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INTRODUCTION.

THE FRACTIONAL LLAPLACIAN.

For 0 <s <1, and u € C2(RN), the fractional Laplacian can be defined
as the singular integral operator

e—0t

—AYu(x) = ey li ulx) —uly) 4
(-ayut) =oys lim [ STy
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INTRODUCTION.

THE FRACTIONAL LAPLACIAN.

For 0 <s <1, and u € C2(RN), the fractional Laplacian can be defined
as the singular integral operator

AV u(x) — : u(x) — u(y)
(=AVu(x) = ans Jim, /IRN\Bs(x) vz

for every x € RN where CN,s is @ normalized constant, see for example
[Ann. Inst. H. Poincaré-AN (2014)] by Cabré & Sire,

T N-EZS)

N
=28 rg— 2 /.
CNs T SF(l —
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INTRODUCTION.

THE FRACTIONAL LAPLACIAN.

For 0 <s <1, and u € C2(RN), the fractional Laplacian can be defined
as the singular integral operator

() — e T u(x) — u(y)
(ayu) =ons Jim [ ST

for every x € RN where CN,s is @ normalized constant, see for example
[Ann. Inst. H. Poincaré-AN (2014)] by Cabré & Sire,

T N-EZS)

N
=28 rg— 2 /.
CNs T SF(l —

which makes

F((=Ayu)(E) = g*a(g)  for every & € RY.
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INTRODUCTION.

THE FRACTIONAL LLAPLACIAN.

The following property of (—A)* is well known, see e.g. [Hitchhiker's
guide (2012)] by Di Nezza, Pelatucci, Valdinoci.
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INTRODUCTION.

THE FRACTIONAL LLAPLACIAN.

The following property of (—A)* is well known, see e.g. [Hitchhiker's
guide (2012)] by Di Nezza, Pelatucci, Valdinoci.

ASYMPTOTIC PROPERTIES.
Let u € C2(RN). Then, one has that

lim (—A)°u(x) = u(x) and lim (—A)°u(x) = —Au(x)

s—0t s—1—

for every x € RN.
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

Chen & Weth [Comm. Part. Diff. Eq. (2019)] introduced the
logarithmic Laplacian L,

such that
(=A)u(x) = u(x) +sLu(x) +o(s) ass—0"
for u € C2(RN) and x € RN.
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

Let u € C*(RN), « > 0. Then, one has that

0 L (-arul),, = L),
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

A.1 THEOREM [CHEN & WETH'2019].
Let u € C*(RN), a > 0. Then, one has that

0 L ayu)

T = Lyu(x),

|s=0

u(x)1p, (x) — u(y)

L =cNPV. d ,
L ) = @y B g X —yN y+pnu(x)
where
riy 2 N
NZINZ T o pn = 2In(2) +9(5) — 7,

v = —I’(1) is the Euler Mascheroni constant, and ¢ = I"/T is the
Digamma function.
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

A.1 THEOREM [CHEN & WETH'2019].
Let u € C*(RN), a > 0. Then, one has that

0 L ayu)

T = Lyu(x),

|s=0

u(x)1p, (x) — u(y)

L =cNPV. d ,
L ) = @y B g X —yN y+pnu(x)
where
riy 2 N
NZINZ T o pn = 2In(2) +9(5) — 7,

v = —I’(1) is the Euler Mascheroni constant, and ¢ = I"/T is the
Digamma function.

Q@ F(L,u)(&) =2In|¢|a(&)  for every & € RN.
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

APPLICATIONS.

@ Determing the asymptotics as s — 01 of the Dirichlet eigenvalues
and eigenfunctions of (—A)® [J. Fourier Anal. Appl.(2022)] by
Feulefack, Jarohs, and Weth;
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INTRODUCTION.

THE LOGARITHMIC LAPLACIAN.

APPLICATIONS.

@ Determing the asymptotics as s — 01 of the Dirichlet eigenvalues
and eigenfunctions of (—A)® [J. Fourier Anal. Appl.(2022)] by
Feulefack, Jarohs, and Weth;

@ In the geometric context of the O-fractional perimeter, see [Ann.
Scuola Norm-SCl (2021)] by De Luca, Novaga, and Ponsiglione.

