf. Spohn (1993), Kohn (2012): fourth order problems.
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Optimal Regularity

For a general energy density E (with smooth structure), we have
VE(VE*(x)) =z, FE*: Fenchel dual. (D)
Hence uw := E* is a solution to —div(VE(Vu)) = —n.

— Cb % regularity with o == max{1, (p — 1)~!} is at most expectable.

1 . B r D
E(z) = bl7] ]_?‘Z‘p- E*(¢) = (p") 7' (I¢] = b)ﬁ with p' == ]ﬁ
E E*
0 0
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Main result

For p-Poisson problems (i.e., b = 0), C! ®-regularity is established by
@ Uraltseva (1968), Uhlenbeck (1977), Evans (1982) for p € 2, o0)

@ Lewis (1983), DiBenedetto (1983), Tolksdorff (1984) for p € (1, o0)

..and many experts. When E__}Qults are not expectable.

The main result is

Theorem (T.; scalar (arXiv:2208.14640), system (Math. Ann., 2022))

A weak solution to Ly yu = f € L9 with q € (n, oo is in C1(Q; RY).

cf. C'-regularity when N =1 & wu: convex. (Y. Giga & T., ARMA, 2022)
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QOutline of Talk

@ Introduction and preliminary
@ Difficulty & Strategy
@ Comparison to related works on a very degenerate problem

© A priori Holder estimates for modulus-truncated gradients
@ Convergence of approximated solutions
@ Key Estimate

© Generalization & Future Works

@ Generalizations
@ Future Works
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@ Introduction and preliminary
@ Difficulty & Strategy
@ Comparison to related works on a very degenerate problem
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Difficulty on regularity (1/3)

We fix s € [1, oo) & consider a convex function

FEy(z) = é\z\s (z € R™).

Then the Hessian matrix is given by,
V?Ey(20) = (s — 2)|20|5 %20 ® 20 + |20/ %1, for zo € R™\ {0}.
In particular, its eigenvalues & corresponding eigenspaces are

{ (s — 1Dz & Rz (1 dimension),

| 20|52 & (Rzo)™ (n— 1 dimensions).

Always 0 is an eigenvalue of V2E1(zg), even when 2z € R™\ {0}.

— Diffusivity of Aju degenerates in the direction Vu, even when Vu # 0.
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Difficulty on regularity (2/3)

We define

B(2) = blz| + %mp _ bEy(2) + Ey(2) (2 € RY).

For each zp € R™ \ {0}, we compute

(the largest eigenvalue of V2E(z))

(the lowest eigenvalue of VZE (%)
max{p—1, 1} 4 b|zo| 7P

B min{p—1,1}+b-0

(ER of V?E(z)) =

This ER (Ellipticity Ratio) blows up as |zg| — O.

In other words, non-uniform ellipticity appears as Vu — 0.
cf. (p, q)-growth problems (non-uniform ellipticity as |Du| — o0).
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Difficulty on regularity (3/3)

Going back to our Eq., written by
—div(VE(Vu)) = f.
| Differentiate by z;, then

— div (VQE(VU)V&UJU) — 8:63‘ f (*)

Eq. (x) is no longer “uniformly elliptic”, near {Vu = 0} (facet).
— Growth estimate of d, u across {Vu = 0} will be very hard.

Another Problem: Does (x) make sense in W 127

— We should relax Ly, , = —bA;1 — A, by uniformly elliptic operators.
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Strategy (1/2)

Our Problem: —div (VzE(Vu)V&Eju) =0, [ (%)

Recall

(ER of VE(Vu)) < Cp (1 + b|Vu|'P)
< Cp (1+b577) < o0

when [Vu| > > 0.

Roughly speaking,
@ Eq. (%) is “locally uniformly elliptic” in {Vu # 0}.

@ Its uniform ellipticity can be measured by |Vul.
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Strategy (2/2)

For each fixed § € (0, 1) and x¢ € €2, we would like to prove

Gs(Vu) = (|Vu| - 5>+|§—“u| € C%(B,(z0); R")

for some a = «(4, dist(xzg, 90)) € (0, 1).

The truncation mapping G5 satisfies sup |Gs(z) — z| < 0.
z€R™

This yields G5(Vu) — Vu uniformly in Q. Thus, Vu € CV.
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A very degenerate problem & its motivation

Our strategy can be already found in

—div(VE*(Vv)) = f € L)  with Neumann BC,

1 / p
where E*(() = ]7(|§\ — b)Z is the Fenchel dual of E(z) = b|z| - ‘Z; .
This eq. is motivated by the duality formula
. —dive = f in{)
VE*(Vv) = arg min E(o)dx b,
( ) O'EL%(Q;R”’){/Q ( ) g -V — 0 on aﬂ, }

from congested traffic dynamics problems.
@ Carlier—Jimenez—Santambrogio (2008): mathematical modeling.

