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Uniform vs nonuniform ellipticity

Consider the linear equation

−div (a(x)Du) = 0 .

(assume that a(⋅) is symmetric).
This is called uniformly elliptic if

sup
x

highest eigenvalue of a(x)
lowest eigenvalue of a(x) ≤ c

It is called nonuniformly elliptic otherwise, and typically serves to
prove regularity of u.
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Uniform vs nonuniform ellipticity

In the nonlinear case
−divA(Du) = 0

one looks at the differentiated (linearized) equation

−div (a(x)DDsu) = 0, a(x) = ∂zA(Du(x))

to get gradient estimates. Therefore, if ellipticity is described by

g1(∣z ∣)Id ≤ ∂zA(z) ≤ g2(∣z ∣)Id ,

then uniform ellipticity occurs when

sup
∣z ∣
R(z) = sup

∣z ∣

g2(∣z ∣)
g1(∣z ∣)

< ∞ ¢
⎛
⎝
sup
∣z ∣>1

g2(∣z ∣)
g1(∣z ∣)

< ∞
⎞
⎠
.
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Examples of uniformly elliptic equations

Laplace
−∆u = 0;

p-Laplace (degenerate, but uniformly elliptic)

−∆pu = −div (∣Du∣p−2Du) = 0, p > 1.

In general
−divA(Du) = 0

under the classical assumptions (Ladyzhenskaya &
Uraltseva)

∣z ∣p−2Id ≲ ∂zA(z) ≲ ∣z ∣p−2Id .

In such cases the ellipticity ratio R(z) stays uniformly bounded
away from zero and infinity.
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More uniformly elliptic operators
Uniformly elliptic equations are not necessarily of polynomial type.
For instance

−div (ã(∣Du∣)Du) = f
is uniformly elliptic provided

−1 < ia ≤
ã′(t)t
ã(t) ≤ sa < ∞ for every t > 0.

Indeed it follows that

R(z) ≲ max{1, sa + 1}
min{1, ia + 1} .

These operators have been recently the object of intensive
investigation (see papers of Baroni, Beck & Mingione, Byun,
Cianchi & Maz’ya, Diening, Lieberman, Stroffolini amongst
the others).
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The non-autonomous case is more delicate
For equations of the type

−divA(x ,Du) = f

we describe ellipticity in the more flexible way

g1(x , ∣z ∣)Id ≤ ∂zA(x , z) ≤ g2(x , ∣z ∣)Id ,

and we consider two ratios:
the classical pointwise ellipticity ratio

R(x , z) ∶= g2(x , ∣z ∣)
g1(x , ∣z ∣)

and the new nonlocal one

R(z ,B) ∶= supx∈B g2(x , ∣z ∣)
infx∈B g1(x , ∣z ∣)

.
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The non-autonomous case is more delicate

Obviously
R(x , z) ≤ R(z ,B) ∀ x ∈ B .

Consider the equation

div (∣Du∣p−2Du + a(x)∣Du∣q−2Du) = 0 0 ≤ a(x) ≤ L

which is Euler-Lagrange equation of the double phase functional

w ↦ ∫ [∣Dw ∣p + a(x)∣Dw ∣q]dx 1 < p < q .
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Two notions of uniform ellipticity

Then
R(x , z) ≲ max{1,q − 1}

min{1,p − 1}
while

R(z ,B) ≈ ∥a∥L∞(B)∣z ∣q−p →∞ as ∣z ∣ → ∞

The equation is therefore pointwise uniformly elliptic, but the
nonlocal ellipticity ratio blows up, cf. D. & Mingione (ARMA
2021) for a discussion.
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Linear equations

Solutions to
−∆u = −div (Du) = 0

are smooth. Adding coefficients (ingredients)

−div (A(x)Du) = −(Aij(x)Dju)xi = 0 .

preserves as much regularity as the degree of smoothness of
coefficients allow.

This holds provided the matrix A(⋅) is bounded and elliptic

νId ≤ A(x) ≤ LId .
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Classical Schauder estimates
As Du and A(x) directly couple in the equation, we have

A(⋅) ∈ C 0,α Ô⇒ Du ∈ C 0,α 0 < α < 1 .