INDEPENDENT DISCOVERY.

In the study of classifying all finite energy solutions of an equation
arising from the Euler-Lagrange equation of a conformally invariant
logarithmic Sobolev inequality, Rupert, T. Kénig & Tang [Adv. in Math.,
2020] also arrived to the logarithmic Laplacian.
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AN EXTENSION PROBLEM FOR (—A).

THE FRACTIONAL LAPLACIAN.

A.2 THEOREM [CAFFARELLI & SILVESTRE, COMM. PDE (2007)].

Let 0 < s < 1and u € C°(RN). Then, there is an s-harmonic extension
ws : RN — R of u;

D. HAUER, SYDNEY, 18 DECEMBER 2023 AN EXTENSION PROBLEM FOR THE LOGARITHMIC LAPLACIAN



AN EXTENSION PROBLEM FOR (—A).

THE FRACTIONAL LAPLACIAN.

A.2 THEOREM [CAFFARELLI & SILVESTRE, COMM. PDE (2007)].

Let 0 < s < 1and u € C°(RN). Then, there is an s-harmonic extension
wW; : IRIJ\FIJrl — R of u; more precisely, w; is a distributional solution of

—div (#7*Vw;) =0 in RYT
(1)

ws=u on RN= alRi\[“,
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AN EXTENSION PROBLEM FOR (—A).

THE FRACTIONAL LAPLACIAN.

A.2 THEOREM [CAFFARELLI & SILVESTRE, COMM. PDE (2007)].

Let 0 < s < 1and u € C°(RN). Then, there is an s-harmonic extension
wW; : IRIJ\ZJrl — R of u; more precisely, w; is a distributional solution of

o V(Y =0 in RV,
ws=u on RN= 81RIX+1,
and
2 —A)Pu = _ds lim t1—258tws
(
t—0+
with constant ds = 22811’(1;(?5)'
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AN EXTENSION PROBLEM FOR (—A)°.

THE FRACTIONAL LLAPLACIAN.

Let 0 < s < 1. Then, one has that

(_A)S = ds As,
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AN EXTENSION PROBLEM FOR (—A).

THE FRACTIONAL LAPLACIAN.
A.2 THEOREM [CAFFARELLI & SILVESTRE, COMM. PDE (2007)].
Let 0 < s < 1. Then, one has that

(—A)s — ds As/

where Ag; is the Dirichlet-to-Neumann map associated with
A = —div (H2Vws) on ]R{XH
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AN EXTENSION PROBLEM FOR (—A).

THE FRACTIONAL LAPLACIAN.
A.2 THEOREM [CAFFARELLI & SILVESTRE, COMM. PDE (2007)].
Let 0 < s < 1. Then, one has that

(—A)S — ds As/

where Ag; is the Dirichlet-to-Neumann map associated with
A = —div (H=*Vws) on RN given by

CP(RN) 5 u — Asu:= — lim 29w,
t—0+t
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Our starting point is
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Our starting point is

POISSON KERNEL REPRESENTATION (CAFFARELLI & SILVESTRE
[CoMmM. PDE’07], CABRE & SIRE [ANN. INST. H. POIN."14].

Let 0 <s < 1and u € C.(RN). Then, the weak solution ws of the
exentions problem (1) admits the representation

ws(x, 1) = prs /N(|x 2+ 2) " u(x) dx
R

for every (x,t) € ]Rﬁ_”'l, where the constant py s is given by

_N 1"(%] +5)
PN =TS T
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

By reflection with respect to the variable “#":
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

By reflection with respect to the variable “t":

_ N+2s

£ /]RN(|x—5c|2—|—|t|2) (%) dx

ws(x, t) == PN

for every (x,t) € RN*1 with ¢ # 0,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

By reflection with respect to the variable “t":

_ N+2s

t|2S/N(|x—5c|2+|t|2) (%) di
R

ws(x, t) == PN

for every (x,t) € RN*! with t # 0, one obtains that ws is a weak
solution of

—div (|| Vws) =0 on RN x {t : |t| > 0}.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Let u € C2(RN). Since

ws (x, £) — (1 — [H*) u(x)

vs(x, 1) :=2 ATE

=0(1) ass—0"
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Let u € C2(RN). Since

ws(x, 1) — (1= [t>*) u(x) _
s |t|25

vs(x, 1) :=2

we make the following

ASYMPTOTIC ANSATZ.