@ Brasco—Carlier—Santambrogio (2010): duality formula.
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Regularity results on very degenerate problems

For each § € (0, 1), Gp15(Vv) (6 > 0) is continuous.
In particular,

Vv

Gi(Vv) = (Vo] = b).

& VE*(Vv) = [Go(Vo)P 2 Gy(V)

are also continuous.

@ Santambrogio—Vespri (2010); n = 2 only.
@ Colombo-Figalli (2014); n > 2 & general E*: convex.

© Bogelein—Duzaar—Giova—Passarelli di Napoli (2022); n > 2 & system.
< De Giorgi's truncation & Freezing coefficient method.
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Structures on Ellipticity Ratio (ER)

Eq. —div(VE(Vu)) = f —div(VE* (Vo)) = f
Diffusivity very singular very degenerate
1 1 /
Density E(z) = blz| + Z;‘Z‘p E*(¢) = Z?(K‘ — b))%
E E*
0 ) 0
ER Ch,p(1 + [Vul'7P) Cp(1+ (Vo] — b))
Regularity Go(Vu) = Vu € C Gy(Vv) € CY
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© A priori Holder estimates for modulus-truncated gradients
@ Convergence of approximated solutions
@ Key Estimate
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Definition of weak solutions

Definition (T., Weak solution in the distributional sense)

A function u € W1 P(Q) is called a weak solution to Ly ,u = f in , when
there exists Z € L°°({2; R™) such that

° / (Z + \Vu|p_2Vu) . Vodxr = / fodx forall ¢ € Wol’p(ﬂ),
Q Q

o Z(x) € d|-|(Vu(x)) fora.e. z €.

The subdifferential of |-|: R™ — |0, oo) is given by

n ZO|_1ZO} (ZO # 0)7
R™ D 0| |(20) = {|n

¢ eR (] <1} (20 =0).
Note: |- | is not differentiable at the origin.

S. Tsubouchi (UTokyo) C'l-regularity May. 22, 2023 17 /29



Approximation of Ly ,u

e We approximate Ly pu = —bAju — Ayu by

5 . . vug . 2 2 p/2—1
Ly jue = —div (\/82 = Vu52) — div ((5 + [Vue|?) Vug)

for an approximation parameter € € (0, 1).

2|

@ This naturally appears when relaxing E = b|z| -

1
E.(2) = b\/e2 + 2|2 + o 2 4121272,

@ The operator L; p 1S uniformly elliptic, in the sense that

(ER of V2E.(2)) < 1+(e2 + |20|) " ™? < 14 P < 00 V29 € R™

— Standard elliptic arguments (difference quotient etc.) are useful.
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Convergence (1/2)

We introduce € € (0, 1) & consider
(Ee) Ly pue = —div(VE(Vue)) = fe in

where f. — fin o(L?, L9). In particular, we may let f. € C*.

Let u € WHP(Q) be a weak solution to (E) & € € (0, 1). Consider the
unique function u. € u + Wol’p(ﬂ) that satisfies (E.) in the weak sense,

. bV u, 5 o\ (p—2)/2 /
l.e., - (e” 4+ [Vug Vue | 'Vodr = [ fepdx
/Q (\/€2+Wu52 ( | | ) 0

holds for all ¢ € Wol’p(ﬂ). Then u, — u in WHP(Q) (up to a sub-seq.).

Keypoint: A, gives quantitative monotonicity estimates.
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Convergence (2

In particular, a weak solution u to Ly pu = f

fe

U

L ue
)P
(De)

Ug

/2)

can be approximated by
in €,
on Of).

Unique existence of weak solution of (D.) is easy. In fact, we have

Us = arg min {/Q E.(Vv) — fou] do

vE U+ Wol’p(ﬂ)} .
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Our Theorem will be reduced to a priori estimates for
Ly jue = —div(VE:(Vue)) = fe.
| Differentiate by x;, then
—div (V?E.(Vu )V ue) = Oy, fo. (%)

Q u. € W2>NW.>> is expectable (cf. Giusti, World Scientific).

loc loc

In particular, Eq. (*) makes sense locally in W12,

@ ER (Ellipticity Ratio) should be measured

by V.= +/e2+|Vu|2, notby |Vu.l.
Note: ¢(p)VP*1,, < V2E.(Vu.) < (C(p)\/f_2 + bVS_l)ln, so that

(ER of V2E.(Vue)) < Cp (1 + bV P) < Cp p.e < 00.
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Key estimate: A priori Holder bounds

Proposition (T., A priori Holder bounds for Gos .(Vu.))
Let 6 € (0, 1) & ¢ € (0, 6/8). Then for each zy € 2, we have

Vu,
+ | V|

Gas, «(Vue) = (\/52 + |Vu|? — 25) c CY(B,(x0); R"),

where the radius p > 0 and the Holder exponent o € (0, 1)
@ may depend on d and dy = dist(xzq, 0f2),
@ but are independent of ¢.