This kind of results where first obtained by Hopf (1929),
Caccioppoli (1934) and Schauder (1934), in various forms, and
are today known as Schauder estimates. The original proofs involve
heavy potential theory.

Modern proofs have been given by Campanato, Trudinger and
Leon Simon. All the proofs rely, in a way or in another, on
perturbation methods. This means that regularity estimates for
solutions to

−div (A(x)Du) = 0

are obtained via comparison with solutions to equations with more
regular coefficients, as for instance frozen equations

−div (A(x0)Dv) = 0 .

Cristiana De Filippis Perturbations beyond Schauder



Nonlinear Schauder estimates
The nonlinear theory is a more recent story, dating back the
beginning of the 80s.

A model example is given by the p-Laplacean equation with
coefficients

−div (c(x)∣Du∣p−2Du) = 0 , 0 < ν ≤ c(⋅) ∈ C 0,α .

The possibility of Schauder estimates in the nonlinear case relies on
the fact that solutions v to frozen equations

−div (c(x0)∣Dv ∣p−2Dv) = 0

still enjoy good regularity estimates (this is Uraltseva-Uhlenbeck
theory).

In this case we can say that Du is Hölder continuous for some
exponent.
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General uniformly elliptic equations

These estimates hold for general equations of the type

−divA(x ,Du) = 0

under the classical assumptions (Ladyzhenskaya & Uraltseva)

⎧⎪⎪⎨⎪⎪⎩

∣z ∣p−2Id ≲ ∂zA(x , z) ≲ ∣z ∣p−2Id
∣A(x1, z) −A(x2, z)∣ ≤ L∣x1 − x2∣α∣z ∣p−1 .

This is due work of Giaquinta & Giusti, Manfredi, Di
Benedetto, Lewis, Tolksdorf. For a general approach see also
Kuusi & Mingione (JFA 2012). Hölder continuity can be relaxed
up to Dini continuity, see also recent work of Maz’ya & McOwen
(Arxiv).
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Freezing & Comparing

Summarizing, both in the linear and in the nonlinear case,
perturbation methods are crucial.
Such methods work provided all the estimates involved are
homogeneous and therefore can be matched and iterated.
This happens in the uniformly elliptic case, but not in the
nonuniformly elliptic one.
Proving Schauder estimates in the general nonuniformly elliptic
case has remained an open problem.
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Schauder estimates in the variational setting

When dealing with functionals of the type

w ↦ ∫
Ω
c(x)F (Dw)dx

(think for instance of F (Dw) ≡ ∣Dw ∣p) we can use the
Euler-Lagrange equation

−div (c(x)∂zF (Du)) = 0 .

In this case regularity follows from those known for equations.
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Non-differentiable functionals

What happens when dealing for instance with classical model
functionals as

w ↦ ∫
Ω
[F (Dw) + h(x ,w)]dx

when v ↦ h(⋅, v) is not differentiable, but only Hölder? As h(⋅) is
not differentiable, the Euler-Lagrange equation

−div∂zF (Du) + ∂uh(x ,u) = 0

does not exists.

These are treated in papers by Frehse, Giaquinta & Giusti, Ivert,
Manfredi, from the beginning of the 80s, who still proved that Du
is locally Hölder continuous. They still use perturbation
techniques, this time directly relying on minimality. Results also by
Kristensen & Mingione.
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Non-differentiable functionals

These arguments can be carried through up to general functionals
of the type

w ↦ ∫
Ω
c(x ,w)F (Dw)dx

therefore falling outside the realm of traditional Schauder estimates.

In this case crucial use is made of the fact that u s a priori known
to be Hölder continuous, so that

x ↦ c(x ,u(x)) is Hölder continuous.