S |t|25

ws(x,1) = (1 — [H*) u(x) + vs(x, t)

for ever (x,t) € RN*1 with t # 0 and every small enough s > 0.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Recall that (—A)® = d; As,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Recall that (—A)° =ds A, i.e.,

(=A)u(x) = —ds lim £ ~209;ws(x, t).
t—=0+
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Recall that (—A)° =ds A, i.e.,
(=A)u(x) = —ds lim £ ~209;ws(x, t).

t—0t

By the asymptotic Ansatz (0 < s << 1), for £ > 0,

s tZS
5 vs(x, 1),

ws(x,t) = (1 — %) u(x) +

one has that

s tZS
5 01vs(x, 1)

0rws(x, 1) = =25t Lu(x) + 212 Log(x, 1) +
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Recall that (—A)° =ds A, i.e.,
(—=A)*u(x) = —ds lim t17259,wg(x, t).

t—0t

By the asymptotic Ansatz (0 < s << 1), for £ > 0,

2s
s
5 vs(x, 1),

ws(x,t) = (1 — %) u(x) +

one has that

s tZS
5 01vs(x, 1)

0rws(x, 1) = =25t Lu(x) + 212 Log(x, 1) +
and so,

t
29w (x, 1) = —25u(x) + 5% vs(x, t) + % 0rvs(x, t).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Therefore for 0 < s << 1,

_ANS _ : _ 2 S_t
(=A)u(x) = d5t1—1>%1+< 2su(x) + s vs(x, t) + 5 atvs(x,t))
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Therefore for 0 < s << 1,

(=A)u(x) = —ds lim (—ZSu(x) + 5% 05(x, ) + %L atvs(x,t)>

t—0+
and since
lim t9;vs(x,£) =0,

t—0t
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Therefore for 0 < s << 1,

(—=A)°u(x) = —ds lim (—ZSu(x) + 5% 05(x, ) + %t atvs(x,t)>

t—0+
and since

lim t9;vs(x,£) =0,

t—0t

we get for for 0 < s << 1,

(—=A)*u(x) —u(x) = (2sds — 1) u(x) — s> vs(x,0).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Therefore for 0 < s << 1,

(—=A)°u(x) = —ds lim (—ZSM(X) + 5% 05(x, ) + %t atvs(x,t))

t—0+
and since

lim t9;vs(x,£) =0,

t—0+
we get for for 0 < s << 1,
(—=A)*u(x) —u(x) = (2sds — 1) u(x) — s> vs(x,0).

From this,

(=A)u(x) —u(x) _ 2sds—1 y

5 S (x) —dssvs(x,0)

for every x € RN and every 0 < s << 1.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Note,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Note,
lim sds = =
s—0+
and
2sT(s+1)
2sds — 1 27 Fam) —
im 2571 g T T oo o (1) = 2(In2 — 1),
s—0+ s s—07F s
where v = —I"(1) is the Euler Mascheroni constant.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Note,
lim sds = =
s—0+
and
2sT(s+1)
2sds — 1 27 Fam) —
im 2571 g T T oo o (1) = 2(In2 — 1),
s—0+ s s—07F s
where v = —I"(1) is the Euler Mascheroni constant.

Further, we make the following assumption.
ASSUMPTION.
There exist vg € C(RN*1) such that

lim sup |vs(x,t) —vo(x,t)| =0  for every B € RNTL.

s=0F (xt)eB
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Then, sending s — 07 in

(=A)u(x) —u(x) _ 2sds—1 "

5 ; (x) —dssvs(x,0),
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Then, sending s — 07 in

(=A)u(x) —u(x) _ 2sds—1 "

5 ; (x) —dssvs(x,0),

one obtains

(3) Lyu(x) = lim (=21 —u) :2(ln2—'y)u(x)—%vo(x,0).

s—0t S
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Then, sending s — 07 in

(=A)u(x) —u(x) _ 2sds—1 "

5 ; (x) —dssvs(x,0),

one obtains

(3) Lyu(x) = lim (=21 —u) :2(1n2—7)u(x)—%vo(x,0).

s—0t S

AIM
We need to identify vg! J
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

LEMMA 1.