Moreover, we have
|g2575(VU5(JJ1)) — gggjg(Vug(Q?Q))‘ S C|371—£E2‘a for all 1, Ty € BIO(CEO)

with C' = C'(4, dy) € (0, oo) independent of ¢.

Note: Gas(Vu) € CY(B,(xo); R") follows from the Arzela—Ascoli theorem.
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Sketch of Holder a priori estimates

Aim: Vg € B, Il (x0) == lim (G25 - (Vue)), , € R" satisfies

r—0

200
T
f Gos, o (V) — Tag, o (w0)|? dar < 42 (—) |
By (xg) P

Our analysis depends on whether a modulus V% is

non-degenerate — Freezing coefficient arguments,

degenerate — De Giorgi's truncation,

which can be judged by measuring super-levelsets.

cf. E. DiBenedetto, “Degenerate Parabolic Equations” (Springer).
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© Generalization & Future Works

@ Generalizations
@ Future Works
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Generalizations for everywhere C'-regularity

Scalar case (N = 1). arXiv:2208.14640 (preprint)
@ Both convex functions Fy = b|z| & E, = |z|P/p are generalized.

e Approximate ¥ = E7 + E, by convoluting by Friedrichs’ mollifiers.

@ This scheme works as long as Fj Is positively one-homogeneous,

l.e., El(kz) = kEl(Z) VzeR" & VEkc (O, OO)

Vector case (N > 2). Math. Ann. (2022)
e We should impose E(z) = g(|z]?) (Uhlenbeck structure).

® This symmetry is used to deduce weak forms of V. = /2 + | Du,|2.
@ In particular, one-homogeneous E; should be E;(z) = b|z|.

e F is approximated by E.(2) = g(e* + |2]?).

For both cases, E is required to be (at least) C* outside the origin.
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Future Works (1/2)

© Growth estimates of Vu across a facet {Vu = 0} (less is known).

@ Other analysis (e.g., localization) for non-divergence problems.
cf. Evans & Savin (2008) : C %-regularity for Ajou = 0 with n = 2.

cf. De Silva=Savin (2010), Mooney (2020):
— Cl-regularity for minimizers of some strictly convex energy.

© Parabolic problems (in preparation). Consider
O — Aqu — Apu = f(x, t) € LYQr; RY) in Qr =Qx(0,T) (P)
Question: Is a spatial gradient Du € LP(Qr; RN™) continuous when

2n

<p<oo, and n4+2<qg<o0?
n—+ 2 b i 1=

Answer: Yes, but some restrictions are (technically) required.
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Parabolic case

We let N =1,
n2f2 <p<oo, nt22<qg<oo, & %+$§1. (A)
XP(0, T: Q) = {u c LP(0, T; Wh2(Q) | d,u € L¥ (0, T W—l»p’(ﬂ))} |
X200, T; Q) = {u e LP(0, T; WhP(Q)) | du € L (0, T W—l»p’(Q))} |

A function v € XP(0, T'; ) is said to be a weak solution to (P), when
1/ € LOO(QT) S.t.

@ Z(x,t) € 0| |(Vu(x, t)) for a.e. (x, 1) € Q.
o Vo € XF(0, T; Q) with ¢|i—o = pli=r = 0 in L*(Q), there holds

_ // udyp dzdt + // (Z 4 |VulP~*Vu | Vo) dzdt = / fo dadt.
QT QT QT
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Parabolic Result

3 Remarks on the conditions (A);

c 2
S L2() S -

n—+2

conti

@ Gelfand triple W, "?(Q) < W=LP(Q) by p >

& XP(0,T; Q) c C([0, T]; L2(Q)) & XEP(0,T; Q) LP(0, T; L2(Q)).

@ Existence theory for dyu — Ayu = f in L (0, T; W17 (Q))
2n

— J.-L. Lions (1969) & Showalter (1997) for p > ot
n

© The condition 1/p+1/g <1 allows us to use

conti

LIY(Qp) = LY0, T; LI(Q)) < LP (0, T; WP ().

Theorem (T., (in preparation))
Let u be a weak solution to (P) with (A). Then, Vu € C°(Qr; R™).
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Future Works (2/2): Duality & Regularity

Diffusivity very singular very degenerate
E E*
0 } 0
Elliptic Regularity Go(Vu) = Vu € CY Gy (Vv) € CY

Q. Parabolic Regularity & Partial Regularity (N > 2 & non-Uhlenbeck)?

Ambrossio—Passarelli di Napoli (arXiv:2204.05966),

cf. Gentile—Passarelli di Napoli  (arXiv:2301.11795),

— Parabolic regularity for degenerate cases (G,(Vv) € C remains open).
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