This extra information comes directly from growth conditions

∣z ∣p ≲ F (x ,w) ≲ ∣z ∣p + 1

via standard De Giorgi’s theory.
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Nonuniformly elliptic classics ≤ 70s

Ladyzhenskaya & Uraltseva (Book + CPAM 1970)
Gilbarg (1963)
Stampacchia (CPAM 1963)
Hartman & Stampacchia (Acta Math. 1965)
Ivočkina & Oskolkov (Zap. LOMI 1967)
Oskolkov (Trudy Mat. Inst. Steklov 1967)
Serrin (Philos. Trans. Roy. Soc. London Ser. A 1969)
Ivanov (Proc. Steklov Inst. Math. 1970)
Trudinger (Thesis, Bull. AMS 1967, ARMA 1971)
Leon Simon (Indiana Univ. Math. J. 1976)
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Nonuniformly elliptic classics ≥ 80s

Trudinger (Invent. Math. 1981)
N. N. Ural’tseva & A. B. Urdaletova (Vestnik Leningrad Univ.
Math. 1984)
Lieberman (Indiana Univ. Math. J. 1983)
Ivanov (Proc. Steklov Inst. Math. Book 1984)
Marcellini (ARMA 1987, JDE 1991, Ann. Pisa 1996)
Zhikov (Papers from the ’80s, Math. of USSR-Izvestia. 1995,
Russian J. Math. Phys. 1997)
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Ivanov’s book.

Cristiana De Filippis Perturbations beyond Schauder



A Ladyzhenskaya & Uraltseva classic
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Trudinger’s classics
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A Leon Simon’s classic
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The variational setting

The variational setting

w ↦ ∫
Ω
F (Dw)dx

turns out to be the most appropriate for local estimates.

The Euler-Lagrange reads as

−div∂zF (Du) = 0

Nonuniform ellipticity reads as

lim
∣z ∣→∞

R∂zF (z) = lim
∣z ∣→∞

highest eigenvalue of ∂zzF (z)
lowest eigenvalue of ∂zzF (z)

= ∞ .
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Polynomial Nonuniform Ellipticity
This happens, when, for ∣z ∣ is large,

R∂zF (z) ≈ ∣z ∣δ for some δ > 0

These are usually formulated prescribing

∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id

so that

R∂zF (z) ≲ ∣z ∣q−p, for ∣z ∣ large , 1 < p < q .

These are called (p,q)-growth conditions in Marcellini’s
terminology. Conditions of the type

q

p
< 1 + o(n)

are in general sufficient (Marcellini) and necessary (Giaquinta and
Marcellini) for regularity of minima.

Cristiana De Filippis Perturbations beyond Schauder



One moment back to uniform ellipticty

Classical fact 1. For solutions to

−div (c(x)∣Du∣p−2Du) = 0

and, more in general, uniformly elliptic equations with
p-growth we have

c(⋅) is HölderÔ⇒ Du is Hölder.

Classical fact 2. For minima of non-differentiable functionals

w ↦ ∫
Ω
[c(x)∣Dw ∣p + h(x ,w)]dx

and, more in general, uniformly elliptic integrals with
p-growth, we have

c(⋅),h(x , ⋅) are HölderÔ⇒ Du is Hölder.
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Two classical issues

Open problem 1. Schauder for nonuniformlly elliptic
equations. For solutions to

−div (c(x)A(Du)) = 0 , RA(z) ≈ ∣z ∣q−p

and more general, equations with polynomial nonuniform
ellipticity

c(⋅) is HölderÔ⇒ Du is Hölder.

Open problem 2. Non-differentiable functionals. For
minima of non-differentiable functionals

w ↦ ∫
Ω
[F (Dw) + h(x ,w)]dx

and, more in general, of integrals with polynomial nonuniform
ellipticity, it holds that

coefficients (like h(⋅, ⋅)) are HölderÔ⇒ Du is Hölder.
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Lieberman’s review.
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Ivanov’s book - On Ladyzhenskaya & Ural’tseva’s result
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Ivanov’s book
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Giaquinta & Giusti’s comments
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Solutions - Nonuniformly elliptic Schauder theory

Solutions in a paper by D. & Mingione 2021.
Catches both cases of non-differentiable functionals and
equations with Hölder continuous coefficients.
Introduces a hybrid perturbation approach which is direct and
does not rely on freezing and comparing.
Crucial point in the proof is to get L∞-bounds for the
gradient.
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Schauder’s theory does not always hold...

w ↦ ∫
Ω
[∣Dw ∣p + a(x)∣Dw ∣q] dx

1 < p ≤ q, 0 ≤ a(⋅) ∈ C 0,α(Ω)
To hope for regularity, the ellipticity ratios cannot blow up too fast:

q

p
< 1 + o(n, α).