Let 0 <s < J and u € C2(RN). Then the weak solution
ws : RNt — R of the extension problem (1) satisfies

@) — div ({2 V) = ;[(—A)Su] N x 8y in RN+
S

in the distributional sense,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

LEMMA 1.

Let 0 <s < J and u € C2(RN). Then the weak solution
ws : RNt — R of the extension problem (1) satisfies

@) — div ({2 V) = ;[(—A)Su] N x 8y in RN+
S

in the distributional sense, i.e.,

[ os(= div (F2V) ) dext) = 2 [ [(-AFu(x)9(x,0)dx

for every ¢ € C®(RN*1).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

LEMMA 2.

Let 0 <s < J and u € C2(RN). Then the function v5 : RN*1 — R
given by (for 0 <s << 1)

vs(x, t) :=2 ws (x, 1) — (1= [#*) u(x)

s |t|25

is a distributional solution in RN*1 of

—div (|{|Vvs) = 25%8{05 + 2(svs — 2u) LN x S0y
| -2s_1q

—|——( A)Su,CNxé{}+2t|| Ayu.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

This means that

—% / (—A)u(x)(x,0) dx

RN
—2s5 __
= Z/RNH |f||t|% (Att(x)) p(x,£) d(x, ) — S/RN u(x)g(x,0) dx
+/IRN+1 Usdiv(|t|Vgo)d(x,t)+4s/RNz;S(x,0)q;(x,0) dx

t
+2s /RN+1 atvsm(pd(x, t)
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

This means that

—% / (=AY u(x)p(x,0) dx

RN
=2 =1 Hd(x,t) — 8 0)d
o /]RN+1| |f( xu(x))(p(x, ) (X, )7 /]RNu(x)(P(x’ ) X
+/RN+1 o5 div (|| V) d(x, £) + 4s /RN o4(x,0)(x, 0) dx
t
+2s /RNH atvsm(f)d(xr t)

for every ¢ € C°(RN*1).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

This means that

4

YA /]RN(—A)Su(x)(p(x,o) dx

t>—1
= Z/RN+1 |t|||f(Axu(x))(p(x,t)d(x,t) 78/]RNu(x)(P(x,0) dx
+ /}RN+l vs div ([t V) d(x, t) + 4s /IRN vs(x,0)(x,0) dx
t
+25 /RNH atvsm(f)d(xr t)
for every ¢ € C°(RN*1). Since

lim (—A)*u(x) = u(x) on R4

s—0t
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

This means that
4

o _ S
o [ (A 0) dx
:2/ |1f||t| i (Au( ))e(x,t)d xt)—8/ dx
RN+1 S x
+/RN+1 vsdiv (|t|Ve)d (x,t)+4s/Rst(x,0)go(x,0) dx
t
+ 25 /IRN“ atvsmgod(x,t)
for every ¢ € C°(RN*1). Since
lim (—A)*u(x) = u(x) on R4

s—0t

and by the assumption

lim vs = vy in L2 (RNT1),
s—0+
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Sending s — 07 in the last integral equation
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Sending s — 07 in the last integral equation leads to
fs/ ¢(x,0) dx = 2 / I#](—2 In |t)) Asie(x) @ (x, £) d(x, £)

—S/RNuxq)x, ) dx

+ /R L0 div ({]Vg) d(x.)
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

Sending s — 07 in the last integral equation leads to
fs/ ¢(x,0) dx = 2 / I#](—2 In |t)) Asie(x) @ (x, £) d(x, £)

—S/RNuxq)x, ) dx

+/RN+1 v div ([{{Ve) d(x, )

for every ¢ € C®(RN*1).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO.1)

LEMMA 3.
Let u € C2(RN) and suppose that there is a vy € C(RN*1) such that

lim os =09  in Lo (RNTY).
s—0t

Then, vg is a distributional solution of

—div (|t|Vvg) = —4|t| In|t| Axu  in RNFL,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

LEMMA 4.
Let u € C2(RN) and suppose that there is a vy € C(RNT1) such that

lim vs =0y  in Lo (RN,
s—0T
Then, w, given by

Bl ) o= }Lvo(x, £) — u(x) Int|

for every (x,t) € RN*1 with t # 0, is a distributional solution of

5 — div (|t|Vw,) =2u LN x 6 in RNt1,
{0}
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Note,

— div (|| Veo,) = —}1 div ([t Vo) + div (|#|V (u In¢]))
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

PROOF OF LEMMA 4.
Note,

1
—div (|t|Vwy) = — div (|¢|Vog) + div (|t|V (u In [¢]))
and v = In|t| is a distributional solution of
at(|t|8tln|t|) = 2(5{0} in R.
Thus and by Lemma 3.,

— div ([{{Vwy) = — [¢] (In |£]) Ayie + [¢] (In [#]) Ast + 13112 In |£])
= M2£N X 5{0}

in the distributional sense in RNTL. )
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Due to Lemma 4, we have that
1
wy(x,t) == Zvo(x, t) — u(x) In|¢|

is a distributional solution of

(5) —div ([t|Vw,) =2u LN x 5y in RNTL
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Due to Lemma 4, we have that
1
wy(x,t) == Zvo(x, t) — u(x) In|¢|

is a distributional solution of

(5) —div ([t|Vw,) =2u LN x 5y in RNTL

Note, (5) means that
wy, is a distributional solution of the inhomogeneous Neumann problem
—div (tVw,) =0 in R,

— lim t;w, = u on RN.
t—0t+
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Further, .
500(x,0) = z}%(wu(x, H+ux) Inlt])
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Further, .
500(x,0) = z}%(wu(x, H+ux) Inlt])

and according to (3),
A)u(x) —u(x)

Lyu(x) = lim (=4)

s—0t+

= (kD — ) — %vo(x,o).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Further, .
500(x,0) = z}%(wu(x, H+ux) Inlt])

and according to (3),
A)u(x) —u(x)

Lyu(x) = lim (=4)

s—0t+

= (kD — ) — %vo(x,o). J

So, we get for u € C2(RN) that

Lyu(x) =2 (In2 — ) u(x) — z}igé(wu(x, ) +u(x) Inft)). J
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Therefore, we have formally justified that the logarithmic Laplacian L,
admits the following extension property.

D. HAUER, SYDNEY, 18 DECEMBER 2023 AN EXTENSION PROBLEM FOR THE LOGARITHMIC LAPLACIAN



AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN INFORMAL DERIVATION (NO. 1)

Therefore, we have formally justified that the logarithmic Laplacian L,
admits the following extension property.

One has that

L, =2(In2—9)id —2A5""!
where Agx’_l is the Neumann-to-Dirichlet map with an excess term
associated with — div (tV-) given by

Ex,—1 . _ 1.
U Ay U= }gla(wu(x,t)—i—u(x) ln|t|).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

DERIVATION OF A POISSON KERNEL REPRESENTATION.

If one inserts the Poisson kernel representation

N+2s

T u(x)dx

wi(x,t) = prs 2 [ (x5 +12)”

of the weak solution w;s of the exentions problem (1) for (—A)* into

ws(x, 1) — (1 — [t*) u(x)
S|t|25

%vs(x, H =
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

DERIVATION OF A POISSON KERNEL REPRESENTATION.

If one inserts the Poisson kernel representation

_ N+2s
2

ws(x, 1) = prs /]RN(|x—5c|2+t2) u(x) dx

of the weak solution w;s of the exentions problem (1) for (—A)* into

ws(x, 1) — (1 — [t*) u(x)
S|t|25

%vs(x, H =

and subsequently, sends s — 07,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

DERIVATION OF A POISSON KERNEL REPRESENTATION.