This is confirmed by counterexamples.

If 1 < p < n < n + α < q, functionals with (p,q)-growth may admit a
minimizer u /∈W 1,q

loc (B1). ¢ Esposito, Leonetti & Mingione JDE
(2004).

For any ε > 0, there exists a minimizer u ∈W 1,p(Ω) of functional
with (p,q)-growth, such that dimH(Σ(u)) > n − p − ε. The singular
set is a fractal of Cantor type. ¢ Fonseca, Malý & Mingione ARMA
(2004); Balci, Diening & Surnachev Calc. Var. 2020.
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...but sometimes yes

Theorem (Baroni, Colombo & Mingione Calc. Var. 2018)

Let u be a minimizer of the Double Phase energy

w ↦ ∫
Ω
[∣Dw ∣p + a(x)∣Dw ∣q] dx

1 < p ≤ q, 0 ≤ a(⋅) ∈ C 0,α(Ω)

Then:

q

p
≤ 1 + α

n
Ô⇒ u ∈ C 1,β0

loc (Ω).

Previous results by Colombo & Mingione, ARMA (2 papers)
2015 .
The bound on q/p is sharp, thanks to counterexamples of
Esposito, Leonetti & Mingione (JDE 2004), Fonseca, Malý &
Mingione (ARMA 2004).
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Half-way nonuniformly elliptic

The double phase functional

w ↦ ∫
Ω
(∣Dw ∣p + a(x)∣Dw ∣q)dx ≡ ∫

Ω
F (x ,Dw)dx

allows for treating Hölder coefficients but is pointwise uniformly
elliptic, in the sense that

R(x , z) = highest eigenvalue of ∂zzF (x , z)
lowest eigenvalue of ∂zzF (x , z)

< ∞

R(z ,B) = supx∈B highest eigenvalue of ∂zzF (x , z)
infx∈B lowest eigenvalue of ∂zzF (x , z)

→ ∞
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Pointwise uniform ellipticity - special structures
Regularity results available for special structures:

w ↦ ∫
Ω
F̃ (x , ∣Dw ∣)dx

Acerbi & Mingione ARMA 2001.
Baasandorj, Byun & Oh JFA 2020; Calc. Var. 2021.
Baroni, Colombo & Mingione ARMA 2015; Calc. Var. 2018.
D. & Oh JDE 2019.
Hästo & Ok JEMS 2021.
Karppinen & Lee IMRN 2021.

In all such cases we have that the frozen integrand

z ↦ F̃ (x0, ∣z ∣)

is uniformly elliptic.
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Nonuniformly elliptic and nonautonomous functionals

This does not happen for basic model examples as

w ↦ ∫
Ω
c(x)F (Dw)dx ≡ ∫

Ω
F̄ (x ,Dw)dx

under genuine nonuniform ellipticity

∣z ∣p−2Id ≤ ∂zzF (z) ≤ ∣z ∣q−2Id

Freezing yields

R∂z F̄(x0,⋅)
≈ highest eigenvalue of ∂zz F̄ (x0, z)

lowest eigenvalue of ∂zz F̄ (x0, z)

≈ highest eigenvalue of ∂zzF (z)
lowest eigenvalue of ∂zzF (z)

≈ ∣z ∣q−p .
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Variational Schauder

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
c(x)F (Dw)dx

where
∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id
c(⋅) ∈ C 0,α(Ω)
and

q

p
≤ 1 + 1

5
(α
n
)

2 .