If one inserts the Poisson kernel representation

N+2s

T u(x)dx

2 212 4 2\~
ws(x,£) = pas 2 /RN(|x—x| +12)
of the weak solution w;s of the exentions problem (1) for (—A)* into

ws(x, 1) — (1 — [t*) u(x)
S|t|25

%vs(x, H =
and subsequently, sends s — 0™, then one finds

Sooxt) =en [ (x =52+ )~ Fu(®) dx + 2 Int| u(x)
R

for every (x,t) € RNT! with t # 0, and cy = 2/ wy.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

DERIVATION OF A POISSON KERNEL REPRESENTATION.

If one inserts the Poisson kernel representation

ws(x, 1) = prs 2 / (= 2P+ 2) " u(x) dx
R

of the weak solution w;s of the exentions problem (1) into

ws(x, 1) — (1= [t*) u(x)
S|t|25

3us(x,t) =
and subsequently, sends s — 0T, then one finds

Too(x,t) = ey /d(|x — %2+ |t|2)*gu(5c) dx +2 In [t u(x)
R

=2 1wy (x,t)

for every (x,t) € RNT! with t £ 0, and cy = 2/ wy.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

DERIVATION OF A POISSON KERNEL REPRESENTATION.

Consider the space

LYRNY := LYRN, dx/ (14 |x|)V) := {u e Ll (RN) ‘ /RN g;gyg;; < oo}.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

THEOREM 1 [CHEN, H., WETH"23].

For every u € LY(RN), there is a unique distributional solution
wy € Lo (RN NC(RY x (R {0}))
of the Poisson problem
(6) — div (Jt| Vw,) =2u LN @8y in RNT!
satisfying
|t1|i£>noo wy(x,t) =0  for every x € RN,

where £N denotes the Lebesgue-measure on RN and dy the
Dirac-measure on R at t = 0. )
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

THEOREM 1 [CHEN, H., WETH"23] (CONT.).
In particular, for u € L%)(RN), the following statements hold.

@ w, can be represented via the Poisson formula

N u(x)
2 JrN (|x — %2+ [H2)N/2

wy(x, t) = dx

for every (x,t) € RN x (R {0}), and w, satisfies
Lyu=2(In2—y)u— Z}E%<w” +ulog |t|)

in the distributional sense in RY, and

wy (x, t)

- _ 11 (RN
e S u(x) in L (RY).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

THEOREM 1 [CHEN, H., WETH"23] (CONT.).

Further, the following statement holds.

Q@ Ifu e LY(BRYN)NC(RN), then wy, satisfies the Neumann boundary
condition
q - 1 N
- tl_l)rorbr tdywy (-, 1) = u in Lj,.(RY),

and, in particular, w,, is a distributional solution of the Neumann
problem on the half-space Ri’“,

—div (tVw,) =0 in RN

— lim 9w, (-,t) =u on RN
t—0+
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

THEOREM 1 [CHEN, H., WETH"23] (CONT.).

Further, the following statement holds.
@ If u € LY(RN) and Dini continuous at x € RN, then

Lyu(x) =2(In2 — 7) u(x) — 2 (wu(x, £) +In |t u(x)) (1+0(1))

(in the strong sense) in R as [t| — 0T, where o(1) — 0 as |t| — 0.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

REMARK.
@ By definition, the distributional limit

Lyu=2(In2 — y)u — Zlg%(wu +ulog |t|)
means that
/]RN uLypdx =2(In2 — 7y) /]RN ug dx

-2 t1_1>r(r)}r . (wu(x, f)+uln t)qJ(x) dx

for all ¢ € C(RN).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

REMARK.
@ By definition, the distributional limit

Lyu=2(In2 — y)u — Zlg%(wu +ulog \t|)
means that

/]RNMLACde:Z(an—’Y) /]RNucpdx

-2 tlg(?* s (wu(x, f)+uln t)qb(x) dx
for all ¢ € C(RN).
@ In fact, we shall show that this property already holds if

¢ € CP(RN), where CP(RN) denotes the space of uniformly Dini
continous functions on RN with compact support.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

REMARK.