Then Du is locally Hölder continuous in Ω.
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Classical Schauder estimates

For solutions to suitable Dirichlet problems

⎧⎪⎪⎨⎪⎪⎩

−divA(x ,Du) = 0 in Ω

u ≡ u0 on ∂Ω ,
u0 ∈W 1, p(q−1)

p−1 (Ω) ,

where
∣z ∣p−2Id ≲ ∂zA(x , z) ≲ ∣z ∣q−2Id

we have

Theorem (D. & Mingione, 2021)

If
q

p
≤ 1 + 1

5
(α
n
)

2 ,

then there exists a solution to the above Dirichlet problem such
that Du is locally Hölder continuous in Ω.
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Non-differentiable functionals #1

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
[F (Dw) + h(x ,w)]dx

where
∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id , 1 < p < q
∣h(x , v1) − h(x , v2)∣ ≲ ∣v1 − v2∣α , α ∈ (0,1]
and

q

p
≤ 1 + 1

5
(1 − α

p
)α
n
.

Then Du is locally Hölder continuous in Ω.
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Non-differentiable functionals #2

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
[F (Dw) + g(x ,w ,Dw) + h(x ,w)]dx

where F (⋅) and h(⋅) are in Theorem 1, and
z ↦ g(⋅, z) is convex and ∣∂zzg(⋅, z)∣ ≲ ∣z ∣γ−2

∣g(x , v1, z) − g(x , v2, z)∣ ≲ (∣x1 − x2∣α + ∣v1 − v2∣α) ∣z ∣γ

α + γ < p
and

q

p
≤ 1 + 1

5
(1 − α + γ

p
)α
n
.

Then Du is locally Hölder continuous in Ω.
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Non-differentiable functionals #3

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
c(x ,w)F (Dw)dx

where
∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id
c(⋅) ∈ C 0,α(Ω) , α ∈ (0,1]
p > n
and

q

p
≤ 1 + 1

5
(1 − n

p
)(α

n
)

2 .

Then Du is locally Hölder continuous in Ω.
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Some comments

The role of the assumption

p > n

compensates the lack of a priori continuity of u which is
known in the case p = q.
When p = q by De Giorgi’s theory the local Hölder continuity
of u is just implied by

∣z ∣p ≲ F (x , v , z) ≲ ∣z ∣p + 1

with no convexity used.
p > n implies that u is Hölder continuous, but this fact is not
used in the proof.
This assumption could be optimal.
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A classical theorem of Stein

Theorem (Stein Ann. Math. 1981)

Dw ∈ L(n,1) Ô⇒ w is continuous

Recall that

f ∈ L(t, γ) ⇐⇒ ∫
∞

0
(λt ∣{x ∶ ∣f (x)∣ > λ}∣)γ/t dλ

λ
< ∞

This is the borderline case of Sobolev-Morrey theorem.

Combining Stein’s theorem with standard Calderón-Zygmund theory
we have

Theorem (Stein Ann. Math. 1981)

−∆u ∈ L(n,1) Ô⇒ Du is continuous,

Cianchi J. Geom. Anal. (1993).
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A Nonlinear Stein theorems

Theorem (Kuusi & Mingione, Calc. Var. 2014)

If u ∈W 1,p solves
−div (c(x)∣Du∣p−2Du) = f

where c(⋅) is Dini-continuous and bounded away from zero. Then

f ∈ L(n,1) Ô⇒ Du is continuous .

See also Kuusi & Mingione, ARMA 2013, JEMS 2018.
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Stein theorems for polynomial nonuniform ellipticity

Consider the functional

w ↦ ∫
Ω
[F (x , ∣Dw ∣) − f (x) ⋅w]dx

with
∣z ∣p−2Id ≲ ∂zzF (x , ∣z ∣) ≲ ∣z ∣q−2Id .

Theorem (D. & Mingione, ARMA 2021)

Let u ∈W 1,1(Ω) be a vector-valued minimizer of the functional and
assume that

x ↦ ∂zF (x , ⋅) ∈W 1,d and
q

p
< 1 + 1

n
− 1
d
.

Then
f ∈ L(n,1) Ô⇒ Du is continuous .