@ A direct consequence of this property is an alternative representation
of the energy

) (P() = (1), -

h-zl<t |x— %N
CN P(x)¢(%) PN 2
701 dx dx.
|x—%|>1 |X—X|N + 2 JRN (P(X) *

associated with L,, which has been introduced by Chen & Weth
[Comm. Part. Diff. Eq. (2019)].
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

MAIN RESULT.

COROLLARY 1 [CHEN, H., WETH'23].
For every ¢ € CP(RN), one has that

(g, p) =/ $Lipdx
=2(In2 - 7)I|¢IIL2RN

-2 tg%}r L (qb(x)w¢ (x,t) + ¢*(x) In t) dx.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

PROPERTIES.

For u € L§(RN), let wy be a solution of

(5) —div ([t|Vw,) =2uLN @5y in D'(RNT).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

PROPERTIES.

THEOREM 2 [CHEN, H., WETH"23].

For u € LY(RN), let wy be a solution of
(5) —div ([t|Vw,) =2uLN @5y in D'(RNT).

If one considers w,(x, |y|) as a function on RN+2, then

(7) — Aw, = 2nu LN (%9 5{(0,0)} in D/(RN+2).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PRrooFr.
Let ¢ € C®(RN*2),
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.
Let ¢ € C®(RN*2), and define

27 .
qb(x,t):/o o(x,|t]e®)de  for (x,f) € RN*L.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.
Let ¢ € C®(RN*2), and define

27 .
gb(x,t):/o o(x,|t]e®)de  for (x,f) € RN*L.

Then, for |y| = |(y1,y2)| and by representing y in polar coordinates,

/RM wuAp d(x,y) /R % |y Axp(x,y) + By (x,y) dy dx

) 9 (13 (x,ret?
/IRN/O wu(x / [quv(x re! ) + w
+ M} d0 rdr dx

/]RN A wy (x,7) rAxgo(x )+ 0, (r9rp(x, r))} drdx

" wa(x,7) div (rV drd
/]RNO wy (x,7)div (rV(x,r)) drdx
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.
Recall,
@ wy, is radially symmetric in the r-variable,
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.

Recall,
@ wy, is radially symmetric in the r-variable,
@ w, is a solution of

(5) —div ([t|Vw,) =2u LN x5y in D'(RNT).
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.

Recall,
@ wy is radially symmetric in the r-variable,
@ w, is a solution of

(5) —div ([t|Vw,) =2u LN x5y in D'(RNT).
Thus,
/IRN+2 w,Apd(x,y) = /RN/O wy(x,r) div (rV@(x,r)) drdx
1
=3 /RNH W (x, £) div (|| V@ (x, £)) dxdt
=— u(x)p(x,0)dx

RN

= _zn/]RNu(x)tp(x,O)dx.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

PROOF.

Recall,
@ wy is radially symmetric in the r-variable,
@ w, is a solution of

(5) —div ([t|Vw,) =2u LN x5y in D'(RNT).
Thus,
/RN+2 w,Apd(x,y) = /]RN/O wy(x,r) div (rV@(x,r)) drdx
_ %/RNH wa(x, ) div (£ V(x, 1)) dxdt

== J u(x)p(x,0) dx

= _2n/]RNu(x)4>(x,O)dx.

This complete the proof of Theorem 2.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

THE WEAK UNIQUE CONTINUATION PROPERTY.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

THE WEAK UNIQUE CONTINUATION PROPERTY.

THEOREM 3 [CHEN, H., WETH'23].

Let u € L(l)(]RN) and suppose there is an open, non-empty subset
Q C RN such that

u=0o0on O and L,u =0 on Q.
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AN EXTENSION PROBLEM FOR THE LOG. LAPLACIAN.

AN APPLICATION.

THE WEAK UNIQUE CONTINUATION PROPERTY.

THEOREM 3 [CHEN, H., WETH"23].

Let u € L(l)(]RN) and suppose there is an open, non-empty subset
Q C RN such that

u=0o0on O and L,u =0 on Q.

Then, u =0 on RY.
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Thank you for your attention!!!
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