See also Beck & Mingione, CPAM 2020.
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Non-differentiable functionals #1

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
[F (Dw) + h(x ,w)]dx

where
∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id
∣h(x , v1) − h(x , v2)∣ ≲ ∣v1 − v2∣α , α ∈ (0,1]
and

q

p
≤ 1 + 1

5
(1 − α

p
) α
n
.

Then Du is locally Hölder continuous in Ω.
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A new Lorentz borderline condition

Theorem (D. & Mingione, 2021)

Let u ∈W 1,1 be a minimizer of the functional

w ↦ ∫
Ω
[F (Dw) + h(x ,w)]dx

∣z ∣p−2Id ≲ ∂zzF (z) ≲ ∣z ∣q−2Id
∣h(x , v1) − h(x , v2)∣ ≲ f (x)∣v1 − v2∣α , α ∈ (0,1]
f ∈ L(n/α,1/2)
and

q

p
≤ 1 + 1

5
(1 − α

p
) α
n
.

Then Du is locally bounded in Ω.

Cristiana De Filippis Perturbations beyond Schauder



Escaping polynomial nonuniform ellipticity

We consider nonuniformly elliptic functionals with fast growth of
the type

v ↦ ∫
Ω
exp(∣Dv ∣p)dx , p > 1 ,

and, more in general, of the type

v ↦ ∫
Ω
exp(exp(. . . exp(∣Dv ∣p) . . .))dx , p > 1 .

These have been considered at length in the literature:
Duc & Eels (Harmonic type mappings)
Lieberman
Marcellini
L. C. Evans (weak KAM theory).
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Escaping polynomial nonuniform ellipticity

Consider functional

w ↦ ∫
Ω
γ(x) [exp(γ1(x) exp(. . . exp(γ2(x)∣Dw ∣p(x)) . . .)) − f (x) ⋅w] dx

Theorem (D. & Mingione, ARMA 2021)

Let u ∈W 1,1
loc (Ω) be a vector-valued local minimizer, under assumptions

Dγ,Dγ1,Dγ2,Dp ∈ Ln+ε for some ε > 0

f ∈ L(n,1).
Then Du is locally bounded in Ω.

Remark: Any rate of Hölder continuity exponent of coefficients suffices.
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Applications to obstacle problems

w ↦ min
Kψ(Ω)

∫
Ω
γ1(x) exp(exp(. . . exp(γ2(x)∣Dw ∣p(x)) . . .))dx

Kψ(Ω) ∶= {w ∈W 1,1
loc (Ω)∶w(x) ≥ ψ(x) in Ω} .

After approximation and linearization, solutions to obstacle problems can
be rearranged as a solutions to

−div∂zF (x , ∣Du∣) = f ∣f ∣ ≲ ∣D2ψ∣ + ∣Dψ∣ + 1,

u → min ∫
Ω
[F (x , ∣Dw ∣) − f ⋅w]dx .

Fuchs, Nonlinear Anal. 1990.

Fuchs & Mingione, Manuscripta Math. 2000.
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Obstacle problems

Consider functional

w ↦ ∫
Ω
γ(x) exp(γ1(x) exp(. . . exp(γ2(x)∣Dw ∣p(x)) . . .))dx .

Theorem (D. & Mingione, ARMA 2021)

Let u ∈W 1,1
loc (Ω) be a scalar constrained local minimizer (in the class

Kψ(Ω) of functions lying above the obstacle ψ) under assumptions

Dγ,Dγ1,Dγ2,Dp ∈ Ln+ε for some ε > 0

D2ψ ∈ L(n,1).
Then Du is locally bounded in Ω.
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Sharpness of D2ψ ∈ L(n, 1)

In the simplest, linear case

u → min
Kψ(Ω)

∫
Ω
∣Dw ∣2 dx

the linearization procedure leads to

−△ u = −1{u=ψ}△ ψ =∶ f .

By standard Calderón-Zygmund theory we have

△ψ ∈ L(n,1) ⇐⇒ D2ψ ∈ L(n,1) .

Cianchi J. Geom. Anal. 1993.
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